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Some Properties of a Generalized Hypergeometric 

Function* 

Bt F. H. Jackson. 



In Heine's Eugelfunctionen, Vol. I, Appendix to Chapter 2, some proper- 
ties of the series 

{\-a){l-h) (i-a)(i-ay)(i-ft)(i-5g) . 

+ . . . • =f> fci, h^ c, q^ x\ 

are given. The three-fold symmetry of this series is investigated by Professor 
L. J. Rogers, p. 171, Vol. XXIV, Proc. London Math. Soc. In this paper some 
properties of the more general series 



1 + 



will be investigated. 
Here [a] denotes ^ 



«-i 



p-1 



Owing to the form of the indices of the element a, namely, p] . [2Z], etc., a dif- 
ferential equation for F can be found analogous to the differential equation of 
the Hypergeometric Series : 

jP reduces to ^ [a, ft, c, q^ a] if for j:)* we substitute a 



pi a 



it 



<t 



it 



<i 



b 

c 



X 



n 
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The differential equation satisfied by ^ is 



dF 

djx) 



+ W 



,« +* + '~[»q nyrrf W 



X 



i>»x'*raf 



dfF 

3^) 



in which 



- F{[a-\-q\fi + j:]W\x.xp')\, (2) 

(2 • d 

(2 d 

18 



^(^) 
(? 



^(5c) di^' d{x)' 

differentiation being with regard to a:^*^ x^^^\ x^^^^, etc., successively as inde- 
pendent variables. 

That ^satisfies the above equation can be shown by a method analogous to 
the ordinary method for integrating equations in series. See Proc. London 
Math. Soc, series 2, Vol. I, page 83. 

The principal results to be obtained in the following analysis are 



n\p:\mw\p'—')=^ 



r( 



[y-tt-/?])r(M) 

:y-a])r([y-|8])' 



(3) 



Fi fal m M pt-^) = r([y-a-^3)r(M ) \\_y-a-l-\ + py-^{_-^]\ 
^a«JL^JLyJi' ) r([y-a])r([y-|3])- [y_a_^_/] ' ^*^ 

r does not denote Euler's Gamma-Function but a certain convergent infinite 
product which reduces when jp = 1 to Euler's Gamma-Function. Theorem (3) 
is well known and is due to Heine. The second theorem is, I think, new. 
Differentiating the series i'*! [a] Q^ [>'] •>tx), term by term, we obtain 

dF 



d{x) 




X J* ( [a + r| C3 + z] [y + q xx^) . 



Also ■^([a][j3][y] Xix) — !''([«] |j3][y — T\ Tioa) is a series in which the term in- 
volving SB^"" is 



[g] [g -t- V] . ... [g 4- (m 
\t\\7l\ . . . . [ml] 






^^' V W — [y-O 
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Jackson : Same Properties of a Oeneralissed Hypergeometric Function. 
If Xi = % this reduces to 



i:r|[2ri....[(m-l)Z].[y-?][y]....[y + (m-l)i] ^ 



mjg[«q ^ 



which is the general term of 

that is of p^-'gW dl?' 

Tr=Tf ^)' 

So we have 

Similarly we may show that 

Now m the differential equation 

^> V I is finite, pro- 
vided 2>' <C 1 ; 
so choosing ^=^^-*"*^~' to make the bracket coeflScient of ^ v v vanish we 

obtain from the differential equation 

!>* — ''-' WI^]i^([a]MI>]l>^—''-') 

+ {l>-'-'Ij? + r|+i>* — '[«l-|>]f[^}=0; (8) 

-T^-r I between (5) and (8) we 
have a relation 
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•*'(HMMi>'— '-') 

a relation between quasi-successive functions. This relation does not enable us 
to express i^([a][i8][y] ^^"•"'^'*' in the form of an infinite product as would 
have been the case if the X (namely 2>^-*-^-') in the F on the right side had 
been |>v— ^~« When p is made unity { [y — a — Z] +p^~^ [— fi} ] reduces to 
(y — a — P — I) and we have 

from which. i^(a|3y) may be expressed as an infinite product. To obtain a rela- 
tion between two successive functions -P'([aJ[i3][y] jp^~*"^) and 

^(Mlj^][y— ^ ^y-— ^-') we eliminate -^ between 

^(WIJ?][y]Jtx) -F{[a]m{y-n^) = -^^j^> (10) 

and we obtain 

{py-'-l)F{[a][^[y-qX, x) =i>--'i^([a][|3][y]2)'M 

-^([a][i3][y]M. (12) 
From the differential equation we have 

+ ^r-.-^-.[a][/3]i?'([a][^[y]:p— -'-') = 0. (13) 
also we have from (6), putting ^ — 2>^-*-^-« ^ 

[^],_7= [y-«]i^([«]i:^]|>-Oi>*— ''-')-i^([a]i:^][y]i'^— Of. (14) 

and fipom (12) we have, putting ^ = |>^~*""^"*' , 

= l>*-'J^([a]M[y]i>^— ')-i?'([a][|3][y]2,»— '-'). (16). 
-77-r I between equations (13) and (14), then eliminating 
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J^([a]|j3][y] p*— '-') by means of (16), we obtain 






^([«][^][y-0/>^— '-'). (15A) 



a relation between successive functions from which by repetition we have 

- _. [y][y+C--[y + (*-i)(l-[y-«-i3]..[y-a-i3+(A-i)r| 

Xi^([a][/3]|> + Kll>^— '^")- (16) 

Each of the four infinite products on the right side of the above is convergent if 
j)'<l and i^ ([a] (j9] + A^ /)*—" + '■')= 1 when A; is infinite and y < 1 . 
So we write 



r(M)r(Cy-a-^_; 



r( 



)_ 



^ ^^rj^^r([;-ai = ^^M[^M/>— ); 



(17) 



and by the help of (9) we deduce 

- r(M)r([y-a 
r([y-a])r([y 



-B 



=^ 



r [y-a-i3-ri 



(18) 



If we consider y not as a simple element but as compounded of the form 



P?P« 



p!:. 



then p* ■*■ *■' is 



^.. + r,^^j. + rl, 



• • • • 






The series F can be transformed into various series such as 



l+p 






^+i'f 



~i V-1 , , .. j>--i.p'^'-i.y-i V^'-l ^ ■ 



(19) 

(20) 



The following theorems obviously follow from the foregoing : 



(21) 
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i^([«]D8][y]i>^— '').i^([«][-i3]|>-|3Ji'*-) = l, (22) 

nWDS][y]i>^-*-''-')i^([-a][^][y-a]p*-'-') 

■^ ][y-^-q+J>--'[--a]>1Cy-n+^-^-'[-a]f (24) 

l>-i^-OM&-i3-0Vl'^-'[-a]ii[r-?]+>-'-'[-ajl 

Xi^([a][-^][y-i3];,* — '), (25) 

i>" [/?] {i^(MC/?][y] M - ^(WD^ + OM^} 

= y[a]]^([a][^J[y]X«)-J'([a + q[/?][y]Xa;)f (26) 



xw ^([a + 0[i8 + q [r + q 3i«'") (27) 




a-ra^. + * 



dF 

d{z)' 



(28) 



Other solutions of the differential equation give rise to the series 



and 



-.] + MCy-a-q £ 



J—m 



[-«-•] 



the connection between the various solutions must be reserved for another paper. 



Relation between Real and Complex Groups with Respect 

to their Structure and Continuity. 

By Dr. S. E. Slocuii. 



Let Gr denote a given r-parameter group, generated by the r infinitesimal 
transformations X^ ,. . - X^, where 

Xj=2^f^(ai — ^') g^ ' (•? = ^' ^' — ^)- 

If the finite equations defining a transformation T^ of this group are not the 
canonical equations of the group, the form of the infinitesimal transformation by 
which Ta is generated is not apparent.'*' It may, however, be obtained as fol- 
lows : In order to transform the finite equations of Ta into their canonical form, 
it is necessary to introduce new parameters (ii ^ . . - fir (the so-called canonical 
parameters) defined by equations of the form 

lik = ^k{<hy<hf «r)i (Aj=1, 2, r), 

which are obtained from the finite equations defining Ta by a process of differ- 
entiation, elimination and integration.f Then the transformation T^ of the 

given group, in the canonical parameters («,..../*„ is generated by the infini- 
tesimal transformation 

Consequently, if we replace the /i's in this infinitesimal transformation by their 
functional values in terms of the a*s, we obtain the infinitesimal transformation 



* Man kann aber nicht bo leicht einsehen welche inflnitesimale Transformationen gerade eine der 
gefandenen endliohe Transformationen erzeug^. Lie, Gontinuieriiohe Gruppen, p. 105. 
t Lie, Transformations Qrupx^en, Vol. 8, pp. 609-11. 
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by which Ta is generated, namely, 

^7; = ^i(a)Xl+ .... +Nr{a)Xr. 

For certain systems of values of the a's, say ai a^, one or more of the 

functions Nu{a) (A;= 1, 2, . . . . r) may be infinite in all branches. If such is 
the case, the transformation Ui is no longer infinitesimal, and, consequently, the 
transformation T-^ is not generated by an infinitesimal transformation of the 
group. This is the briefest possible explanation of the well-known fact that 
discontinuity may occur in a group with continuous parameters.**" 

To illustrate what precedes, consider the finite equations 



»i = a^ic"^ + «!«*•» a^ = a;8 + a„ a58 = a;8 + «8 



(1) 



which define a transformation T^, of the group Q^ generated by the infinitesimal 

pi pk r^ a 

transformations whose symbols are ;r— , ^r— , Xi ^ — + ^r— . Carrying out on T^ 

dxi dfiCji dx^ oxi 

the process given by Lie for transforming these equations into their canonical 

form, we finally obtain the system of equations 



f^i 



= ^ri=^i(^)' f^ = «« = ^2(a)» i^8 = a3 = ^i(a)» 



which define the canonical parameters /ii, /^s, fia in terms of a|, a,, 03. A trans- 
formation T^ of the group, in its canonical form, is generated by the infinitesimal 
transformation 



Consequently, the transformation Ta, defined by equations (1); is generated by 
the infinitesimal transformation 

TT aiOoC** did, / 9 I 3 \ 



To verify this result, the finite equations generated by U^ can be obtained by 
summation of the infinite series 



* Proc. Amer. Acad., Vol. 85, pp. 289-250, 488-486. 
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1 * 1 1 

(i:=l, 2, .... r). 

The equations resulting from this summation will then be found to be identical 
with equations (1) above. Let aj = Oi =^ 0, ag = a, , ^3 = 2toi\/ — 1 , where k is 
any integer zfi 0. Then Ni{a) is infinite in all branches. Consequently Ui is 
not infinitesimal, and, therefore, Ti is not generated by an infinitesimal trans- 
formation of the group. • 

Let ^ denote the matrix of the bilinear form — ^, ^,, v^- ^j<^jki) yfik t 

11 1'' ^ 

where the e^^ are the structural constants defining any given structure, and let 

Adenote the determinant of the matrix (in which case A=TT , where 

9 I fk 

pi p^ are the roots of the characteristic equation of 9). Then, if -4j^ denotes 

the first minor of A relative to the constituent in thejT**^ row and ¥^ column, the 
infinitesimal transformation which generates the parameter group belonging to 
the structure with which A is associated, is defined by the equations 

ai = a, +2;,-^a^<, (* = 1, 2, . . . . r). (2) 

* 
where a^ and a^^ (A; = 1, 2, r) are the variables which enter into the equa- 
tions of the parameter group, aj^ (^= 1, 2, .... r) are its parameters and ht is 
an infinitesimal.'^ 

In a previous article I have partially stated a theorem in regard to A which 
will now be completed. I have shown, namely, that if the determinant A asso- 
ciated with any given structure does not vanish for any system of values of the 
a's, all groups of the corresponding structure are continuous, whereas, if A van- 
ishes for certain systems of values of a's, some groups of the corresponding 
structure may be continuous and others discontinuous.f In order to complete 
the theorem it is necessary to prove that if the a's can be so chosen that A = 0, 
at least one group of the corresponding structure will be discontinuous. This is 
proved as follows : Since the parameters a^ . . . . a^ are independent, the first 

* Proo. Amer. Aoad., Vol. 86, p. lOd. f Ibid., Vol. 36, p. 101. 
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10 Sloguh: Relation between Real and Complex Oroups 

minors of A caoDot all contaiD A as a factor, that is to say, the first minors 
of A cannot all contain all of the factors which enter into the product 

A = TT • Consequently, if A = 0, for certain values of the a's, one or 

A 

more of the quotients — ^ must be infinite for these values of the a's. In this 

case the transformation (2) is no longer infinitesimal, and, therefore, the param- 
eter group is discontinuous. If, then, Ui .... a,, is a system of values of the a's 
for which A = , and we apply a finite transformation of the parameter group 
to the point whose coordinates are ai . . . . a^, by properly choosing the parame- 
ters Oj .... a,., this point can be transformed into any other finite point what- 
ever of the manifold (a^ . . . . a,.), but this finite transformation is not generated 
by an infinitesimal transformation of the group. 

For example, consider the structure (X,, X^=,Xi. The matrix ^ in this 
case is 



and 



e^-1 . 



0, 


«i ) 





a. ' 


■4*^ -- 


-.)) 


. 


1 




A = ^- 


-1 

• 





Therefore, 

I The roots of the characteristic equation of ^ are pi = a^, ps = 0, and, therefore, 

we also have A = TT = r Consequently, the equations defining 

the infinitesimal transformation of the parameter group belonging to the above 
structure are 

and the finite equations of this parameter group are found to be 



(3) 



ai = «i + a«. J 



(4) 
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If we apply this transformation to the point whose coordinates are aj = ai, 
a,= 2A?n\/^^, where Jc is any integer ::^ 0, by a proper choice of the parame- 
ters ai, a^, this point can be transformed into any finite point whatever of the 
manifold {(ii,a^* But for these values of the a's, A = 0; consequently, the 
transformation (3) is not infinitesimal, and, therefore, the finite transformation 
(4) is not generated by an infinitesimal transformation of the group. 

To each r-parameter complex group, (7,., there corresponds a definite 
r-parameter real group g^, the properties of which are closely related to those 
of C,..* It is possible, however, for g^ to be continuous and Q^ discontinuous.f 
But if a group is continuous, two points of general position on the same smallest 
invariant manifold relative to that group can always be oontinuovsly inter- 
changed by the transformations of the group, whereas Rettger has shown that 
if a group is discontinuous, two such points cannot always be so inter- 
changed ; that is to say, cannot always be interchanged by a transforma- 
mation of the group which can be generated by an infinitesimal transformation 
of the group4 For all the discontinuous complex groups, O,., cited by Rettger 
to illustrate this statement, the corresponding real groups, ^,., are continuous. 
Thus it appears that the exception imposed upon Lie's chief theorem by the pos- 
sibility of discontinuity in a group with continuous parameters necessitates a 
restriction upon the relation between the transitivity of a complex group and 
that of its corresponding real group. 

* Lie, TranBformationsgruppen, Vol. 8, p. 862. 

t E. g. ooneider the three-parameter group defined by the equations 

flp/ = Xi€f^ +aieA>^ + 2aie^ajj + a, , 

x/ = Qit^hXt + e»i«s+ Ot . 

The infinitesimal transformation which generates the finite transformation Ta defined by these equa- 
tions, is found to be 

Ua^a.[2x.±+x.^ + x.± + x,^ + x.^;) 

4- -gi- f fl, 4. 2fl, - 2«- Ag^ \_g- 4- <^ i < h A. 
^c«i— 1\^^ ^ «oi — 1 ) aa?i^ «ai— 1 aaj,- 

For all real values of thea's, Ua is infinitesimal, and, consequently, the real group g^ of transforma- 
tions Ta is continuous. But for the complex values Oi = 2ft^^ — l,a, = as,aa = at2|:0, where k is any 
integer 2|: 0, Ua is no longer infinitesimal, and, consequently, the complex group, Or , of transforma- 
tions Ta is discontinuous. 

t Amer. Jour., Vol. XXII, pp. 90-94. 
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Several structures which are of the same type for complex groups may con- 
stitute entirely distinct types of structure for real groups.* This follows from 
the fact that for real groups the structural constants defining any given struc- 
ture must all be real, and two real structures can only be said to belong to the 
same type, when one can be transformed into the other by a real transforma- 
tion .f 

Suppose, then, that we have given two structures which are of the same 
type, J., for complex groups, but which constitute distinct type&, B and G, for 
real groups. If the determinant A, associated with type -4, does not vanish for 
any system of values of the parameters, all groups of this type are continuous, 
and, consequently, all real groups of types B and G are continuous as well. If, 
however, the determinant A, associated with type A, vanishes for certain sys- 
tems of values of the parameters, one of the following cases may occur with 
respect to the continuity of the real groups of types B and C: 

1. All real groups of both types B and G are continuous. 

2. All real groups of both types B and G are discontinuous. 

3. All real groups of one type, B, are continuous, and one or more, but not 
all, real groups of the other type, G , are discontinuous. 

4. All real groups of one type, B , are continuous, and all real groups of the 
other type, (7, are discontinuous. 

* £. g. cooBider the four stractnreB 

( (-y,, ^) = -y., {x,,x^)=2x, , (j:„2r.) = z„ 

8 ( (Jf», Z,) = , {X,,X,)=0 , {X^,X^) = X,, 

iiX,,X,) = 0, iX^,X,) = X,-\-X,, {X,,X,)^X^. 

^ f (Zi, Z,) = - Z, {X,,X,) = -X,, (^, X,) = 0, 
l (Xi, X^) = JT,, (Xf, X4) = X, , (X3, X4) = Xj. 

It wiU be fonnd that each of the aboye itructiireB can be tranBformed Into any one of the others, bat only by 
means of a complex transformation. Thus the transformation 



2. 



x, = — X/-X/V-1. x, = x/v-i, x,=x,v-i--y/. -x,=x/ 

transforms (1) into (3) , the transformation 



X, = X/, X, = X/, X, = J^ (X/- X/) - X/, X, = - ili (X/ + X/) 

transforms (t) into (8), etc. Conseqnently, the aboye four strnctnres are of the same type for complex groups 
bat eonstitnte distinct types of structare for real groups. 

t TranBformations gruppen,yol. 8, p. 861 ; Proo. Amer. Acad.. Vol. 86, p. 106. 
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The following four examples show the possibility of the occurrence of each 
of the above four cases : 



Case 1. Consider the structures 

{X,,X^)=0 , (Xi, X8)=0 , {X^.X,) = X^, 

(-^i> ^a) = 2X1 , {X^, X^ = X2, (-Za, -Z4) = 2X2 + -Zg , 



[ 



and 



1 



\X\ , X^ = , (Xj , X^ = Xj + 2X4 , (X2, X3) = 2X2 , 
(Xi, X4) = Xg , (Xj, X4) = , (Xg, X4) = — X4. 

These are of the same type, Ay for complex groups but constitute distinct types, 
B and C, for real groups, since they can only be interchanged by means of a 
complex transformation. The adjoined complex group of type A is discontinu- 
ous, and, consequently, all complex groups of that type are discontinuous.* The 
determinants A| and Ag, associated with these two structures, are respectively 

Since neither of these determinants vanishes for any system of real values of the 
a% all real groups of both types B and C are continuous. 

Case 2. Consider the structures 

(Xi, Xg) = X3 , (Xj, Xg) S — Xg , (Xj , Xj) = Xi , 

and 

(Xi, Xg) = — 2X1, (Xj, Xg) = Xg , (X|, Xg) = — 2X3 , 

which are of the same type for complex groups but constitute distinct types for 
real groups. The adjoined complex group of type A is discontinuous, and, con- 
sequently, all complex groups of this type are discontinuous. The determinants 
Ai and Ag, associated with these two structures, are respectively 

^'= aJ + ai + oS ' 

— 4 (a| + a^a^) * 

Aj vanishes if a? + a| + aj = Al^rf ; Ag vanishes if a| -f a^ag = — l^rf, where k 
is any integer i:^ 0, and each of these relations can evidently be satisfied by real 
values of aj, Og, a,. Moreover, the adjoined real groups of both types B and G 
are discontinuous, and, consequently, all real groups of both of these types are 
discontinuous. 

* Tftber, BuU. Amer. Math. Soc., Feb., 1900, p. 208. 
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Case 3. The structures 

(Xj, jri)=o, (Xi, x^^x^, (X2, X8)= — Xj, 

aud (Xi, X,) = 0, (Xi, X8) = Xi, (X2, X3) = ^ 

can also be shown to be of the same type, A, for complex groups, but to consti- 
tute distinct types, B and C7, for real groups. 

The determinant A, associated with type A, vanishes for certain systems of 
complex values of the a's, but the adjoined complex group of this type is contin- 
uous. Consequently, one or more, but not all, complex groups of type A are 
discontinuous. The determinants A^ and A^, associated with types B and (7, 
are respectively 

Ai vanishes for the real values 03= 2h7t, where h is any integer i:^ 0, but the 
adjoined real group of this type is continuous. Consequently, one or more, but 
not all, real groups of this type are discontinuous. A^ does not vanish for any 
system of real values of the parameters, and, consequently, all real groups of the 
second type of structure are continuous. 

Case 4. Consider structures 3 and 4 in the foot-note to page 12, which 
were there shown to be of the same type, A , for complex groups, but to consti- 
tute distinct types, B and G, for real groups. The adjoined complex group of 
type A is discontinuous ; consequently, all complex groups of this type are dis- 
continuous. The determinants Ag and A4, associated with the structures under 
consideration, are respectively 

(ea.v^_l)(e-«.»'^-l) (g'«-l)(e-'«-l) 

^- ^ ' ^- =:-^ 

A4 does not vanish for any system of real values of the a's, and, therefore, all 
real groups of type 4 are continuous. Ag, however, vanishes for the real values 
^8= 2foi, where Jc is any integer '=t=' 0. Moreover, the real adjoined group of 
type 3 is discontinuous, and, therefore, all real groups of this type are discon- 
tinuous.* 



* The symbolB of infinitesimal transformalion of this real adjoined group are 

d d d d d d.d.d 

3x4 *axj *ax. ' '3x4 ^dXj' ^ axj 'ax, 'ax, 
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Determination of all the CharoAyteriatic Subgroups of 

any Ahelian Group. 

By G. A. Miller. 



§1. — Statement of the Problem and of the Principal Results. 

A subgroup which corresponds to itself in every possible simple isomorphism 
of the group ( O) with itself, is called a characteristic subgroup.* The term was 
first used by Frobenius in Berliner Sitzungsberichte, 1895, p. 183. Burnside 
observed that a group which has no characteristic subgroup is either simple or 
the direct product of simply isomorphic simple groups.f The present paper is 
devoted to a determination of all the possible characteristic subgroups of G when- 
ever G is abelian. In what follows it will be assumed that all the groups under 
consideration are abelian. 

In every possible simple isomorphism of O with itself, every Sylow sub- 
group ;{; must correspond to itself. Hence, it follows that the necessary and 
suflScient condition that a subgroup of Q is characteristic is that each of the 
Sylow subgroups of this subgroup is characteristic in a Sylow subgroup of (r . If 
we include the identity and O itself in the term characteristic subgroup, it fol- 
lows that the number of the characteristic subgroups of O is the product of the 
numbers of the characteristic subgroups in all the Sylow subgroups of (r. That 
is, the characteristic subgroups of O are the direct products of characteristic sub- 

* A characteristic subgroup may also be defined as a subgproup which is transformed into itself by 
aU the operators in the group of isomorphisms of O . 

t Burnside, Theory of Groups of Finite Order. 1897, p. 238. 

t If the order of a group is divisible by p^ but not by p^ + 1, a subgroup of order p^ , is caUed a 
Sylow subgroup. The term was first used in Bulletin of the American Mathematical Society, Vol. 9 
(1908), p. 648. 
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groups of the Sylow subgroups of Q. Hence we may confine our attention to 
the case where the order of G is 2>" p being any prime number. This will be 
done in what follows unless the contrary is explicitly stated. 

The principal results are as follows : 

When p is odd, two characteristic subgroups cannot be of the same type, 
and the number of characteristic subgroups in Q is equal to the number of its 
sets of operators such that each set is composed of all the operators which are 
conjugate under the group of isomorphisms (/) of <?. All the possible charac- 
teristic subgroups (besides the identity *) have a certain characteristic subgroup 
((7|) in common. This is called ihe fundamental characteristic subgroup of (r and 
is the only one in which all the operators besides the identity are conjugate 
under /. If a characteristic subgroup includes an operator {s) which could be 
used as an independent generator of Q, then it includes all the operators of O 
whose orders divide the order of «. In particular, if a characteristic subgroup 
includes an operator of highest order, it must be G itself. If a characteristic 
subgroup includes h invariants, which are equal to or greater thanjp*, it must 
include all the characteristic subgroups which do not have more than h inva- 
riants, provided none of these invariants exceeds j>*. The total number of the 
characteristic subgroups of G can be directly obtained by means of a simple 
formula. 

§2, — The Characteristic Subgroups which are Generated by Operators of 

Order p. 

Although the results of this section are special cases of those which will be 
developed in the following sections, yet it seems desirable to give them sepa- 
rately on account of their simplicity and their fundamental importance in the 
theory of characteristic subgroups. The treatment of the following sections can 
be presented in a somewhat briefer form in view of these special developments. 

Suppose that ^j invariants of G are equal to 2>*S ^% are equal to ^••, . . . , ^^ 

are equal to p\ ; where ai > a^ > !> otx > 0. Hence ai/3i + a^^ -|- . . . . 

-|- tt;^^;^ = w? . Representing a set of independent generators corresponding to 



* In what follows, the identity will not be included in the term oharacteristio subgroup, but O wUl 
be regarded as a characteristic subgroup of itself. 



Subgroups of any Ahelian Oroup. 17 

these invariants, in order, by «!, e^f » *^l+^.+ ....+^A' ^^^ group G may be 

regarded as the direct product of the subgroups 

which are respectively generated "*" by the independent generators of the same 
order, as follows : 

•"1 = 1 *1 f *l » • • • • » *^ f » -"2 = I *^I + 1 » *ft + «» • • • • » *^i + Pi f • ' • • 

-Sa= i*ft + p,+ .... + Px-i + l> */5i+A+.... + Pa-1 + «' » *Pi+/5t + .... + Pa »• 

All the operators of the same order in H^.j ^i<>^» are conjugate under its 
group of isomorphisms {Ix^) , since each of these operators is the same power of 
operators which could be selected separately as independent generators of ^x,- 
These operators are also conjugate under / since / includes the direct product of 

Iif I2, » ^A't If we multiply any operator of order ^'^ in Sj by any operator 

in {H^, H^t .... f Hx} Mid raise the product to thep**""^ power, the constituent 
from \£[f, H^, . . . . , Hx\ will reduce to the identity. That is, Hi includes all 
the operators of order p in G^ which are found in cyclic subgroups of order ^'s 
and it contains no other operators of order ^. In other words, the identity and 
the operators of order ^ in H^ constitute a characteristic subgroup (CJ) of G. It 
will soon be proved that Ci = C/j. 

The group \ffiyH^\ contains all the operators of order p in G which are 
contained in cyclic subgroups of order p"*, and all of its operators of order p have 
this property. Hence these operators, together with the identity, constitute a 
second characteristic subgroup (C7|) of G. All the operators of £7^, which are not 
also in (7|, are conjugate under /, since the independent generators of H2 i^aight 
have been so selected that the p^ " ^ power of one of them would give any given 
one of these operators. Since a characteristic subgroup may be defined as a 
subgroup which includes all the conjugates under / of its own operators, and 
since a group may always be generated by the operators which do not belong to 
any given subgroup, it follows that every characteristic subgroup which involves 
an operator of order p from G^ must include Gi. 



* This symbol denotes the group generated by aU the operators inclosed, 
t TransaotionB of the American Mathematical Society, Vol. 1 (1900), p. 896. 
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In an exactly similar manner we observe that all the operators of order p 

in \n^y JSTg, jjET.}, l<e<X, are composed of the operators of order p in 

the cyclic subgroups of O whose order is p**. Hence, these operators, together 
with the identity, constitute a characteristic subgroup (C.), which includes 

G[, G2 f G,^i. All the operators of C7., which are not also in (7._i, are 

conjugate under / because each of them is the p**~^ power of an operator which 
could have been selected as an independent generator of 5".. Hence, there are 
just X characteristic subgroups of G which are generated by operators of order jd. 
The number of invariants of these subgroups are respectively ^u fii + ^93 

Pi+ ^2+fid^ » /?! + /?, + + /3x. Since every characteristic subgroup 

must involve operators of order jp, and since G, includes C7.«.i, it follows that Gi 
must be contained in every possible cJiaraderistic subgroup of O . That is, (/J = Cj. 



§3. — Tfie Gonjugates tmder I of any Operaior of O. 

Let s represent any operator of order p^ in JST^ (3 < a^ , y < >l) . It has been 
observed that all the operators of order p^ in H^ are conjugate under /. We 
proceed to find all the other conjugates of s under /. Consider all the products 
obtained by multiplying all the operators of order p^ in H^ into all the operators 
whose orders do not exceed pMn jjETi, J7,, . . . . , fiy_,}. As all these products 
are the ^*Y"^ power of operators which could be chosen separately as indepen- 
dent generators of (?, they must be conjugate under /. Since O may be 
regarded as the direct product of the three groups ] JSTi, fl^, .... , -Hy_j[, fl^, 

\Hy^i, ffy+%, , -Sxf » it remains only to find the operators in the last one of 

these groups which are such that the products obtained by multiplying them into 
an operator of order p* in ffy are conjugate with s. This follows directly from 
the fact that all the conjugates ofs under / must be such that their p^"^ power 
is in Gy but not in C^_i. 

Since s is the p"^"^ power of an operator which may be used as an indepen- 
dent generator of O, each of its conjugates must have the same property. 

Hence, the factor from -ff^ + y, (yj = 1, 2, , X — y) may be any operator 

whose order does not exceed p*7 + vi " •y +* (a^ + ^^ — oLy+S^O), but no other 
operator of jET^+y, can be multiplied into s without afiecting the system of conju- 
gates to which s belongs, siuce such a product would not be the p^y"^ power of 
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an operator which could he used as an independent generator* of O. Hence, 
all the conjugates of e under I can he obtained by multiplying all the operators of 
order p^ in Hy by the group generated by all the operators whose <yrders divide p^ in 
jETi, -ff,, .... , -Hy_i, together with the operators whose orders divide ^■y + yi"S+* 
in Hy^y^. The number of these conjugates is, therefore, p^ (p^y — 1), where 



yi = A — y 



?=M/?l+^»+---+|3,)-i5,+5;/?, + r.(«r + r.-«v + «). 



Yi-l 



^y+yi ay + 3>0. 



That is, the last summation is to extend only to such values of yi as will make 
tty+yj — tty + 3 ]> 0. In other words, only the positive terms of the series are to 
be combined. In particular, when j = ay, we arrive at the formula of the last 
foot-note. 

The preceding method can be employed to determine all the conjugates 
under / of operators which are powers of possible independent generators. All 
the operators of orders p and jj"* in O possess this property. The necessary 
and sufficient condition that all the operators of O are powers of possible 
independent generators is that either % = 1 or that both of the following condi- 
tions are satisfied :X = 2, oi — 02= 1. We proceed to consider the number of 
conjugates of an operator (t) of G when t is not some power of a possible inde- 
pendent generator of G. 

The constituents of t which belong to 5i, 32, , jETa naay be denoted 

respectively by ^1 , ^, - • • • , ^a ^^^ their orders by ^'s 7>*"*, . . . . , p"^. If the 
order of t is p*, at least one of the numbers aj, ag, . . . . , ai must be equal to 3, 
while each of the others is equal to or less than h. Let y be the largest sub- 
script of a constituent of order p^. Prom the fact that the constituents of t are 
separately powers of possible independent generators of G^ , it follows that there 



* Any operator of order p^ in any abelian group whatever can be used as an independent generator, 
provided itBp^"^ power is not included in some cyclic subgroup of order p^ + 1. Hence, all the opera- 
tors of order p^y which can be used as independent generators of O are the products of operators of 
highest order in Hy into the group generated by all the operators of •{ HV+ 1 , HV 4- Si • • • • , Ha }- and 
the operators of -{ f 1 , H> , . . . . , fTy — 1 1' whose orders divide p^ . The number of these operators is 
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is at least one conjugate of t such that both of the following conditions are 
satisfied : 

ttp >ap4.i, ttp — ap> otp + i — ^p + i» p = 1, 2, . . . . , 31 — 1. 

The necessary and sufficient condition that t is not a power of some operator 
which could be used as an independent generator of G is that dy + y^^oLy^y 

— tty + 5 for at least one value of yi = 1, 2, y X — y. We shall suppose 

that t satisfies all of these conditions. In other words, we shall suppose that t 
was so selected that it is not a power of some operator which could be used as 
an independent generator of O, and also that the order of each of its constitu- 
ents is at least as large as the order of the corresponding constituent in any one 
of its conjugates. 

All the conjugates of t can be obtained from the fact that all the conjugates 
of its constituents are known. From the preceding paragraphs, it can be seen 
that the following method gives all these conjugates: Construct the group 
formed by all the operators whose orders divide p^P in the constituents in which 
at least one of the following two conditions is satisfied : 

ai = ap+i, ap_i — a^.i sza^ — a^, 

and multiply each of the operators of this group into all the operators obtained 
by multiplying together all the operators of order p^i in the constituents for 
which both of the following conditions are satisfied : 

If < is regarded as any operator of O, all the conjugates of < must involve at 
least one constituent whose order is the same in all of the conjugates. If it 
involves only one such constituent, ^ is a power of some operator which could be 
used as an independent generator of G ; if it involves more than one such con- 
stituent, then t cannot be a power of a possible independent generator. It is 
also clear that the number of conjugates of an operator which is not a power of 
a possible independent generator is always larger than the number of conjugates 
of some operator of the same order which is a power of a possible independent 
generator. For the present purpose it is only necessary to bear in mind that the 
given method leads to all the conjugates of t under /. 
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The group generated by all the conjugates of t is evidently the direct pro- 
duct of all the groups formed by all the operators whose orders divide p*i in 

j5^ (p = 1, 2, , X) whenever ^ ]> 2.* When p = 2, this result remains true 

only if there is no more than one cyclic H^, for which both of the conditions 

are satisfied. If there are X; ]> 1 such constituents when j> = 2, the group gene- 
rated by the conjugates of t is the direct product of the group obtained by dimi- 
diatingf the cyclic subgroups of order p*'^ of all these k constituents, and the 
subgroups which are composed of all the operators whose orders divide p*P in the 
other J9^'s. The order of the group generated by the conjugates of t is therefore 



except when both of the conditions ^ = 2, A; ^ 1 are satisfied. In this case the 
order is this number divided by 2*"\ 



§4. — Determination of all the Oharacteristic Subgroups of O. 

The simplest case presents itself when all the invariants of O are equal ; 
that is, when G = Hi. It was observed above that all the operators of the same 
order are conjugate under the /of such a 0^, and hence there are just a^ charac- 
teristic subgroups. These are composed respectively of all the operators of G 
whose orders divide p^, j9 = 1, 2, . . • . , ai. Each of them contains just ^i equal 
invariants and is of order jp^^>. It is evident that all the operators whose orders 
divide p^ must always constitute a characteristic subgroup of G and that G con- 

* This result follows directly from the facts that the conjugates of t must generate a group which 
can be obtained by establishing some isomorphism between the subgroups of the H'p's, which are com- 
posed of the operators whose orders divide p«> , and that all the operators of such a subgroup must cor- 
respond to a given operator whenever all the operators of the highest order have this property except 
when both Ht» is cyclic and j!) = 2. 

t Cayley, Quarterly Journal of Mathematics, Vol. 95 (1890), p. 71. 
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tains additional cbaracteridtic subgroups whenever it has at least two unequal 
invariants.* 

We proceed to determine all the characteristic subgroups of Q which involve 
(7^, but do not include C^p+i, 0<p<X. Let G be such a characteristic sub- 
group, and suppose that t is an operator of C which has been so selected that 

each of its constituents <i, <g ^t^, from Hi, H^^ , H,, respectively is of 

the largest possible order. As in the preceding section, we may suppose that 
the orders of these constituents (which exceed unity) are p*'\ p** , jjS respec- 
tively. Since G may be defined as any subgroup of O which includes all the 
conjugates under / of each one of its operators, it is clearly generated by the 
conjugates of t and its order is 

whenever j:> > 2. That is, when p > 2, each of the characteristic subgroups of O 
is generated hy one and only one complete set of conjugate operators under /, and the 
independent generators of such a subgroup may be so selected that they are powers of 
the independent generators of G. 

All the (7's in question can be obtained as follows : 

The p invariants may all be equal top. Then the first invariant may be 
successively multiplied by p without affecting the others until it is equal to 
jj«i-a,+i A.fter this, the second invariant may be made equal to p? and the 
first invariant maybe successively increased fromp* to p*» """• + *, etc. To each 
such set of invariants there corresponds a G. Hence, the number of the charac- 
teristic subgroups of G which contain G^ without also containing G^^i'is 

(tti — 08+ iXoj — aa+l) (ttp — ap + i) 

whenever p]> 2. In this case the total number of characteristic subgroups in 



* It may be observed that O^Hi whenever all the operators of order p^in O are conjugate under I 
for at least two values of (5 >0 . That is, while aU the operators of highest order in O are always con 
jugate under /, all those of any other order are never conjugate unless all the invariants of O are 
equal. 
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G is given by the simple formula 

Y(ai — OjH- l)(a2 — a, + 1) (ap_i — ap+ l)(ap — a^+i), ax+i= 0. 

This formula remains true when p= 2 if there is no more than one cyclic 
Si {I < p) for which both of the conditions 

ttp ]>a^+i, ap_2 — ap-i!>ap — a^ 

are satisfied. If there are k^l such cyclic Hiq, there are as many additional 
(7s which correspond to the conjugates of such a < as there are combinations of 
k things taken 2, 3, .... , A; at a time. None of these is generated by the con- 
jugates of ^. It should be observed that the formula 

2(ai — aj+ l)(aj — a8+ 1) K-i — a^H" l)(ap— ttp+i) 

gives the number of sets of operators in G which are conjugate under I regardless of 
the value of p. The identity is not included in this enumeration of sets of conju- 
gate operators. 

Among the special results, it may be well to observe that every character- 
istic subgroup which contains an operator of order p^ which could be used as an 
independent generator of G must also contain all the operators of G whose 
orders divide p^. If a characteristic subgroup contains an operator of order p* 

that is found in ff^, it contains also all the operators of {H^f H^^ ^ H^\ 

whose orders divide p*. If G contains one operator of order p* which could be 

used as an independent generator at least - ^ of its operators of order p^ could 

be used separately as independent generators. In any abelian group of order j>* 
the number of operators of a given order is at least p — 1 times the number of 
all those of lower orders. If a subgroup includes more than one-half of the ope- 
rators of a given order, it must include all the operators of this order and of all 
lower orders. All the characteristic subgroups, which contain operators of order 
p^, have in common a characteristic subgroup which includes operators of order 
p^. The cyclic group is the only one in which every subgroup is characteristic 

and the groups of type (1, 1, 1, ) is the only one which has no characteristic 

subgroup. 
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If the order of O is not a power of a single prime, the number of its sets of 
conjugate operators can be more readily stated if the identity is regarded as 
forming a conjugate set by itself. When this is done, the number of sets of con- 
jugate operators in O is merely the product of the numbers of sets of conjugates 
in its Sylow subgroups. This product will also be the number of the character- 
istic subgroups of O (the identity being regarded as a characteristic subgroup) 
except when the special conditions noted above are satisfied in the Sylow sub- 
group of order 2^ contained in O. 



Collineations whose Chara^cteristic Determinants have 
Linear JSlementary Divisors * with an Application to 
Quadratic Forms. 

By a. B. Coble, f 



Weirstrass' solution of the problem of the equivalence of two non-singular 
pencils of bilinear forms is based on the simultaneous reduction of two members 
of a pencil to a normal or canonical form. SegreJ has employed Weirstrass' 
normal form to obtain a classiBcation of collineations, and has discussed the pro- 
jective properties of the various classes. 

In general, the reduction to this normal form is not unique. A later method, 
devised by Darbouxlj and perfected by Stickelberger,§ clearly indicates, by the 
introduction of systems of parameters, a certain freedom in the reduction. How- 
ever, the conditions to which the parameters are subjected are of a rather vague 
nature. 

In the following only the general class of collineations mentioned above will 
be treated. A method will be given for writing down in terms of parameters 
the most general normal form of a collineation of this class. Moreover, the 
restrictions upon the parameters will appear in very simple form. 



* A quite complete account of the Uterature on this subject is given by Muth — Elementartheiler 
(Teubner, 1899). Only important references wiU be given hereafter. 

t Carnegie Institution, Washington, D. C 

X Beale Acad, dei Lincei (18S4), Ser. 8a, Vol. XIX, p. 8. 

g laon villa's Journal (1874), Ser. n, Vol. XIX, p. 847. 

f Crelle's Journal (1879), Vol. 86, p. 20. 
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Section I. 

§1. — Generalities an OdUineations* 
The bilinear form 

A = ^ a^xflb^ = (aa;)(ua) = {bx){u^) = . . ■ . (i, x = 1 , 2, . . . . n) 



(. « 



in contragredient variables x and u^ which are considered as point and planef 
coordinates in a linear space of w — 1 dimensions, /S^'-S represents, when equated 
to zero, two coUineations in /S^""^, which are inverse. The one coUineation is 
given in the form of a point correspondence, the other in the form of a plane 
correspondence. As we shall be interested only in points and planes which are 
unaltered by the collineations,;|; the distinction between the two is not material. 

The number and relative position of the fixed points and planes of A is 
determined by the behavior of the characteristic determinant of J.. We assume 
first that none of the roots of the characteristic equation are zero, i. e. the col- 
lineation is non-singular. If any root substituted in the characteristic determi- 
nant makes all minors of degree n — p vanish but not all of degree n — p — 1 , 
there is a linear point spread of dimensions j> , P^, every point of which is a fixed 
point. Corresponding to this same root, there is a linear plane spread of dimen- 
sions p, IV y every plane of which is a fixed plane. F^ and 11'' will be called the 
fixed spreads of the selected root. No point of the fixed spread of one root lies 
in the fixed point spread of any other root. A point of the fixed spread of one 
root lies on every plane of the fixed plane spreads of every other root. A point 
of the fixed point-spread of a root may or may not lie on all the planes of the 
fixed plane-spread of that root. 

§2. — Statement of the Problem. 

CoUineations of the kind under consideration may be characterized in 
various ways : 

(1). Their characteristic determinants possess only linear elementary divi- 
sors. 

* See Segre, loc. oit. 

t By plane is meant a linear spread of dimensions n — 3 in /S* ~ ^ 

X Such points and planes will be called ^' fixed." 



Elementary Divisors with an Applicaiion to Quadratic Forms. 27 

(2). No point of the fixed point-spread of any root lies on all the planes of 
the fixed plane-spread of that same root. 

(3). If the characteristic determinant has a root of multiplicity p+l, that 
root makes all the minors of the determinant of degree n — p vanish. 

Any one of these three properties necessitates the others. It may easily be 
shown that the fixed point-spaces of the various roots are not only entirely 
separate but also linearly independent 

The given coUineation will be said to be in a normal form when it is 
expressed by means of n fixed points and n fixed planes, which together form a 
*' basis" in /S^''^ In the following the most general normal form will be sought, 
i. e. one which contains parameters, by particularizing which all possible normal 
forms are obtained. It is further desirable that the geometric meaning of these 
parameters and of the conditions to which they are subjected, be evident from 
the reduction ; also, that the reduced form itself shall contain explicitly only the 
ordinary invariant forms of the collineation (including the roots of the character- 
istic equation). 

§3. — Combined Parametral Representation of the Spaces P^ and TV of a Root 

of Multiplicity p+\. 

Let i; be a fixed plane of ii. Then t; satisfies the identity in x, 

{aao){va) = % {yx) , 

where % is a root of the characteristic equation of A. Suppose it is a root of 
multiplicity p +1. By hypothesis, it makes all the minors of degree n — ^^ of 
the characteristic determinant vanish. p+ I equations of the identity may be 
discarded and n— p — 1 of the coordinates v, solved for in terms of the others. 
For symmetry, however, a method employed by Hilbert* for binary forms will 
be used. The n equations of the identity are extended by the addition of ^ -f 1 
new variables p»pi> psi p, with arbitrary coefficients. The identity 

{viXi + VgXj + + v^x^ — iyx) = 

is added to the system as well as the p relations 

{vx^) = 0, (t?sc*) = 0, {vQf) = 0. 

* Math. Annalen (1887), Vol. 28. 
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The system then reads 

Vi (ajtti — 31) + ^i^iOjB + • • + ^w^itti 

^i<*«ai + V, (oja, — X) + . . + v^ajju, 



+ pi^+pX+.. + ppti/ 



= 0, 
= 0, 



ViOnai 



v^x] 



+ Vffl^a^ +••+«,. (a„a„ — X) + pWn+ pi^i + • • + p,,< = , 

+ V^ +..+VnXn =0, 

— (vx) 



ViXf 



+ v,xl 



+ . . + VnX 



P 
n 



= 0, 



a system ofn+p+1 equations in the n+p + 2 unknowns v^, p, p,, (var). 
The values of p and p,, as determined from this new system, are zero, since they 
may be expressed in terms of minors of degree n — />. The system as modified 
above is then equivalent to the original system and the p added relations. 
Solving for the unknown {vx), we have (the symbol, ^, being understood to 
mean ** is proportional to"), 



M-Tr,w=(-i)' 



aitti — 


X 


aiOLi .... (i\(i^ 


«i 


t^ . . . . I*f 


a,oi 




a^fHi — Jl . . . . Oia. 


«» 


uj ••«? 


a»ai 




a„aj5 apittn — X 


M* 


«!.••••«»• 


Xi 




x% .... x„ 








^ 


• • 


7\ .... a^ 
• •*...• .* 




• ■ . < 






xf 



x{ 



x: 











Hence Wp {X) is for arbitrary values x^ »*, .... a:', the equation of the 6xed 
plane of 11^ which passes through the selected points a;\ .... ,9^ and this regard- 
less of the values of u, w\ .... , ti^ if only they are not such as to make Wp {X) 
vanish identically. But from the self-dual nature of the result, this theorem 
follows : 

(1). I/^is a {p+ lytuph root of the characteristic equation^ W^ ipC) is the 
product of a fixed point of P^ and a fixed plane of 11'', the fiaced point lying on the 
selected planes u^ .... ,vP; the fia^ed plane passing through the selected points 



x\ 



.x». 
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The fixed plane is determined rather by the linear space, 8^~^^ which passes 
through the selected points x\ . . . . , x'. Any linearly independent set of p 
points of this S^''^ will determine the fixed plane as well as the selected set. 

Wp{^) contains one set of variables x, u and p sets of parameters 
x\ u\ . . . . J 7!^,vf* If the parameters do not appear, the determinant will be 
denoted by W{X). If also the variables do not appear, the (characteristic) deter- 
minant will be denoted by TPi (X) . Expanding TF© (X) in powers of X , we may 
write 

We wish now to obtain the expansions of W{X), TTi (X) , , TPJ, {X) in 

terms of c,, powers of X and powers of A, For brevity, the symbolic notation 
for forms will be used. We put 

E^A^={vix), A^ = {ax){va) , A^ = {ax){ha){u^) , etc. 



Consider the series 



^ — ""o > "o^ ' ~^T + • * • • 



which converges for sufficiently large values of X . Then 

A^ A* A^ 

^^=4+^+4 + 

^^ = ii» + ^ + -4* + -^ + 

S{\E—A) = A'' = E 
and 




Since the right-hand member is equivalent to a polynomial, it must itself 
reduce to a polynomial. Therefore, expanding and neglecting negative powers 
of A,, we have 

WiX) = (a— » + CjA--» + . . . . + c,_ ,) A^ 
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The same result might be obtained by taking the evectant of Wq{X) as to 
the coefficients of A , and changing the sign. Comparing this result with the 
one already obtained, we see that the evectant (with negative sign) of Cj is J.® ; 
of c, is c^A^ + A^ ; of c^ is c^A^ + c^A^ + il«, etc. 

Wi (X) may now be obtained from W{X) by again taking the negative evec- 
tant, new variables oi^ and u^ being introduced. First, it is evident from the form 
of Wi {X) that all terms in its expansion will fall into one of two sets, the one set 
being obtained from the other by permuting x and x^ and changing sign. Also, 
the terms must be either of the form fi.A (a; , w) . Jl* (a\ w*) or of the form 
vA^{xy v}).A^{;x^, u). The sum of terms of the first form and the sum of terms 
of the second form make up the two sets above mentioned. In taking the evec- 
tant of W{X) , terms of the first form arise when A' is considered constant and c, 
variable ; terms of the second form when c, is considered constant and A' vari- 
able. Since the result of evection upon c, is known, we may write at once 

TTx (X) = d^_,A'A^,, + d,^,{A'Al,, + A'A^) + . . . . 

+ (A -4*1)'" + • • • • H" -4." J.(i)) — Ri , 

where J.|i) is A' written with variables x^ and v} and Ri is the result of permuting 
z and x^ in the previous terms. 

By a similar argument, we may write 
Wf (X) = a„ _ 8-a. A^l)A^2^ + a„ « 4 (-A A^i^A^^^ + -4 A^^^A^^^ + A A^i)A^<gjj + .... d: i2g, 

where db i2, is the result of permuting x, x^ and a* in the previous terms, the 
sign of the permutation being attached. Id general, 

1 »— p— 1 

where ^ is the sum of the homogeneous terms of degree x, composed of powers 

of A, J.(i), A^^p . . . . , A^p^ and A,, has a meaning entirely analogous to that of 
Ri and R^. 
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§4. — The Identical CoUmeation of tJie Spaces /* and W. 

Connected with the series of forms TTi (31) , . . . • , W^ (X) is a series of covar- 
iant coUineations obtained by taking the bilinear invariant as to each pair of 
parameters of and u", the process being repeated until the parameters no longer 
appear. Manifestly, the same result will be obtained by taking the successive 
derivatives of W (X) with respect to X . We define then 

Writing as before 

W{X) =rf,_iil' + d„_,A^ + . . . . + il— », 
we may put 



• • 



w'^\x)=diri^^,A' + dr^,_,A'+ .... +A--^-K 

X being a (j> + l)-tuple root of Wq (31) = 0, the various sets of coefficients 
d^^ have perfectly definite values. The d, are the coefficients of an equation 
which has all the roots of Wq (31) = except one root X . The d[^^ are the coeffi- 
cients of an equation which has all the roots of Wq (31) = except two roots 31 , 
etc. Finally the d[^^ are the coefficients of an equation which has all the roots of 
Wo (31) except p + 1 roots X. Hence, among the sets of coefficients, we have the 
relations 

(p = 0, 1, , p — l)(x = 1,2, , n — p). 

Of these coUineations W{X), W^'^{^), . . . , Tr^~^H3l) vanish identically, for 
they are expressible in terms of minors of degree n — p or greater. With 
regard to W^^ (31), we have the theorem : 

(2). W^^ (^) is a singular collineation. Its singular point'Spread is the linear 
spread determined by the fixed point-spreads of aXL the roots other than 31. 
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For, let X be a fixed point of A corresponding to the root X^. Then the 
homolog X by W^^ {X) is 

Since Xi is a root of the equation with coefficients d^\ the first factor vanishes, 
i. e. X is a singular point of TP^^(^). Also, it is evident that — 

(3). For the fixed point-spread of the root 31 , W^^ {X) is the identical collinea- 
tion. 

Since every point is linearly expressible in terms of all the fixed point- 
spreads of -4 , it follows that — 

(4). If the linear spread of dimensions n — p — 1 determined by the fixed point- 
spreads of all the roots other than 31 , and a point x, cuts P^ in a point oify then d is 
the homolog of x by W^^ {X) . 

Tr^^(X) projects, therefore, a point, in general position, upon the fixed 
spread P^. Analytically, W^^'^ipC) may be employed as a transformation 
which replaces a general point x by a fixed point of /*. Properties of W^^ (X) 
dualistic to those stated, may at once be supplied. 

%b.— Transformaiion of the Determinant W^{X). 

The parameters x\ , x^, appearing in W^ (>l), have thus far been unre- 
stricted. Instead of selecting these p points arbitrarily, we will now require 
that they be p points of the spread P^. Wp {X) will still represent any plane 
of n^ For a plane of n** cuts /* in an aS*'-\ and the p arbitrary points may be 
selected in this S^"^. This new choice of parameters may e b analytically 
effected by replacing the variables x* by new variables x* by means of W^^ {X) 
according to theorem (4). The effect of this transformation will be followed out 
in the expanded form of Wp{X). 

We suppose, first, that Wq {X) = has, besides the root ;i of multiplicity 

i>+l, the further roots X^^ ,\ of multiplicity ^j +i, ^^^ + 1, ,i>c +i 

respectively. Then 

W{X) =(^-X^T(^— Mr^ + ^ .... (^-X.^o)p, + ^ = (4 - XA,yf{A), 
TP^> (X) = (-4 — TiAy - ^f{A) , 

W^^{X)=f{A). 
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We employ now the following theorem due to Frobenius:* 

(5). Jf^fifi) is the n'* elementary divisor of the characteristic determinant of a 
bilinear form of 2n variahles, then >// {A) =: is the eqtuiticn of lowest degree which 
the form A satisfies. 

Since, in the present case, the elementary divisors are all linear, we have, as 
the identity of lowest degree which the form A satisfies : 

Recalling the value of/(il), we have, as a consequence of this identity: 

F^>(X).(il — Xilo) = 0, 
or W^^ {X).A = X I7^^> (X) , 

hence W^""^ {X) . il^ = X« W^^ (X) , etc. 

Arranging the expanded form of Wp{X) in powers of J.(p), it takes the form 



L 1 n-p-l-l 



L 1 «-»-«-' 



L 1 -J 



We note at once that in operating on this expression, R^ may be neglected, 
the result of operation on its term being inferred from the result on the previous 
terms. Also, where no ambiguity may occur, we write W^^ (X) as W^\ 

We replace now the variables vf in A\^^ by operating with variables u in 
TT^' (w, 7?). According to the above identities, the result is simply 7L'W^^{ixl^^ w^). 
W^^ {x^, tf) will then factor out from the above expression. The remaining 
factor is 



+ x«-''-«[<i,2+S]+^""'"'? 



• Crelle'a Journal (1878), Vol. 84, p. IS. 
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in which the coefficient of ]^ is 

Bince d, = cJ?^ — A^^Li . 

The factor in question is then 



_!+•••• A — ^n — p — 41 



1 «— j»— • »— p— 1 

Proceeding in the same way with this factor, we find, on transforming the 
parameters a9"'*"\ that TF^^(a^"^ tf"'^) separates, leaving a new factor 

Finally, we have, as a last factor after transformation of all the parameters 

The result, then, of the transformation of the parameters in the principal 
part of TF^ (X) is 

Tr^> (a, u) . W^^ (x*. u^) . W^^ (««, tf) .... W^^ {of, v^). 

To obtain the complete result, we permute a; , a^, • • • • , af in all possible way, 
prefix the sign of the permutation and add. This result may be expressed 
thus: 

(6), 1/ in Wp {X) the parameters o^, , x*" are transformed by means of 

W^^ (31) , the result may be put in the form 



F,(;i) = 



TT""* (x, u) W^ (aj», tt) .... Tr<'> (»', u), 
TF^" (x. u^) F*> (x*. M») . . . . ir*> (x', tt») , 

F*> (x, tt') TT"' (x», uP) .... F*' (x", t/), 



§6— Ta« ^bniia7 ^orm o/ W^^{X). 
In the identity of theorem 6 we assume 

Tf»^(x', t»") = 0, t :^ « and TF»>(x', t«') +0. 
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Let n,Tr^*'^(x*, W) denote the product of the p factors TF^^^(a:*, v}), W^^of, t*«) 



p 

] 

1 



p 

[ 
1 



TT") (as", uf) and let J[„ TF*^ (as*, u') denote the result of replacing in 



U. ir^^x*, M*) the factor F^'^a''. «") by Tr*^(x, «') . W^ipf, «), then we may 
expand the determinant for T^ (A) in the form 

Solving this equation for W^{xy u) = W^{}), we have 



I. F*>(X)= 






TT^^ (X) is then expressed in tenns of the p points W^^ (af , u) and the p 
planes W^^{x, u') (t= 1, 2, .... ^p) and the point and plane 1^(A.). Each of 
the p points lies on all the p planes except that which has the same index c . 
For the bilinear invariant of TR^(a', u) and Tr^>(aj, w*) is \W^^ {x\ yr)Y or 
f{X) . W^^ {x% u"). Since /(X) q/t 0, this does or does not vanish according as i 
is not or is equal to x. Also, from the above property of the square of W^^^ (X), 
it follows that the result of operating with W^^{x\ u) or Tr^>(a5, tf) on Vj,{7l) 
vanishes. 

We still have to show that under the conditions put upon the parameters, 
the point and plane given by Vp (X) are not incident, i. e. that the bilinear invar- 
iant of Vp {X) is not zero. The bilinear invariant of the p negative terms of Vp 

p p 

iB — p ./ {X) . Yl^W^^ {^, u')', of the positive term is JJ, W^^af, u') times the 

1 * 1 

bilinear invariant of W^^. Since the bilinear invariant of A' is S>lj;« the sum- 
mation, including all roots, we may write the bilinear invariant of W^^ (%) in 
the form 
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(j> + 1)/{X) + (p^+ l)/{\) +....+ (i>, + l)/(a„) . 

of which all terms vanish but the first. Hence the bilinear invariant of 



Ui)+ i)-i>f/W.Il. ^'^ i^' «')#=o, 



P 

r 



From this follows the theorem : 

(7). The formula I gives the most general normal form of W^^{X)y the identical 
ooUineaiian in the spaces J* and TV^. The points and planes occuring in the formula 
are situated in P^ and UP respectively. Points and planes wiih differefni indices 
are incident {the point and plane, T^, being supposed to have the same index). The 
parameters are subjected only to the conditions 

W^^ (af, w") = 0, l4:x and F^> {x\ u')4z0, (t, « = 1, 2. . . . . ,p). 



§7. — TJie Normal Form of the Gollineation A. 

Denoting by/ (fi) a polynomial which has all the roots of Wo{(i) except the 
p,+ I roots X,, then / {A) = W^^? {\) . A treatment entirely similar to that of 
W^^ (X) will give for each W^^ {\) the corresponding normal form. Also put 

^ {A) = {A- JlA'){A — M') .... (^ - M') = 0, 

/, (A) is a polynomial in A . The highest degree to which A may occur is n — 1 
(in case X, is a simple root). Suppose the highest exponent of A in f{A) or 
f{A) is X. To the a + 1 identities 

/(A)=Tr^'>^(^o, 

which may be viewed as equations in the unknown A^, A^^ A?, , A", we add 

that the x —a identities 

A'^{A) = 0, t = 0, 1, ,x — a — \. 

The determinant of this system of x + 1 non-homogeneous equations in the 
ge + 1 unknowns A^, .... , A^iB not zero. For the vanishing of this determinant 
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would require the existence of quantities p» pn , p«» not all zero, and such 

that 

p/(/*) + Pi/i(/*) + •• • +p./r(^) + Pc+i4^0^)+ •••• + p«f£«-'-^4)(/£) = o 

for all values of (i. But for /u =%, the identity becomes simply p/{X) = or 

p = 0. Similarly, we show that p, = (t = 1, 2 , <r) . The identity must 

then take the form 

p^+i4>(/x)+p^+,f£4)(^)+ .... +p^"-'-^4)(fi) = 0, 

which is valid only if ^(ji)=:0. Hence the determinant of the above system 
does not vanish. The system may then be solved for the unknown A\ and we 
have 

where the b, are functions of the roots of the characteristic equation only. 

We have then the theorem : 

(A). The formula II, in which W^'^ (Xj ie replaced by its normal form accord- 
ing to formula I, is the required general normal form of the collineation A. 

That the n points and planes of this normal form make up a " basis" in 
/S^~~^ is at once seen from the fact that they are all fixed points and planes and 
that every fixed point (plane) of one root is incident with every fixed plane 
(point) of every other root. 

The same set of equations gives as well the values of certain powers of A , 
and in particular of A^. Solving for A^, we have 

III. A^=b^W^\X) + biW^^ (Xi) + . . . . + j; W^'HK). 

From formulaB II and III theorem (B) follows : 

{B). T?ie identical collineation in S^ "" ^ may be expressed in terms uf the points 
and planes which enter into the general normal form of the collineation A. 

In a way this is trivial, since those points and planes form a "basis" in 
But by the use of 'theorem (B) we may obtain the normal form of il as given 
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by the usual methods. We will show first that 

6=X6' and 6, =A,A'. t=l,2, ,(T. 

Since f{A)^W^^^ {X), then Af{A)^XW^\X) . 

Hence the (X + 1 identities 

and the x — a identities 

A'-^^^{A) = (t = 0, 1, , « — <r — 1) 

form the same system to obtain A as the original system to obtain A^, except for 
the additional factor \ in the right-hand members. 



• • 



A^^VJ^W^^ipC) + V^XrW^^ (Xi) + . . . . + KKW^-\K)^ 



A comparison of this with formula II verifies the above assertion. There fol- 
lows then 

(C). If the identical colUneation in the form III be written again as 

A^= CTiXi + u^x^+ . . . . + cr,x», 

the ooUineation A in the form II wUl take the new form 
A s % ( UiX\ 4" • • • • H" ^ + 1-^ + 1) 

'^K{U^^pXn-.+ ..•• + U-X:). 

This is the normal form as usually written. 

The peculiar relations of the minors of the determinant of the above sys- 
tem are worth notice, though easily read ofi* from the above development. 

For later use, we consider further the case of j9 = n — 1 , i. e. the case of Jii\ 
the identical collineation in S^"^. Tr^^(3l) vanishes identically; TF,(>1) 
becomes simply the determinant product 

I a? , 05*, a^, , aj'' I I u, w\ t«^, . . . . , u^ I . 

The transformation (§6) of TF^(>1) into the determinant form T^(%) here 
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becomes simply the multiplication of the determinant and our fundamental form- 
ula becomes 



1 05 , a*, a*, .... ,af\\u,u^,v?, , t^ | = 



{ttx) (UfiC^) (uflj*') 

(u^x) (i*V) (uhxP) 



Assuming as before (i*,a,) = 0, t q/b x and (w'a;') q/b 0, also writing II,(w^aj,) for 



p 

] 

1 



p 



Yi^iu'af) for (wV) .... (w«-iaf-^)(t^)(ti«aj)(w*+^iB*+^) .... (tiPa'), 
1 

we may solve for (t^), obtaining 



(tia?) = 






1 



n. («'«') 



This is the expression of the identical collineation (ux) in S*"^ in terms of 
the most general basis of S^"^. 



Section II. 

The Reduction to Normal Form of Non-singular Pencils of Quadratic lurms 
whose Determinants have only Linear Elementary Divisors. 



Let 



§1. — The Oollineaiion Determined by the O^round/orms. 

(axY =2 a«t a, 35. 



and 



(te)» =2 *«»*»«, 



i. K 



where 



«ae = aici aiid 6«, = 6«,, 



t) K <— — ly iS| •••. |9l| 
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be two quadratic forms such that the determinant of {ax)* — X {Jbx)* has only 
linear elementary divisors. We may suppose also 



a^Jn^O and \h^\^0. 

For, if the pencil of forms is non-singular, two non-singular members may be 
selected as groundforms. Let 

W=2 /^"«^*^« t, X = 1. 2, , n 



»* 



^ « 



be the reciprocal to {bxf, so that 

The two groundforms equated to zero represent in S^"^ two quadratic surfaces, 
(w^)* = being the quadratic (6a;)* = in reciprocal coordinates. 
Consider now the collineation 

il = (aa;)(a/?)(t*/?)=0, 

which is set up by taking for the homolog of x the polar point as to {u^y = or 
(&c)*= of the polar plane of x as to (ax)* = 0. 

(l). The characteristic determinant of the collineation A has aJso only linear 
dementary divisars. 

For the determinant of the pencil of quadratic forms is that of the pencil of 
bilinear forms 

{ax){ay)->.{bx){by). (2) 

Transform the variables y by operating upon them with the variables v of 
(u^)(v^) and there is obtained the new pencil of bilinear forms 

(t*/?)(ax)(a/?) - X m{bx){uP) 1 .3. 

or {ax){a^)(uP) — k (ux) . J ^ ^ 

Since the pencil (2) may be transformed into (''is equivalent to ") the pencil (3), 
according to a theorem of the theory of forms, the elementary divisors of the 
pencil (3) coincide with those of the pencil (2). 
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We suppose, as before, that the characteristic equation of A has a + 1 roots 

X, Xi, . . . . , >l^ of multiplicities jp + l,2?i+l, ,j9^ + l respectively. Also, 

we retain for the collineation A and its allied forms the notation of Sec. I. 

Prom the definition of the collineation A and of its fixed planes and points, 
this theorem follows : 

To every fixed point of P^ is coordinated a fixed plane of 11^, the point and 
plane being pole and polar as to both (aar)* = and {bxY = or {u^f = . The 
fixed point and plane will be called ** corresponding V 

It is this correspondence which difierentiates the collineation of the form A 
from the more general or rather the more arbitrary collineation treated in 
Sec. I. 



§2. — A Fwrther Transformation of Parameters. 

We have already obtained an expression of the identical collineation A!^* (in 
the space S^"^ io which A refers) in terms of the fixed points and planes of the 
various roots. For our present purpose a further specialization of the para- 
meters is necessary. We seek to dispose of the parameters which enter into the 
expression oiA^ so that point and plane of the same index will be corresponding. 

First the point y and the plane v whose product is given by WJiX) are such 
that y lies on the arbitrary planes u^ w^ . . . . , w^ and v passes through the 

arbitrary points x^, 7?, , x^. This set of points being chosen we may take 

u^ to be the polar plane of x\ %j? the polar plane of a^, etc., all as to {axf = 0. 
Since y lies on w\ u^ . . . . w*' its corresponding plane passes through a;\ as^, . . . . x'^ 
and being a fixed plane must be v. Hence : 

If in TJ^ (X) , < (t = 1 , 2 , . . . . ^ ; ;ic = 1 , 2 , .... w) iff replaced by {ax') a^ , 
Wp {X) is the product of corresponding point and plane. 

This holds whether or not the parameters refer to fixed points, i.e. this 
transformation of the parameters U], may also be carried out on Fp (X) and the 
result will be the product of corresponding point and plane. The expression of 
"Fp(X) in determinant form in both variables and parameters and may be written 



* Sec. I, $7, Theorem (B). 
6 
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[ MP) Wj»i=(a»*)«. — 



W^^^ {x,u) W^^^ {x^, u) 



(6) 



Tr^P> {x,vP) W^^ {x^^\ u^^^) 

6=1,2, ....jp, x=l,2,....n. 



iti = (oaji) Ok 



As before we assume 



[Tr*)K «")]„.=(a«.)«.= for ?n^ »". 

[Tr<P>(x». «')]«.= (or.) a. * 0, (Z, m = 1, 2. . . . . i>). 



(7) 



And, as before, we may solve for TF^^(a5, u). 

There remains to show that the other points and planes of the same index, 
e. g. W^^{7?,u) and [ ^^^ (i» » ^*) w: = (oo?') a. ^^® ^^®^ corresponding. Now the 
polar of TT^^) (aj*, u) as to (aa;)^ = is [W^^ (»•, t*)]„^^(a^) ^ . ^^^ (a^» ^) ™^ay be 
expressed in powers of A , every power of A in which x is replaced by x' and w. 
by {ax) a^ is symmetrical in cc* and x. Hence 



[W'^^iaf, «)]„. = («,)«.= [W^>(». «^)]«j=(a«.)a. 



(8) 



and all points and planes of the same index are corresponding. We have finally 
then 

(9). The formula I of §7, Sec. /, in which the parameters u\ are replaced hy 
(ax') a^, gives the most general normal form of W^^ {X) for which point and plane of 
the same index are corresponding. The restrictions upon the parameters are giveti 

by (7). 

We will denote W^^ {X) when the parameters have been disposed as described 
in the theorem by [TPP>(XX|'. 



§3. — The Simultaneous Reduction of (axY and {bxY to Sums of Squares. 

We may proceed as in the last paragraph with the other roots and obtain 
the most general expression of W^.\y^) in the form [Tf ^^'^(>l,)]'. Using the 
primed forms, we have from theorem (B), §8, Sec. I : 
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The identical coUineation A^ in S^^^ may he put in the form 

{ux)=^VlW^\X)]> -\-K{W^\X,)-\ + .... +6i[F*'>(X,)]', (10) 

in which every point and plane of the same index are corresponding. 

Formula (10) is an identity. We may replace on both sides then u^ by 
{ax)a^. The left-hand member becomes (ax)*. The right-hand member, as it 
stands, is a sum of terms of the form^, Z^, where the fixed plane I, is the polar of 
the fixed point p^ as to (ax)^ = 0. To replace u^ by {ax)a^ is to change p, 
into l^. The right-hand member reduces then to a sum of square 2?. Let us 
call the result of this substitution for u in [TT^*) (;ij]', \Wtp.\%)Y. Then is 



{axf=L\h[W^^^{X)'y\ 



L ^— ", 1, • • • • I (J » 



We may also replace in the identity u^ by {hx)h^. On the left-hand side 
(6a;)* arises. On the right-hand side we obtain terms of the form I, [pt]«^-(b»)b^. 
Since the polar of ^^ as to (ax)^ = o is ^ and the polar of I, as to (w/?)* = is Xp, 
if a term of the root X is in question, the polar of Xp, as to («/?)* =0 is I,. 
Hence, 

[jPi]«««(l«)^ = -jj^ [i^Jt.^-(«r)a.^ (11) 

Replacing u^ by {bx) h^ on the left and by {ax) a. on the right, introducing at the 
same time the factors — to preserve the identity, we have 

{hxf =y 4- c*' ^'''' (^0]^ 6 = 0, 1, 2, . . . . , (T . 

The preceding results may finally be incorporated in the theorem : 

(A). If the formula Til q/" §7, Sec. /, he applied to the collineatum A and 
W^'^ {XJ)i in which the variables u^ are replaced hy {ax) a^ and every set of parame- 
ters u[ are replaced hy (ax*) a^, he denoted hy [TF^*^ ('^t)]"* '^^^ ^^^ formulae 
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(a»)'=2J/[W^'>(X.)]", 



^^^ (hr.V =V 1 



(M'=S^*'C''^''(^')]"J 



(12) 



give the most general simultaneous reduction of the two quadratic forms to sums of 
squares. The parameters are subjected only to the conditions 

[^^'"'(^.«")]«r=(-K[;offlll{ «='''l.'2.''.''"'n;l (13) 

^Z, m = 1, 2, . . . . , j9^.^ 



§4. — Related Geometric Facts. 

Two quadrics such that the pencil of quadratic forms determined by them 
is of the sort treated, possess geometric relations of considerable interest. For 
example, our present case may be characterized as follows : 

(14). If the two quadrics in /S* " ^ {axf = and (hxf = , have contact at any 
pointy they have contact on a quadric {in general of dimensions less than n — 2) 
which contains the point. 

m 

First, if all the roots of the characteristic equation are distinct, there is no 
contact, for contact at a point requires the incidence of corresponding fized point 
and plane, and, therefore, the existence of a double root at least. But for a root 
of multiplicity j9 + 1, the linear spread P^ cuts either quadric in a quadric of 
dimension p — 1, say Q^"^. But, by definition, if a fixed point lies on one 
quadric, it lies on both, and they touch at this point. The two groundforms will 
then touch along ^ " ^ 

(15). T?ie quadric [TT^^*^ {^y]u^ = (ax)a^ = ^^w for double points all points of 
the linear spread determined by the fixed spreads of the roots other than 2,,. It 
touches {pjxf = and {hxf = along the quadric of contact Q^'"^. 
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The polar system of the quadric 

[ir<-''(x.)k=(«)«. = o (16) 

is given by [TF*.M^.)]«.=(a»)«. = 0, (17) 

for, according to (8), the form (17) is symmetrical in x and ^. This bilinear 
form (17) gives for a point x a plane which is the polar plane as to (ax)' = of 
the homolog of x by W^*^ {\) . Hence, every singular point of TF^i^ {\) is a 
double point of the quadric (15). Since (ax)* = is non-singular, no other sin- 
gular points exist. Also, if x is a point of Q^' " \ its homolog by W^*^ (K) is 
again x. The polar as to (ax)* = is then the tangent plane of (16) and 
{axy = 0. 

The quadric (16) contains the whole linear spread determined by a point of 
QP*~* and all the fixed point-spreads of the roots other than ;i,. Since the tan- 
gent planes to {axy = at points of Q^'"^ also pass through the same fixed 
spreads and are the only tangent planes which do so, we may say : 

(18). The qnadric [TF^*n^i)]««=(a«)a^ = ** '^^ envelope of tlte common tan- 
gent jtlanes of (ax)^ = and {hx)* = a< their points of contact on Q^* " \ 

The conditions upon the parameters in the reduction of theorem (A), §3, 
have now a simple geometric meaning. Speaking only of the parameters enter- 
ing in [Tr^^(\)]", first o^ may be chosen at random; 7? at random upon the 
polar plane of x^ as to the quadric (16) ; t? at random upon the polar planes of 
both x^ and a? as to (16), etc. Finally, oil^^ is chosen at random upon the polar 
planes of o^, aj*, , xP'"^ as to (16). 



§6. — Reduction of a Single Quadraiic Form to a Sum of Squares. 

We have obtained in §7, Sec. I, when A itself reduces to the identical col- 
lineation, an expression of A in terms of the most general basis in S^"^. Under 
our present hypotheses, A becomes the identical collineation only when (axY = 
and {bxY = coincide. Supposing then (ax)* = (6x)*, we put the resulting col- 
lineation in its most general normal form, and again replace u« by (ax) a« and 
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K by {<^) a^. We have then the most general expression of {aacf = as a sum 
of the squares of planes. The condition upon the parameters are 



( tFO for t =x,J 



( , X — - 1| 2| .... , fi — 1 . 



This is, of course, only the well-known expression of a quadric in /S'*"^ by 
means of a " self-polar " basis. 

Baltimorb, Nov. 1008. 



Concerning Certain Elliptic Modular Functions of 

Square Rank. 

By John A. Miller. 



Introduction. 



In his ** Vorlesimgen* iiber die Theorie der Elliptischen Modulfunctionen," 
Professor Felix Klein has defined the functionsf 

n-l 



/i = » 



where u is the fundamental variable of the elliptic function; (OuCAj, are the 
periods of the elliptic integral of the first kind ; c = or J according as n is odd 
or even, G^ is a quantity independent of w, and 

n ^ n \ Ti / 

where (T (w|a)i, cdg) is the ordinary Weierstrassian sigma-function 'jri\yYi2> are the 
periods of elliptic integrals of the second kind and a, w, ^, ^u are integers. He 
has shown that these functions are of rank (stufej) n. 

[ have, in what follows, investigated certain properties of these functions, 
and functions derived from them, when w is a square number, and have treated 
in detail the particular cases where w = 9 and n = 4. 

In the ftiture, when there is no possible ambiguity, I shall write, instead 
of X. (u I G)i , CAj) , the briefer forms X. (wjoi, Og) or X^{u)] and instead of 



* Hereafter I shall refer to this treatise as ^* Klein-Frioke." 

t Klein-Fricke, Vol. n, p. 261. 

t Klein, ^^ Ueber die Normal CurTen der titer Ordnung.'' 
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<yx. ji_(w|6)i, (Ji) the briefer forms <TA,;*(ti) and (Ta,^(0) = (Tx.^. I shall enumerate 
without proof certain properties of the functions defined by (1), viz. 

x.^..(t*) = j:.(t*), (3)* 

x.(-t*) = (-irx_.(t^), (4)* 

j:.(w) = (_ i)-6*'* (""'^)jro(i/ - ^) . (6)* 

There are n distinct functions X^{u)^ and n only, and they are linearly 
independent. 

There are two cases to be considered : Case I, n = 1 (mod 2) ; Case II, 
n = (mod 2). 

Case /. 

1. — Transfcrmation of the X{u) hy the Modular Svbstitutiona when n is Odd. 

The arbitrary constant (7. in X. (u) may be so chosen that we may write, in 
case n is odd, 

^.(«|«i. «») = (- l)'\/;^,e-«'-<r._.o(«|o.,^). (7)t 



or 



X.(ti|G)i,(^)=(-l)--t-^^^„-V — »i^-— ^^^ ,e -j, (8) 

J where A = A foi, -^ j and 



<?! = 



_ >7i— W>7i _ >7i — W>72 



2(iji 2o. 



where, owing to the cogredience|| of o^, (j| and rjij >7g, 

^1 = Vi and V2= ^ • 

n 



• Klein-Fricke, Vol. II, p. 264, et seq. 

t Klein-Fricke, Vol. H, p. 277. 

X For definition of A , see Klein-Frioke, Vol. I, p. 15. 

I Klein-Fricke, Vol. I, p. 122. 
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Professor Klein has shown* that there exists a finite group of linear substi- 
tutions on X.(tt), of order 2(i(n) which may be generated by repetitions and 
combinations of the operators S and T, which are defined as follows : 

S: q{=6)i + g),, T: cj{ = — c;^, 

©2 = %, «2=6)i, (9) 

Iff 

and that if f= c* , 

S: Z: («) = e'^^'r^'x. («), ) 

5^1 «-i y (10) 

Vn fi^Q 

Where S: Xi (u) means that X^(u) has been subjected to the operation S. 

We shall now define a set of (n — 1)/2 distinct functionsf of cji and c^ by the 

following equation : 

^. (0) = 2. (oi, (^) = 2. (say) . (11) 

If we put ti = and n = 9 in equations (10), we obtain a group of quater- 
nary substitutions on the 2. generated by 

T: »; = ^2 «"*^ «^ • (a = 1 • • • 4). J 
The order of this group is (9) ^ (9) 4/ (9) = 648. We shall call it G^. 

2. — The Biquadraiic Relations of the 2.. 
If we substitute in the well-known cr-relation, J 

or (iii + W,)(T(ti8 + ^^4) o'(^i — '^<5{}H — ^^ 

+ (T (ttj + t^a) (T (Wi — Ws) (T (W4 + W,) (T (W4 — W,) 

+ (T (1*1 + 114) (T (t*, — ti^) (T (Ug + Ug) (T (tAg — Ws) = , 



• Klein-Fricke, Vol. H, p. 296. 

t To show that there actually exists a set of functions of <^i, <•>, such as we have defined, see Klein- 
Fricke, Vol. II, p. 267, equation (12). 

X Schwarz, Formeln und Lehrsiitze zum Qebrauche der Elliptischen Functionen, p. 47* 

7 
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tti = — ^^ , we obtain, after reduction, 

2 n 

Put in this equation t« = 0, and we obtain 

*'a, + a, *'at + 04 **9^ — «] *'a4— a« 1^ •'oj + «t *'«4 + •• «« — *i «« — «4 

+ 2J^ + .425^ + 0,^04 -«, 2J.,— «,^ 0. (b) 

The left side of equation (b) vanishes for all values of oi, Og. It is our pur- 
pose to find all such expressions for the case n = 9 . Inspection shows that the 
left side of equation (b) vanishes identically in z^, if any subscript of z^ is con- 
gruent zero modulo n. 

If we write ai + 02 + 03 + a4 = «, then any pair of X's occurring in (a) 
may be put in the form X|.Xg_<. Therefore, by virtue of equation (3), s runs 
through the residue system, modulo 9. 

By virtue of equation (a), any X.-pair XiX^^i can be expressed in terms of 
two pairs, XfcX,_fc-ZiXa_i, arbitrarily chosen; and any other relation can be 
obtained by the elimination of one of these pairs from two independent equa- 
tions, provided the determinant of the coefiScients of Xj^^^^ and X^JT^.i does 
not vanish. 

Choose then: the pairs XyX^^i, X^X^^^; whence 



Oi + Otj = 1 , 

02 + 04 = «— 1, 

Oi + 04 = 2, 
a, + 02 = «— 2, 



(mod 9). 



J 



Making substitutions in equation (b) consistent with the foregoing, we 
obtain all relations except in the case ^ = 3, when the equation vanishes identi- 
cally in 2.. They are 

4^ — 4^ + 4^1 = = Si (say), 

2^24 + 2I24 — 2|2i = = /Si (say), 

— zf ^2 + 2|«4 + 2i2^ = = /S; (say). 



Here, and throughout this section, Xa means Xa {u). 
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Since no relation exists in case « = 3 involving the X.-pair XiX^ , there 
remains only one relation, and it is found to be 

— z^A + Az^ + Zz^i= — 84^ (say). 

If we regard 2^1, z^^ z^^ z^ as homogeneous coordinates in a space of three 
dimensions, and if Si — 24 /Si = Zg /S5, then the curve 

8^ = 0, S^ = 

is the complete intersection of the four surfaces 

S, = = S^ = S, = S,. 
The curve is of nvnth. degree. 



3. — The Invariant Tetrahedron. The Functions <.. 

Regarding again z^^z^^ %, 24 as homogeneous coordinates in a space of three 
dimensions, we shall show first, that no plane is invariant under the substitutions of 

0^4s* Let 

A^Zi + A^ + AsZq + A^z^ = 

be the equation of any plane. Then 

♦/S": ^12^1 + A^ + ^sZj + A^z^ — ^A^Zi + iA^ + A^ + f^^i- 

Hence the only planes unchanged by S are 2Ji = 0, 22=0, 23 = 0,24 = 0. None 
of these are unchanged by T. This proves the theorem. 

Let us find now the equations of all tetrahedrons invariant under the group 
of substitutions O^. 

Any tetrahedron invariant under S\% evidently invariant under ^. Let 

A^zi + A^ + A^ + -^424 = = P 
be the equation of a plane of the invariant tetrahedron. 

^: iii»i + il,2i + ^a2i + ^2i = ^l6«2i + ^86% + ^,28 + ^4f*«4 = 6 = 0, 
^\ Ai2[ + ^2i + ii32i + A,z[=Ai^Z, + ^6^2^+ A^ + A,^Z4= R = . 

* By this notation is meant that we apply the operation 8 to ^Aifa and derive '^Aizi. But we 
know that this operation yields the expression on the right of the equation. We shall hereafter use 
this notation. 
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Since (;S«)»=1, 

the operation S^ either leaves the planes P = 0, ^ = and fi = each 
unchanged or permutes them. Hence S leaves at least one plane of the tetrahe- 
dron unchanged. 

Suppose Pi = A-fii + A^z^ + A^z^ + A^z^ = 

be the equation of this plane, it is invariant under S if, and only if, 



^1 = ^, = ^^ = 



or -^3 =: . 



} (A) 



Let us choose first, the first set of relations ; then 

is one of the planes of the tetrahedron. The equation of the other three planes 
may be found, if an invariant tetrahedron exists, by subjecting z^ to any three 
operations of the group such as T'S*', v^O. The equation of the tetrahedron 
is found to be 

28(2l — «2+ «4)(€*24 — ^2+ B%){z^—^Z^ + 6%) = 0. (13) 

The plane AiZ^ + A^ + A^z^ = o = i (say), 

is unchanged by S^y and hence, reasoning as before, one plane at least of the 
tetrahedron is unchanged by S. The only planes unchanged by S are 

2j z= 0; Zg = 0, 24 = and ajj = . 

The last one we have discussed. Let us examine the others : Let 

T : Zi = L, 
TS: Zi=zM, 
TS^: z^ = 2f. 

Since /S^: iV' produces neither Z, jlf nor 2^, the tetrahedron 

z^LMN=0 

is not invariant under the substitutions of the group. Hence ^^ = is not one 
of the planes of the tetrahedron. In a similar way, it may be shown that 
Zf^=^0 and 24 = are not planes of the tetrahedron. Hence, the only tetrahe- 
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dron invariant under O^ is given by equation (13). Put now 



We have immediately 



S: t'- 





3<i = 


: 2i- 


■«« + 2«. 






3<,= 


a»^- 


- 6*ag + 6*24 < 


» 




3<,= 


6 2i- 


• e*«2 + e\^ 






3<4 = 

ely 


(e»- 


■6')v ■' 










T: <{ = ■ 


- «4, 




(15) 






A. 


<i= <«, 


• 




«i 


— 


<!• 



(14) 



(16) 



The substitutions defined by (15) and (16) form a group of unary substitu- 
tions, holoedric isomorphic with O^. I shall call this group G^. 
The functions a 



X ^ when subjected to S and T defined by (9) are inter- 



changed among themselves as follows : 



S: 



%i 



— (T, 



0,1> 



T: 






^h% 



=:6^a 



i,o> 



<yi.2 — 






aV 






Comparing the substitutions on the a^ ^ with those* on <. , we see that (y^^ j, <T|,|, 

^*. !» ^§.*» *^® cogredientf with <j^<,, <|, t^. 

The functions (Tx^ ^ and t^ are functions of Oi, o^. 

T* "8 T 

We may find the relations connecting them by considering the theory of 
the transformation of the d-functions in terms of which both may be expressed. 
They are : 






W 



* Since ta are derived from Za and Za from Xa (u), when it is especially desirable to emphasize the 
relation of a to 9, we shall write t^ instead of ta and z a instead of Zw 

9 T 

t Burnside and Panton> Theory of Equations, p. 884. 



! 

( 
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4. — The Invariant Functions of <.. 

By an invariant function we shall mean a rational integral function of t^, 
defined by equation (14), which does not vanish identically in <. , with degree 
greater than zero, and which remains unchanged by all the substitutions of G^. 
Such functions exist, for the elementary symmetric functions of ^, 4, <$, ^4 are 
invariant under this group. 

An {-lettered term is one containing i letters. 

An {-lettered function is a rational integral function containing only {-let- 
tered terms. 

A form is a homogeneous integral function. We shall now seek all inva- 
riant functions of <«. 

Any invariant integral function -P' may be written F=S\a^F^, where ^^ are 

{-lettered functions and a. are independent of t^ and do not all vanish. Since, under 
any substitution of G^^ , we change neither the number of letters nor the degree 
of any term, it follows that each F^ consists of the sum of {-lettered forms, and is, 
therefore, itself an invariant form. Any four-lettered form is a rational integral 
function of MjM* ^.nd one-, two- and three-lettered forms. 

We shall now derive all three -lettered invariant forms. Choose arbitrarily 
one of the terms Ri, where 

B^ = titlq, R^ = i^,tlq, Bs = titlq, R^ = titlq, (a) 

where a, j9, / are integers. Gall the term so chosen the originating term and 
denote it by B. Let the terms derived by subjecting B to the substitutions of 
(r^g be denoted by Bi. It is evident that i2i, B^.B^ and B^ will be of their num- 
ber. Let -^«,^,y be an invariant three-lettered function of degree a + ^ + y. 
Then F^^^yis the simplest symmetric fimction of Bi ; for, since it is unchanged by 
S and T, it is unchanged by S*" T". Therefore, the B^ are all found among 
the terms of F^^^^. Moreover, F^^^^ is of the form 

where a< is independent of <.. For, -^a,^,y is a form, and any operation except 
the addition of terms such as a^B^ either destroys its homogeneity or changes its 
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degree. Some substitution a of G^ exists that changes Ri into R^, and the neces- 
sary and sufficient condition that a \ F^^^y-= F^^^^hs that a< = a^. 
Now, if Ri be either of the terms (a), then 

Hence, when we form the simplest symmetric function of the originating term 

and those obtained by operating with T*, this function vanishes identically 

unless 

a + |3+y = (mod 2). (b) 

Hence, we conclude that this congruence holds. 
Also, if jB=<J^Q[, 

Hence, the simplest symmetric function formed from the originating term and the 
terms resulting from the repeated applications of S^y vanishes identically unless 

a + i3 + y = (mod 3). (c) 

Hence, we conclude that congruence (c) holds ; or that no three-lettered inva- 
riant function exists. But we have shown that some do exist. 

If we choose R^ as the originating term, we may show in a similar manner 

that 

a + /? = (mod 3), 

therefore, y = (mods). 

In a similar way we can show that 

a = (mod 3) 

and j9 = (mod 3) . 

We conclude, therefore, that in all three-lettered forms the exponents satisfy the 
congruences 

a+p + Y=Q (mode),) ,^. 

a = i3 = y=0 (mod 3). J ^ 

Choosing as our originating term <I<jQ[, we obtain as a three-lettered inva- 
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riant form 



+ (— 1)' In ^'iQ + <r <J«+ « tin']' 



(17) 



Giving to a, j9, ^ in (17) all values satisfying the congruences (d), we obtain 
all possible three-lettered invariant forms. For, b j making suitable Id terchanges 
of a, ^, y, we can find among the terms of (17) any of the four possible originat- 
ing terms. 

If we put in (17) one exponent, y = 0, we get all two-lettered invmant 
functions, 

+ (— !)"(<: <f+<:^+<4<S) 



(18) 



Put in (18), /3 = and F^ , = -^a. we obtain 

^. = 3(<;-h« + «-h<;) 



(19) 



5. — The Basis of the System of Forms. 

Giving to a, j3, y all possible values satisfying the congruences (d), we 
obtain from equations (17)-(19) an infinity of forms, all invariant under the 
group G^. And, as we have shown that they are the only forms so constituted, 
we have a totality of forms definitely defined. We shall designate this totality of 
forms by H. By Hilbert's *Law we can express any form, F, of J7, in the fol- 
lowing form : 

-F =y^ AiFi^ where ^i is finite, 
fc=i 

fand Ai are forms of H. The forms Fi is called the basis of the system H. 

* Hilbert, ^'Ueber die Theorie der Algebraischen Formen,'- in Mathematische Annalen, Band 86. 
Weber, Lehrbuch der Algebra, Band 2, p. 165. 

t Weber, Lehrbuch der Algebra, Band 2, p. 170. 
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Problem : To find the basis of H. 

In order to solve the problem, we need the set of identities (a) . . . . (g), the 
truth of which may be verified by computation. The summation under the sum- 
mation signs, and the products under the product signs, are made from I .... 4, 
although it is not so indicated in the equations of the present section. 

^-^<?[i^..,_e,,.e + i^_e,^.Y-6+J^a-•,^-•,Y]» (b) 

Therefore, 

Making a = in the equations (a), (b), (c), (d), (e), (f) and (g), we derive 
similar equations for F^^ y. 

Assuming a = (mod 6), the discussion is divided into two cases, accord- 
ing as 

i8 = y = 0(mod2) or /8 = y=l (mod 2). 

Case L 

F^ ^ and -Pl,^,^ are symmetric with regard to ^; and each is accordingly a 
rational integral function* of the elementary symmetric fimctions of <J. 

Case IL 
We shall consider 

a. Two-lettered forms. 

Making a = in equation (e), we can express every F^^ ^ as an integral 
function of -F^/^^ and -^"^ + 3,8,3, where ^'<16. Since i^, y = — F^^^, we have 



* ChryBtaPs Algebra, Vol. I, p. 440. 
8 
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an expression for every J^^.^ in terms of F^^^y BJid -P^ + 8,8,8>-^y + 3,8,8» where 
1^'» y'^ 15. Whence /8', y' can have the following sets of values: 

3, 9; 3, 15; 9, 15. 

But by (b), -F9. 15 can be expressed as an integral function of F^^ 9 and certain 
-PV,^.Y» which shall be discussed under b. 

b. Three-lettered forms. 

By successive applications of the recursion formulae (d), (e), (f ) and formula 
(a), we can express any -^1,^,^ ^s ^^ integral function of -Fi ,, ^u^si the elemen- 
tary symmetric functions of t- and J^./^^.,y, where the simultaneous values of 
a', j3', y' are given by . 



a' = 6 ; 6 ; 6 
j3' = 3 ; 3 ; 3 
/=3; 9; 15 



6; 6; 6; 

15; 15; 15; 

3; 9; 15. 



We shall now show that every -?*«', ^',/ can be expressed as an integral func- 
tion of the elementary symmetric function of <J, F^^^, F^^^, ■^«,8.8» ^^^ ^6,9,81 
and that none of the functions just named can be expressed as integral functions 
of forms of JTof lower degree. 

To express rationally and integrally one of these forms in terms of forms of 
lower degree, it must be involved in an equation with them ; its coefficient must 
be independent of t^, and, since the equation must be homogeneous, the coeffi- 
cients of the forms of lower degree are functions of <<. The method is suffi- 
ciently well illustrated by solving one case — that in which the degree of the 
form is 30. 

We have the following set of equations : 

(— ^) -'^6,»,» ^^ -^6.15,9 "H -^12,9.9 + -^6,9. 16» 

{Ifi tt) i^e, 8^ 3 — n/J (i^e^ 9, 3 F^^ 3^ 9) = Fi2^ 9^ 9, 

(2<i tl <J) Fq^ 3 nq-ri2^ 8, 8 = -*^l, 16, 9 — -^«, 9, 16 » 

which enable us to solve for all forms of degree 30. 

Accordingly the elementary symmetric functions of <f, JPi^8> -^16, 8' -^«, 8, 8> *^d 
■^9, 9, 3 constitute the basis of the System H. 
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6. — The Invariant Forms as Rational Functions of g^, g^ and A. 

Each invariant function F^o ^ is a rational* function of J", where J=i ^^ , 

and, therefore, a rational function of ^3 and A, where g^ has the usual signifi- 

cation.f 

By equations (a, p. 12), and the relations found in Klein-Fricke, Vol. II, p. 
30, we obtain 

A 3/« — ^ — P ^ 8~"^4 

A 3^ ^ PE»~ ^i 

aSjS _ -3 _ _ ^4 V 3 



where p = e ^ . 
JWhence 



2^ =0, 
T^/* — ^^ 

^*4^ — ^18 » 



ZQQQ — — 






qq4^ j^ 



(20) 



and 



-^^9,8 — 



■^16,8 = — 



-^6, 8, 8 — 



36 
I A" • 
3-216V3sr8 



:a(J » 



36 



•^6, 9. 8 — 



3p 21 6(78 



.20 



* Weber, EUiptische Funotionen, p. 149. 
t Klein-Fricke, Vol. I, p. 680. 



t Klein-Fricke, Vol. I, p. 15. 
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tion 



From equations (20), it is evident that <}, /J, /J, ^J are the roots of the eqna- 

4 . 18 o . 216(78 27 _^ 



Case II. n = {mod 2). 

7. — The Functions X^(u\(d^,Q2). The Functions z^ for Case w = {mod 2). 

The arbitrary constant (7., in the definition of X^{u), may be determined 
so that we may write,* in case n is even, 



__ Ha g»'J_ 






or, 






There are in this case also n linearly independent functions X^{u) and no more. 
Professor Klein has shown f that the linear substitutions on JT^ (t*) corre- 
sponding to the modular substitutions /S^and T (defined in equation (9)), to be 



i+sll 



T; x:(tt)=^2*-^x,(«|o..a.)- ■ 

a — A ^ 



(21) 



u=o 



If we put 2. = X. (0) , 

there are in the case n = 4 three distinct 2., viz. z^, «i, Zj. Putting n =4 and 
i« = in equation (21) and writing e = e ' .we obtain 



T: Zi = 



e'zg, 

— 4(«o + 22i+ 2,), 

— i(zo — a,), 

— i(«o— 2zi + a,). 



(22) 



* Klein-Fricke, Vol. II, p. 285. 



fib. 
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We shall designate these substitutions on z^ as S and T, By composition 
of S and T, we obtain a group of linear substitutions on three variables of order 
4<^ (8) 4/(8) = 192. We shall call this group Gi^^. 

If we regard z^, z^.z^ as homogeneous coordinates in a plane, we may show 
exactly as in Case I, that no straight line is unchanged wider the suhstituHons S 
and Tj and that 

^l{^ — ^)i^ + Z2) = 

is a triangle invariant under Oi^, and the only one. 



Put 



^ = ^ — ^j 
ii2= 2zi. 



Then, from equations (22), we derive the substitution group of the u^. 

given by 

S: i^Q= euif 

U[= 6Mo , 

T: '^ = — '^0* 
u[ — — u^, 



It is 



(23) 



We shall call the group generated by equations (23) Gi^j^. 

By a consideration of the theory of transformation of the 0-functions, we may 
find the relation between ti. and a ^ ^ . They are 



» % 



O+i) («i) 

(1 +*') 6"t 

2V2 -v^A • 

(1 + i) eut 

*•* »2V2 ^A ■ 



<»*.♦ = 



(Ti o — 



'*, S 



<Ta I = 



(24) 



8. — The Invariant Functions of u^. 

We shall now seek the functions of u^ which are invariant under the substi- 
tutions of 6^191 . 
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Reasoning, as in Case I, we can show that every invariant form is an integral 
function of two-lettered invariant forms, one-lettered invariant forms, and (tioWit/jj)', 
where a is a positive integer. Choosing as our originating term v^ v^ 
and forming the simplest symmetric function of terms arising from subjecting it 
to the operators of (?i9j, we may show by reasoning, as in Case I, that every two- 
lettered invariant form may be obtained by giving to a , /3 all values in F^ , 
where 

a = (mod 4), 
/3=0 (mod 4), 
and where 

-F^o^ = «<wf + f'"^^wjtig+ wX + 6*+^tt;wS + 6X^+ e'^- (25) 

Making j3 = in (25), we get all invariant one-lettered functions, and if we 

write F^Q-=E^ we get 

i^. = 2 (ti5 + ^u\ -f ^vi). (26) 

We shall now seek the basis of this system of forms obtained by giving a, /3 
all values in (26) and (26). 

By calculation it is shown that 

J^M-P:^^-^^^+i^4=^a.p + • + (tlot^^^/(J^^^-4). (a) 

This is a recursion formula for /3, and since 

it is also a recursion formula for a . 

By the use of (a), we can express every F^^ ^ as an integral function of 
-F..^^/, where a', i8'< 8. We have left, then, the form -P'.', ^'» where a\ /3' may 
have the pairs of values 0, 4 ; 0, 8 ; 4, 4 ; 4, 8 ; 8, 8. But 

2Fi = F,-2F^,, 

^l4= 2^8,8 + nuJ.J^4. 

The basis of the system is, therefore, i^4,-^4,4 and (wqWiMj)*. 

Since these forms are invariant under S and T, each of these (and, there- 
fore, every invariant function) can be expressed as a rational function of ^,, g^ 
and A. We shall now find F^y F^^, {u^ ^w^)* in terms of these invariants. 
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* Since < i + < i + (Ti.o = 0, 

fNow, (tS^i = — 8;i4, 

<i = — 8(^— ^«)- 
Therefore, from equations (24), 

«J= 2*A8(A, — A,4), 
t4= 2*A8X8. 
?4 = — 2*A8A,4 . 

t Therefore, ^4 4 = 2'*A^, , 

«Jt*}i4=2«A''. 

Hence u^, t4, t4 satisfies the equation 

aJ' + 2"Agf,a; — 2"A«=0. 

— ) "Af • ^' ^^^ multiplied into a power series of integral 

— j A into a power series of integral 

powers of r with real coefficients. 

If we now approach infinity along positive y-axis, we see that ulv^t4 has 
the same sign as A. Therefore, we may write 

ulu\t4= 2"A. 
9. — Linear Connection between Oj, ^ (ww) and X^{u), 



n^ n n* 



We shall show now that <T a_ ji (wu) is a linear homogeneous function of 

n * n 

X^ (ti) for any finite value of n. 
i7 



a 



t n 






• Klein-Fticke, Vol. II, p. 89. t lb., Vol. I, p. 638. I Klein-Frioke, Vol. I, p. 639. 



\ 



64 Miller: Oonoeming Certain Elliptic 

ThiB is a (X-product of n* factors multiplied by e with an exponent in which the 
coefficient of w = r;i + !Ll!Lr7JL)l>7, + Fi^^ + ^^^7"^^ >7i, and whose residual 

sum « == Xtti + |Ufii>8 + ^^^~ ^ oj + ^ v^ ~ ^) (;jj ; morcover, there are n* difFer- 

2 2 

ent quantities cr a_ ji_ (ww) . 

n * ft 

If we define n* functions by the equations 

n« — 1 

Xi-=Ci JJcr(w — a,- fc). (i=z o . . . . n* — 1), 

where o^ is independent of z^ and the residual sum, 

Jk»0 

then by *Hermites' Law (Sx ^^ {nii) can be expressed as a linear homogeneous 



n n 



function of »<. 

Also, if n is odd, 

From this it appears that X^ {u) is a <T-product of n* factors multiplied by e 

"^ 

with an exponent which has the coefficient of u = a>7i + ^^ — -^ — ^ yjz and whose re- 

sidual sum 

. n^— 1 

8 = OMJi H Cd2 • 



There are n' different quantities X. (te), and hence, according to Hermite's Law, 
X« (ti) can be expressed as a linear homogeneous function of Xi defined by equa- 



* Klein, Elliptischen Normal Curyen der n^er OrdnuDg, p. 864. 



Modular Ftmctums of Sqvare Rank. 65 

tion (a), and hence (T^ ,, (^^) can in general be expressed as a linear homoge- 
neous function of X^ (ti) • 
If n is even, 

X.(i*) = ^(«,n)6^"(^-'*)*"*"T^Au-.-i — r— ^j 



•n<"-[(^+t)-+'^"']) 



Reproducing the argument used above, it follows that, in this case also, a a ,, (^^) 

can be expressed as a linear homogeneous function of JT. (u), and hence for any 
finite value of n we may write 

(To 1 (nu) =V^-r. W. (27) 



«-i 



where il« is independent of u. 

We shall now determine A^ of equation (27) in the case n is even. The 
theory of the transformation of the theta-functions gives 



1 + t , 
«— 1 



<T. . („«) = —^ y ^--'x. (t*). (28) 






nV^ 



By equation (7) (Elein-Fricke, Vol. II, p. 27), the c^ „_.( nu) is transformed 

» ft 
into another a^ ^ {nv) by both 8^ and T^. We shall indicate this transforma- 

tion by marking the transformed quantities with a prime. 

If we operate on the left side of equation (28) with 7, we obtain 






where g' = 6 ** 

9 



\ 
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Whence, 

= ^. («)rE ^"'') + • • • • ^^ («)(s ^""'-"O 

It is evident that 

n — 1 

2^g-^(r + a)_o 

if* [(r + a), w] = 1 ; for, if /is the least number such that 

^-(r+a)^_l_^- 



.— #« 



«n 



then, /= — ; — . Hence, since f< n, 6=r + a. Therefore, /= n . 
7* + a 

Hence e"^''^'^ appertains f to the exponent n, and hence g- •<*'+•> is an n^ 

root of unity, and if a q^ a', f- «(»•+•> q^ f^' (»■ + •>, where (a , a' = n — !)• 

Moreover, if 

[(r + a), n] = d, d<n, 

6~ (>• + «) ig an n**" root of unity which appertains to the exponent -3- • Hence 
there are ~ different quantities g- *<' + «), (k = (-^ — iX). Therefore, 

n 

2]f-*<'- + -> = 0. (a) 

Since ^-*(r+.)_^-i(r+.)^ 

if, and only if. A; = Z Tmod -r- ) , and since there are just d quantities < n satisfy- 
ing this congruence, the quantities ^-^ (»• + *) may be arranged in d sets, each of 

* This notation has the ordinary signification that the G. C. D. of r + <^t and n is 1. 
t Mathews, Theory of Numbers, Part I, p. 1S5. 
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which is defined by the summation (a). Therefore, 

If r + a = (mod n), then €""^<'' + '^ = 1 for all values of /?. 

We have now shown that the coefficients of X^ in equation (29) vanishes 

except when r + aS (mod n). Hence we may write 

n n Y 

where y satisfies the congruence 

y f a = (mod n) . (b) 

Now there are just n quantities less than n^ satisfying this congruence, and 
since a is less than ?e, and, therefore, not divisible by 7i, neither is y. Hence, 
in the summation on the left of equation (29), there are n quantities, Jr^(ti), 

not one of which is found in summation (28). Giving a all values from to 
n — 1 ,we get n equations, each containing n quantities, JTy (w) . Moreover, an XJu) 

occurring in one equation derived from (29), by giving a all values, occurs in no 

other, for if so, 

X^{u) = X^{u). 

Whence y + a = y' + a (mod w^). That is, y — y'+ a — a' = (mod n) , which 

is impossible. We now apply S to one of the equations obtained by giving a all 

values in (30) : 

1 + t 

ft n 

Let us now enquire for a value of k such that by an application of S^ to the 
summation on the left side of one of the equations (29), produces the same sum- 
mation multiplied by a constant. 

The evident conditions are that any X {v) that occurs in the given sum ma- 

tion also occurs in the resulting summations, and that any two quantities. 



\ 
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X {u), Xy (u), Xy (fi) shall have the Bame coefficient. The last condition is 

9 iP lii 

equivalent to 

We may now show that this is equivalent to 

k = (mod n). 

Hence, giving k in equation (31) all values, we can derive n, and only n, differ- 
ent equations. 

Hence, the values of A^ in equation (27) may be obtained by giving to a all 
values from to n — 1, in equation (29), and to k all values from to n — 1 in 

equation (31). We shall, at the same time, arrange these n' equations in n sets, 

each set containing n equations, and in every equation of each set, the left side 

is a linear homogeneous expression of the same n quantities, X. (u) , while some 

1? 



<^A u (^^) constitutes the right side. 



Bloominoton, Indiana. 



Minors of Axi-gymmetric Deterrninants. 



Bt E. J. Nanson. 



The linear relations between certain minors of any axi-symmetric determi- 
nant which are due to Eronecker, and certain extensions thereof due to Metzler 
and Muir,* are connected in a remarkably simple way with certain general deter- 
minant theorems due to Schweins and Sylvester. It is the object of this paper 
to establish the connection referred to and also to prove a general theorem which 
includes the whole of the relations mentioned as particular cases. 

1. It has been shown long ago by Clebsch that any azi-symmetric determi- 
nant |ap,|, where j>,9=l, 2, n, which, in Sylvester's umbral notation, is 

denoted by 



/I 2 3 n\ 

VI 2 3 .... n^ ' 



may be represented symbolically by 



— y {ahc . . . . y, 



where 

a^ = o^ a^ = 6p 6^= Cp Cq = etc., 



• PhU. Iffig., April, lOOS, pp. 410-416. 
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and {abc ) is an abbreviation for the determinant of order n whose r^ 

column is 

(^r9 ^r' ^n eiiC*! 

and the symbols Op, bp, etc., obey the fundamental laws of algebra, so that 

dp, ^= apag=^ aqUp^ a^ , 

as required on account of the symmetry assumed ; and, consequently, a general 
determinant cannot be represented symbolically by Clebsch's method. Never- 
theless, any minor of an axi-symmetric determinant can be so represented. 
Thus the minor formed with the r rows a, j9, ^, . . . . x and the r columns 
a', /3', y', . . . . x' of \apq\ is represented in Sylvester's umbral notations by 






/a ^ y .... X \ 
^a' i3' y . . . . xV 



and may be represented in Clebsch's symbolic notation by 

-y (a.i^Cy *«)(««' V^Y' M» 



r\ 



where (a. h^c^ Tc>j is an abbreviation for the determinant of order r formed 

with the r columns a, ^, y , x of the array whose p^^ column is 

• » • 

dp , Op , • • . . rCp , 

where there are r letters a, &,.... A;. 

2. As shown by Clebsch, calculations involving the elements a,, may be 
carried out by means of the symbols a^,, &p, etc., provided care is taken not to 
introduce any power of any of these symbols higher than the second. It follows, 
therefore, that from any homogeneous quadratic relation connecting determi- 
nants of the type 

(a. bpCy k^). 
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whero there are r letters a, &, c, . . . . A:, and the letters a, /?, ^, x may be 

any r numbers selected from 1, 2, 3, .... n, we can at once deduce a linear 
relation connecting minors of order r of any axi-symmetric determinant. 

3. To obtain a quadratic relation of the kind mentioned, let a , j9 , ^, • • . x, 
a', j3', y', . . . . x' be any two sets, each consisting of r numbers, chosen from 
1, 2, 3, . . . . n . Let A denote the array whose p^^ column is 

dp ) C>p 9 Cp , .... iCpj 

where there are r letters a. 6, c, . . . . fc. Also, let X, (i, etc., be sets chosen 
from 1, 2, 3, .... n, and let the arrays, square or rectangular as the case may 
be, formed with the sets of columns 31, f£, etc., of A, be denoted for brevity by 
(X), {fi), etc. Now, specializing, let X, /tx be complementary sets chosen from 
a» i3, y, . . . X, and let X', (i* be complementary sets chosen from a', /3', /, . .• x!. 
We have then to consider the determinant 



(X) ill) (A,') (0) 
(0) 0*) (A,') ill') 



0) 



of order 2r, where (0) denotes an array of zeros, the context showing in each 
case the dimensions of the zero array. Thus, in the first symbolic row the sym- 
bol (O) has as many rows as each of the horizontally collinear arrays (X), {(i), (V), 
that is, it has r rows, and it has as many columns as the vertically collinear 
array {fi'). 

4. Expanding the determinant (1) by Laplace's theorem in terms of the 
first r rows, the first term of the expansion is the product of the two r^^ order 
determinants 

\{X) (ii)\, \{X') ifi') 



It will be convenient to denote this product by S or X. Any other term in the 
Laplace expansion may be derived from /S' or S by interchanging one or more 
columns of the array (V) with one or more columns of the array (^) and chang- 
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ing the sigD of the result when the number of columns interchanged is odd* If 
8, 8^ are the numbers of columns in the arrays (X), (31'), and, consequently, r — «, 
r — ^ are the numbers of columns in the arrays (ji), and (fi'), then the number 
of terms which can be derived in this way from iS^or 2 is 

(r— «)i«i +{r — 8)^8i +....+ {r — 8)/fi, 

where t is the smaller of the two, r — 8,8^, and (r — «),,, «1 denote the numbers 
of combinations of r — 8,8' things n together. If the sum of all terms so 
derived from S or X he denoted by ^Svi the expansion of the determinant 

(i)ifl 

5. To find another equivalent for the determinant (1), subtract rows 
1, 2 r from rows r + 1, r + 2, . . . . 2r respectively. Thus (1) becomes 



( ;i) 0*) ix') (0) 

i-x) (0) (0) (^') 



(2) 



where ( — X) denotes the array formed from the array {X) by changing the sign 
of every element. 

If, now, the set X' be more numerous than the set X, the determinant (2) 
obviously vanishes, for the array represented by the symbols (0), (0) in the 
second symbolical row consists of r rows and of more than r columns. 

If the two sets X, X are equally numerous, then, by 8 interchanges of 
columns, and by 8 changes of sign, the determinant (2) takes the form 



{X') ill) i-X) (0) 
(0) (0) ( X) (^) 



and, therefore, has the value 



miii)\.\(x)(ii% 



which may be derived from ^ or S by interchanging %, X'. 
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Finally, if the set A be more numerous than the set X\ it will be seen that 
the determinant (2) is the sum of the results of interchanging in /S' or S the set 
V with every equally numerous set contained in ^. 

6. Denoting the sum of these results by j,Syy and equating the two expan- 
sions of the determinant (l), we have 

where ^^k' has the value zero, when the set V is more numerous than the set X. 
The result which has been obtained may be stated as follows : 

If, in the product 8 or X of any two determinants 

{apy ....«), {a'fiy •...«') 

of the same order, we divide the columns a, /3, ^, . . . - x into two complementary sets 
X , fly and if toe also divide the columns a', P\ y - - - - x! into two complementary sets 
7J, [ifj then denoting by ^iS^/ tJie sum of the results of interchanging the set X\ with 
every equally numerous set from % and denoting by ^Sa' the sum of the results of 
interchanging one or more of the set 7J with one or more of the set (i , subject to the 
condition, %n the latter case, that when the number of columns interchanged is odd, the 
^ign of the determinant product is changed, we have 

7. From this theorem it immediately follows that 
If K or M be any minor 

(a P y . . . . X \ 
a' ^' / . . . . x'/ 

of an axi'Symmetric determinant of odd or even order, and if the row suffixes 
ai P, y, X be divided into tuH) complementary sets X, (i, and also the column 

10 
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suffixes a', /3', y', . . . . x' into tvx> complementary sets X\ fi', then 

where ^K^, denotes the sum of the results of interchanging in K or Mthe setX^ vnth 
every equally numerous set from % , and ^ Jf^. denotes the sum of the results of inter- 
changing in K or M one or more of the set X with one or more of the set (i and 
changing the sign of the minor when the number of suffixes interchanged is odd. 



8. The expression j,K^f may be called a Kronecker expression and the 
expression K — ^^^ niay be called a Kronecker aggregate. Also, the expres- 
sion ^Mx' may be called a Metzler expression and the expression M+ ^^M^, may 
be called a Metzler aggregate. It is also convenient to speak of ^M,,, as the 
Metzler expression complementary to the Kronecker expression ^K^ . We then 
have the theorem that 

Any minor of an oM-symmetric determinant is equal to a Kronecker expression 
diminished by the complementary Metzler expression. 

9. In order to compare this theorem with results previously known, sup- 
pose that Xf (i,Xj fi' consist o( s, t, s\ t' suffixes respectively , so that 

8 + t = s' + f=ir, 



where r is the order of the minor. First, let < = 0, then the Metzler expression 
vanishes, and we have the theorem that any minor of an axi-symmetric determi- 
nant is equal to the sum of the minors derived from it by interchanging a fixed 
set of column suffixes with every equally numerous set of row suffixes. This 
result may also be expressed by saying that a Kronecker aggregate vanishes 
when all the row suffixes are subject to interchange, and was published by the 
present writer in the Messenger of Mathematics lor January, 1902. When ^'=1, 
that is, when the fixed set of row suffixes consists of a single suffix, the result 
reduces to the linear relation originally given by Kronecker. 
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10* Next, let «' >«, then the Kronecker aggregate vanishes, and we have 
the theorem that any minor of an axi-symmetric determinant is equal to the sum 
of the minors derived from it by interchanging one or more of a fixed set of 
column suflSxes with one or more of a fixed set of row suffixes, provided, first 
that the sign of every derived minor is changed when the number of suffixes 
interchanged is even, and provided, second, that the total number of suffixes 
subject to interchange exceeds the order of the minors involved. This result 
may also be expressed by saying that a Metzler aggregate vanishes whenever 
the total number of suffixes subject to interchange exceeds the order of the 
minors involved. Of this theorem, two special cases have hitherto been given. 
First, when all the row suffixes are subject to interchange, a Metzler aggregate, 
as here defined, is identical with a Metzler aggregate as defined by Muir, 1. c, 
and vanishes, as shown by Metzler. Second, when the total number of suffixes 
subject to interchange exceeds the order of the minors involved by one unit, 
then a Metzler aggregate, as here defined, is identical with a Metzler sub-aggre- 
gate as defined by Muir, and vanishes as stated by Muir, 1. c, p. 416. Finally, 
when « = r — 1, ^ = r, the Metzler aggregate reduces to the vanishing aggre- 
gate originally given by Kronecker. 

11. When « = ^ and, consequently, t^=:tf, the general theorem takes an 
interesting form. The Kronecker expression then reduces to a single term, viz. 
the determinant obtained by interchanging the sets %, 7J. This single term is, 
therefore, equal to a Metzler aggregate, in which the total number of inter- 
changeable suffixes is equal to the order of the minors involved. This result 
agrees with those indicated by Muir, 1. c, p. 416, and may be expressed in the 
form 

where the first member denotes the minor formed with the rows X\ (i and the 
colunms ^, fi' of an axi-symmetric determinant, the sets ^, %' and, consequently, 
also the sets [i, fi' being equally numerous. The first term in the second mem- 
ber is the minor formed from the first member by interchanging the sets ^ , X\ 
and the rest of the terms are derived from the first term by interchanging, as 
indicated by the horizontal bars used by Muir, one or more of the set X' with 



\ 
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one or more of the sets (i, the sign being changed whenever the number of inter- 
changes is odd. But the theorem thus obtained is readily seen to be at once 
derivable from the theorem already mentioned as having been given in the 

Messenger of Mathematics. For, if we start with the minor ( ^A , then the 

Kronecker expression derived therefrom by interchanging the fixed set W with . 

every equally numerous set which can be formed from the combined set X, (i^ is | 

obviously identical with the expression 2 T , ^, j already defined. 

Melboubnb, August^ 1003. 



On the Forms of Seoctic Scrolls having a Bectilinear 

IHrectrix, 

m 

By Virgil Sntdbb. 



1. In Volume XXY of the Journal I have three papers on sextic scrolls, 
pp. 59-84, 85-96, 261-268, wherein 118 types of the surface are discussed and 
enumerated. Besides the references there given, three papers were in existence 
which treat exclusively or partly of sextic scrolls. The first of these is the 
doctor dissertation of Dr. Karl Fink, "Ueber windschiefe Flachen im allge- 
meinen und insbesondere fiber solche des sechsten Grades," Tubingen, 1886. 
The first few pages are devoted to a general discussion of the correspondence 
between the points of any two plane sections of scrolls, including the formulas 
which I have given on p. 75 and on p. 268, but various false conclusions are 
drawn from the results. The principles thus established are applied to the S^, 
but so carelessly that over half the types mentioned are impossible, and a large 
number of others exist of which no mention is made. The paper is practically 
worthless. 

The second paper is the doctor dissertation of Dr. Jakob Bergstedt, *' Om 
regelytor af sjette graden, I, unikursale ytor," Lund., 1886. The abstract of 
this memoir in the Fortschritte der Mathematik is rather misleading. By no 
means all of the forms of unicursal sextics are derived, yet the number is over 
60, the equations of many being derived. The paper has just about the same 
degree of completeness as my first paper, and nearly the same methods are 
employed, except that Bergstedt more systematically analyzes the configurations 
of the multiple points on the nodal curve and uses correspondence but a few 
times. Several false conclusions are arrived at. These two papers would not 
materially affect the truth of the statement that no (complete) systematic dis- 
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cussion on S^ exists. The third paper, however, the doctor dissertation of Pro- 
fessor Anders Wiman, '' Klassifikation of regelytorna af sjette graden," Lund., 
1892, is of very different nature. The memoir is not even mentioned in the 
Fortschritte, yet it contains 111 pages and enumerates 118 types of the surface. 
The method employed by Wiman is radically different from any of the preced- 
ing. He establishes a (1, 1) correspondence between the points of space and the 
lines of a complex, by means of which the surface becomes a twisted curve. But 
few equations are given, the existence of the various types being established by 
geometric methods. In some cases the equations can be easily obtained, while 
in others the difficulty is shifted to the twisted curve, satisfying prescribed con- 
ditions. 

In the present paper I wish to complete the enumeration, including the 
derivation of the equation, of those scrolls which have a rectilinear directrix, and 
to correct the errors in my previous results. The same methods will be em- 
ployed as were used in the preceding papers. The purpose is to complete 
Wiman's results by deriving the equations, and to add those which he over- 
looked. 

A. — Unicwrsal Scrolls. 

§1. Simple directrix line. 

2. As was shown, p. 76 (of my own paper), type XXX, a S^ with a simple 
directrix line c|, and cfo with a multiple point, through which pass 4 generators, 
exists. This point is a sixfold point on c^o, which, consequently, lies on a cone 
of order 4, k^. B., p. 19, proves that k^ is of genus 2> = 3. Suppose, now, Cj 
pierces the plane of C5 in a point on a double tangent. The points of intersec- 
tion of the tangent and c^ are consecutive, hence the plane contains two pairs of 
torsal generators and a simple generator. The former intersect in a double 
point on cJq , the tangents at which are the torsal generators. Similarly, c[ may 
lie on two or three double tangents, giving rise to two or three further double 
points on Cioi the latter being unicursal. 

Finally, if the point of intersection be on four double tangents, the nodal 
curve will be composite. Let Cj be defined by 

(»*+y*)(y +ax) — {f + yz+ bs?){y + dz)=0, M? = 0, 
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wherein 

a—d — 2 = 0. 2b+2d+ 1=0, 2b + d+2bd = 0, 

and let Oi be X = 0, ^ = . The twisted quintics will each have a triple point 
at (1, 0, 0, 0) and will intersect in four other points. Bach curve will lie on a 
quadric cone. When four generators are concurrent, the only other case is that 
of a fivefold line, which was exhaustively discussed in types I to XII of my first 
paper. 

3. Now establish a similar (1, l) correspondence between Ci and Cg, the lat- 
ter being unicursal and having a triple point. The resulting c]q on S^ has four 
triple points and is of genus 3 (B., p. 21). Here again 1, 2, 3 or 4 double points 
may appear, the last case necessitating that c^o break up into two C5, each having 
two double points through which the other curve passes singly. Let A be one 
of these points. The cones, having A for vertices, are of order 3 for c^ and of 
order 4 for c^. The former has one double generator which is a single genera- 
tor of the latter, and the latter has three double generators, two of which are 
single on the former. The cones still have six common generators. Consider 
the plane passed through c^ and A. It will contain five generators to S^j three 
of which pass through A. Each generator must contain two points on each C5. 
From a figure, it is easily seen that two of these generators of S^ are common 
generators to the two cones, while the third is a double generator to k^ . This 
accounts for two further intersections of the cones, hence Cj and c^ have four 
actual or apparent points of intersection. It was seen above that they have 
four actual intersections, at all of which the tangents to each intersect c^. A 
simple directrix may also be a simple or a multiple generator, but as the order 
of the residual nodal curve is correspondingly lower, such cases will be consid- 
ered in connection with multiple directrices. Wiman does not distinguish 
between them. 

§ 2. — Double directrix line. (a). No double generators. 

4. Besides XIX, in which c, is of genus 1, another form exists by letting c^ 
lie on a double tangent, as another double point appears. If Ci lies on two 
double tangents, c, breaks up into c« having a fourfold point and a plane Cg hav- 
ing its double point at the same point. The two curves have two points of 
intersection. If Ci lies on three double tangents, c^ breaks up into two plane 
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cubics having a common point for node. Each pair intersect in one further 
point 

6. By establishing a (1, 2) correspondence between a c^ with a triple point 
and a c^ which passes through a simple point as self-corresponding point, the S^ 
has a 09 with four triple points and of genus 1. The double point may appear as 
above. If two double points appear, e, breaks up into a c^ with four double 
points and a twisted Cg passing through each double point and two simple points 
on Ce- Ci cuts c, once and c^ twice. When c^ lies on three double tangents, c^ 
breaks up into two c^ which pass through the four nodes, intersect each other 
in one point and each intersects the first c^ . Each c^ cuts C| once. If, instead 
ofa(l, 2) correspondence between Ci and c^ with a self-corresponding point at 
their intersection, we establish a general (1,1) correspondence, these eight forms 
appear again, except that Ci is now simple directrix and simple generator. Four 
of these were given in forms XXXI-XXXI V. 

(b). One Double Oeneralor. 

6. If, in the (l, 2) correspondence between Cg and Cj, the two values of the 
parameter on a node should correspond to the point on c^, the line joining them 
is a double generator g^. The six types analogous to (a) are found, but the sym- 
bol cj + cf + c^ can break up into cJ+c|-fc| + gr*or ^ + cj + cf-f^ in both 
systems, those arising from a plane quintic directrix having a fourfold point and 
those arising from a plane unicursal quintic directrix having a triple point. By 
accounting for a sixfold point and the required number of nodes in the first case 
and four triple points and appropriate nodes in the second, the lines have the 
following configurations : c^ + €i + g^- The Cg has a fivefold point. The gr* cuts 
Ce in the fivefold point and one simple point. Ci cuts c^ in two points 

di + (i + cl + 9'^ 

c^ has a fourfold point, passing through g^. c| passes through the fourfold 

point and cuts g^ in one other point and c^ in two simple points, c^ cuts c^ twice. 

This is derived from type LXIII, eq., p. 90, by making g^ in plane of c^. 

cj + c|+ [c|] + gf*. C5 has a triple point at node of Cg, the two curves having 

two points of simple intersection. ^ passes through the multiple point and one 
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other point of c^. Cj cuts each curve once. Let 

x — l — 'k^, y = ;i(l — 7i?), 3 = 0, ti?=lbec8, 
a; = l, y = 0, 2=0, u?=l be Ci, 

and let 31, /i£ be connected by a correspondence of the form 

;i«(4a(a + c)^2 + 4a'(a + c)|t^ +a'") + 4c (a + c);t£« = 0. 

The resulting S^ is of the form required. 

For the case cj + 4 + 2 [c|] + gr* there is no ambiguity, and the equation is 
derived directly from the general case. 

7. In the second case, the Cg has two triple points and two double points, gr* 
passing through both of the latter and one simple point, c^ cuts Oj in two points, 
and is of genus one. One double point may appear when Ci lies on a double tan- 
gent. For the case cj + c§ + c^ + gr^, Cj has two double points through which ^ 
passes, and two others, through which passes Cg. The latter cuts c^ in two simple 
points and ^ once. Cj cuts c, twice. The two cases of the same symbol may be 
easily distinguished by the position of gr*. In the [2, 4] case, it lies in the plane 
of Cg, while in the [3, 3] case it does not. The symbol cf + c| + ^ + gr* diflFers 
from the preceding by having a twisted Cg. The c^ has three simple points on gr*, 
it also has two double points, through each of which Cg passes. 05 and 03 each 
cut Ci in one point cj + 26| + c^ + gr* ; both of the c^ are twisted. They intersect 
in four points, through two of which passes c^ and through the other two gr*. 
The two Cg intersect in one other point'; c^ intersects each c^ and ^ in one point 
besides the common intersection. Cj cuts each c^ once. 

(c). Two Distinct Dovhle Generators. 

8. In the same manner, as in (b), introduce two double generators, inter- 
secting in the fourfold point of C5. The residual is a <4 having a fourfold point 
at the intersection of the double generators, and one point on each ^ as well as 
on Ci, jp = 1, and can be made zero in the usual way. 

If the two nodes on c^ are consecutive, the 2^ can become tacnodal or con- 
secutive. This scroll can also be generated as follows : Given a tacnodal c^ with 
11 
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one other double point. Take any line cutting the tacnodal tangent as directrix 

in a (1, 2) correspondence with c^, the point of intersection being a pinch-point 

The tacnodal tangent will become a tacnodal generator. The equations of c^ 

may be 

ti? z= , {yz — m7?){yz — m'jc*) := /c'y + g^y^^ 

The point (0, 0, 1, 0) is the tacnode, with y = 0, w? = 0, for tangent (0, 1, 0, 0) 
is a crunode. Let Cibey=0,2J=0,to = A;,aj = l. It is projective with the 
pencil » = A^, t/7= 0. Connect the two points in which a line of this pencil 
cuts C4 with the corresponding point on Oj. The S^ is the h eliminant of 
Jt?z=^Jcx — w and 

[y — m {Jcx — wj] [^ — m' {Jcx — w)] = ft^l^ + gJi?y^. 

The plane ^ = contains the double directrix and the generator t(7 = as a four- 
fold line, jp = 1 or . 

9. Similarly for the [3, 3] case, c^ now has four double points, two of 
which lie on each ^. iElach g^ cuts c^ in one simple point. j> = 1 or 0. In case 
of the tacnodal generators, c^ has two triple points. It intersects 2g^ in four 
points, two of them having their tangents in the plane of the singular ^. If, in 
the [2, 4] case, Cj lies on two double tangents, the symbol becomes cf + <^ 
4- [^ 4- 2^, the double generators being distinct, c^ has a node in common 
with [cs] and two simple points in common with it. Cg cuts Cj once. No further 
forms can exist when the double generators are distinct. When they are con- 
secutive, the first new type becomes c} + c| + e| + 2^. The S^ may be gene- 
rated as follows : 

Let C| be w = X, a; = 3l^ y=l, 2; = 0, 

and Ci be aj=0, y = 0, z=:ii, 10 = 1. 

IfX = 0,/£ = Obe a double element in the (2, 2) correspondence between X, ii, 
the line x=0,2;=0 will be a tacnodal generator, c^ has a triple point, c^ 
touching one branch, with ^ as tangent, c^ and C2 have one other point in 
common. Finally, if Cj lies on three double tangents, the symbol becomes 
^ + [^ + 2c5 + 2^. Consider the conies : 

Ca, x = l, y = li, « = 0, w=ijL^, 
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which touch each other at (0, 0, 0, 1) with a5 = 0, « = for common tangent. 
The equations of the line joining Xtofi are 

(ix + Xz — y = 0, [jl^x + X^z — tJO = 0. 

Any line cutting the common tangent is of the form 

bx — « = 0, cx+y + aw=iO. 

A generator will cut this line when 

abX^ + afi^ + bx + (I + c = 0. 

The equation of S^ becomes 



a{z — bx) z — bx aJbw + by + cz 

a{z — bx) z — bx abw +by + cz 

x{x + z) — 2x1/ y^ — zw 

x(x + z) — 2xy j^ — zw 



= 0. 



The section made by the plane bx — 25 = is a* {aw + 6y + cxy. The residual 
nodal curve is of order 3 and cuts every generator once. It cuts Ci once. The 
plane bx — « = cuts Ci and a; = , « = , hence the latter cuts c, twice. These 
points must coincide at (0, 0, 0, 1), since a; = 0, y^ — zw = define the complete 
intersection with ^ = 0. Hence c, has a node at (0, 0, 0, 1). Any plane section 
through the singular generator will contain a quartic having one double point, 
and a tacnode at (0, 0, 0, 1). 

If the (2, 2) correspondence of the preceding case has a cusp at (0, 0), the 
result will have this symbol, except that c| has a cusp at the point of contact. 
An illustration is afforded by the surface 

\x{2f + v^ + xy) + y {^ — 2xz)Y — 4xyv^{x — «)* = 0, 

which has a nodal cubic in the plane to = 0. The of is x = 0, y=0, 2g^ is 
05= 0, « = 0. One double conic is xy — v^ = 0, 2 = 0. 

10. If, in the [3, 3] case, Ci lies on two double tangents, the symbol may be 
either ^ + c| + c^+ 2gr* or c5 + cj+<|+ 2gf*, according as the second ^ factors 
off the C5 or the Og. 



84 Snyder : On the Forms of Sexiic Scrolls 

If, between C3, Cj as defined in §6, the correspondence be of the form 

(a+6)Xy = a;i« + V' 

the residual is a c^ having three points on each gr*. c^ cuts c^ twice. The diflFer- 
ence between these forms is, here Cg is twisted. If the two points on Cg corre- 
spond to the point of intersection of Cj, with its plane in a (2, 2) correspondence, 
and a double element exists, as 

{a7} + h)ii^ + {X^ + 46c)(^ + c) = 0, 

the two generators will be distinct. The double element is X = 0, (t^ = — 2c, 
while the branch-point is (t^ = 0, ^l = dr \/ — 45c. 

The residual curve is C5 having two double points on one gr* and three simple 
points on the other. It cuts c, four times, Cg passing through two intersections 
of Cj and gr*. 

In case of three double tangents, the symbol becomes c? + 4 + 2(^ + 2gf*. 
C) has two points on each (distinct) g^ and one on c^. Each c^ cuts c^ in 
two points on one g^ and cuts the other gr* once. The two c^ have one point in 
common. 

Only two specializations of the tacnodal g^ can occur ; cj + cf + c| + 2gf*- 
Given a; = ;i*, y=l, u? = ;i, 2 = 0;a;=0,y=0, z=:(t^, tr = l. The tangent 
to C2 at X = cuts Ci . The plane containing both is y = 0. If the (2, 2) corre- 
spondence between X^ ^i have X = 0, fi=ifi^zfzO for double element, the line 
joining to |u is a tacnodal generator not in the plane of the Cg. The Cg has three 
points on 2gf*, at two of which it touches the singular plane y = . Finally, for 
three double tangents, let (ix + Xz — Xfiw = 0, Xa — y + ^z = be connected 
hjX{(i— If + a(i{X — ly + ^ (;i2 _ ^2) _ rphg plane of the tacnodal / is 
2{x + z) — w — y = 0. This procedure proves that the types LV, LIX and 
LXI of my enumeration, p. 84, are impossible. In the first case, a surface of 
type LV must be elliptic and c? should be replaced by cj . Similarly for LXI, 
but LIX is interesting from the fact that a S^ having 2c| and cf must have two 
double generators to be unicursal. The same result can also be reached by Cay- 
ley's method. The method of correspondence cannot be relied upon as a suflB- 
cient ground of classification, without interpreting each step geometrically. 
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Thus, types LV and LXI can be proved impossible by the paper in which they 
are enumerated, but LIX cannot be thus (directly) explained. 

(d). Three Double Generators. 

11. Three pairs of nodes can only correspond to double generators when 
one of them is tacnodal. In the case of the plane c^ has a fourfold point ; this 
requires that all three double generators will be consecutive. The residual curve 
is a unicursal cf having a triple point on the singular generator. Any plane 
section will have an oscnode on the singular generator. 

The scroll may be generated as follows : 

Given the oscnodal quartic 



The line 



(j/w — x^y = f{w — y), z = 0. 
y = Jcx 



cuts the quartic in two points distinct from the node. Let this pencil be projec- 
tive with the range 

Connect the points of the range with the points in which the corresponding line 
cuts the quartic. Let the points be denoted by (xj, ^x» ^> 0). 

iViWi — x\y = yl («?i — yi) , 

yi=kxi, 

xwi = iCjM?, yixk = Xi {ky — z) , 

^V — /t?xw + T^v? — "iTcwx + a:* = 0, 
Ifx — % + 2= 0. 



hence, 



The resultant is of the form 
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The surface is not contained in a linear congruence. In the [3, 3] case, the sin- 
gular line is distinct from the ordinary double generator. The residual curve is 
a oj having two double points and one simple point on ^, and four simple points 
on the singular 2g^, being touched by the singular torsal plane in two of them. 
As any plane through cj contains four generators, c\ does not intersect cf . 

If, in the- correspondence of §9, the two points in which «= 0, y=:mx 
cuts the conic, both correspond to (i = 0, while each point has i^ = for pinch- 
point, the joining line is an ordinary double generator. The residual curve is 
a rational c^ having three points on the g^. To make three consecutive genera- 
tors, the 0( should have three coincident cusps. Let 

be the equations of C5, and let x = 0, y = be the line c^. In parameters 

C5:a; = — , y=^, 2 = 0, «? = !, 
Ci:aj = 0, y = 0, z = /t*, w=l. 

The point of intersection of Ci, Cg must be a simple self-corresponding point 

(f£ = 0,^ = 00). The cusp, X = 0, must be a double root (/i£= 00, (X = 0)*), 

hence 

^^11 = ^—1. 

The equation of S^ is 

{x + zya^w*" — xy {x +\wY + ^xyw {x + z){x + wf — 2dcyv? (x + 2)* = 0. 

a5=:0,y=0iscf. x = 0,«? = is three consecutive double generators, as 

any plane section will cut this line in an oscnode. In the plane x + ^ = lies 

the double conic 

(a + «)* + ay = 0, 

which touches the singular generator. 

The residual nodal curve is a twisted nodal quartic having at (0, 1, 0, 0) a 
node. The symbol is cf + c| + c5 + 3gr'. Since Ci intersects Cj on inflexional tan- 
gent, no further forms can appear. Finally, when Cj lies on two (consecutive) 
double tangents, the [3, 3] form becomes cf + 3cJ + 3gr*, two ^ being consecu- 
tive. The surface may also be generated as follows : Two conies cut each other 
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in two points P, Q, and the line joining P, Q is the ordinary j^. The corre- 
spondence between the two conies is (2, 2), having P, Q as simple self-corre- 
sponding elements, with the second element at each corresponding to the other. 
The correspondence is determined by imposing the condition that the line join- 
ing corresponding points shall cut a fixed director c^ . Finally, the tacnodal 
generator must lie in a common tangent plane to the conies through c^ . The 
correspondence reduces to the form 



V(^ + f^) + 4V + ><' + f* = 



The e^ has the equations 



42-f-y + U?=0, 35=2 



and the tacnodal generator is 

The singular torsal plane is 22+^ + ^ + ^ = 0, which also contains the third 
double Cg. The equation of S^ becomes 
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= 0. 



See Volume XXV, p. 80 ff. of the Journal. Another form of correspondence is 
>.{H—lf-\-aii{X— 1)* = 0. 



12. The quartic curve 

{yz—sfy=y*(z — y), to = 0, 

has an oscnode at (0, 0, 1, 0), ^ = being the tangent. Let y = ma; cut the 
curve in two points a?i, 2i, . • such that 

{mzi — XiY = m^Xy (zi = mxi) . 



1 
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Make the lines of the pencil y^=imx projective with the range y=:0, « = 0, 
w = mx. Lines joining points on the range to XiZi will be of the form 

yz^ = wajjZ, y = {mx — w). 
The equation of the surface becomes 

{y + w)\^ ~y^ + f)— ^Z3?y (y + y^Y + ^y = o. 

The line y=0,2j = is a double directrix, y + i(? = 0, x = is a fourfold 
directrix. The line y = , ti? = is an oscnodal or three consecutive generators. 
The surface has no other nodal lines. 

The same configuration will appear whenever the tangent to the oscnode 
cuts the directrix. The tangent and point of correspondence do not need to be 
in united position. 

Double Contact Directrix. 
13. Given a Cj such that the values of m corresponding to 

y — ^ = m\x — a), 

a J ^ on C5 form a quartic involution on x. Further, let the four values of x be 
arranged in two pairs, to the first of which corresponds jUi, and to the second fi^. 
Let m, (I be in (1, 2) correspondence and (i define a point on c^ a; = a, y = /3. 
Finally, if the tangent at a, /? correspond to (i =^ doubly, lines joining corre- 
sponding points will generate a aSJj. The line c^ will be double, but any plane 
section of S^ not containing c^ will have a tacnode at the point in which the 
latter pierces the plane. Any plane through ci will contain four generators, two 
of which pass through (ii and two through fxj* ^^^ ol^ fi be 0,0. C5 may be 
defined by 

X [^, (x, wyy + y i^i (x, wyy = o ; 

4>2 (x , «?) = X {ax + a^w) ; -i/zg (x, m?) = 6x^ + Vxw + b'^v^. 

It has a fourfold point at (0, 1, 0, 0). If 

(i^=zm^ y=zmxy 
then 
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The form of the equation becomes 

xy [aa? + a'xy — Vqdz — 26"»m?]* 

= f [-^8 {x,w)Y+2 {¥ — a') xy^ ^^ {x,w) + 5" V2*. 

The two values of ft corresponding to it coincide, hence the line 05= 0, 
to =: counts for three consecutive generators. When the two values of 11 cor- 
responding to fn := 00 do not coincide, there are two distinct double generators in 
the plane x = . 

In general, corresponding to four double points on c^ will be four intersec- 
tions of a fii generator with a |Ug generator. If Cj be unicursal, S^ must, there- 
fore, have 2^. These may be in different planes or the same plane, and in 
either case, if the tangent cuts Cj, the generator will be singular, counting for 
two. When the generators are distinct, the residual is a t^ which cuts Cj twice. 
In the other case, it becomes a Cj cutting Ci once. There are, therefore, four 
types of unicursal forms in which the residual nodal curve does not degrade. 
When C5 is of genus 1, the double generator may be ordinary or singular. All 
the forms in which the residual nodal curve is composite will be considered 
separately. 

A particular form of this surface can be generated by the forms 

;i^a; + y = 0, 7?w + ^y + z = 0. 

When the double generators do not intersect, the surface can be generated from 
a Cg having a triple point. The equations can most easily be obtained from the 
dual of a later form. Three types exist; two distinct double generators and cj 
having two points on the double directrix and two double points on each ^ ; an 
ordinary and a tacnodal generator, the residual being a cj having two double points 
on gf*, one point on 2^ and a double point on 2^ with one branch touching it ; 
finally, two 2^ and a cf, which has a singular osculating plane through each 
singular generator and the directrix. It may be generated by the two cones 

y^^x — %^w — «= 0, X'M? + X« + y= 0. 

The tacnodal directrix is a;= 0, y = 0, and the singular double generators are 
a; = 0,ti? = 0; y=:0, 2 = 0. Any plane will cut each of these generators in a 
tacnode. The equation of the scroll may be written 

(aj2? + yv^y + ofy^ {^zw + asy) = . 
12 
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Finally, c\ may break up into 2^. Given c^: a;=0,u?=0,2; = Xy, and c, : 
am? — y* = 0, 2 = 0. Pass a plane x = mw through q, and let w (X+ l)'=(Jl — 1)*. 
The plane will cut Cg in two points (^i, yi, 0, w^. From the equations of a line 
joining (0, 1, A», 0) to {xi, y^ 0, Wi) we obtain 

^^{y^ — QDw) — 2yzX + ^ = 0y X^{x — u)) + 2^{x + w) + x — w = 0, 

the X eliminant of which is a /Se having 2cJ, a5 = 0, y — z=0 and m?=0, 
y + « =: for tacnodal generators, and two double conies. 

These forms are not mentioned by Wiman, but he notices the omission, p. 95. 

14. Given the conic (^^xy — to^^O, 2=0, and the straight line c^x=:: , 
y = 0. Establish a (1, 2) correspondence between the planes n through C| 
and the points Pj, P2 on q ; let n cut c, in A and B. Connect A with Pi and 
Pgt «uid ^ with Pi and P,. Ci will be a double line and Cg a double conic on the 
resulting S^. The four lines lying in any plane n through Ci have the peculiar 
property of meeting C| in pairs, hence the last statement made on p. 61, third 
paragraph, is incorrect. 

Let the point (0, 0, fx, 1) on Cj be joined to (sci, yi, 0, Wi) on c^. 

x y_ wijl — z 

Xi~ yi~ fiwi 

Let the plane n contain (xi, yi, 0), so that 



xi = my I 



Finally, let m = ^^ + ^^j: ^ , 



X — — 

m = — , fiVmy =^ (iw — z, (i^xy ^=(i^w^ — 2iiwz + 2*, 
if 

{ax — a^y)li^ -f (6a; — 6'y)iM + {ex — c'y) = 0, 
{v^ — Qcy)ii? — 2wzii + 2? =0. 

[(ti?* — a;y)(6a; — by) + 2wz {ax — a'y)][z* {hx — Vy) + 2wz {ex — dy)] 

+ [(esc — c!y){vf — «y) — 2* (flW5 — «'y)]* = • 
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The line a = 0,ca; — dy ^=zQ is a double generator, and c^ is a tacnodal direc- 
trix. Since the (2, 2) correspondence between c^ and c^ has no double element, 
the S^ is of genus 1. The residual nodal curve is a c^ of the first kind cutting c^ 
in the two points of intersection with ^, and in the points (0, 1, 0, 1), (1, 0, 0, 1). 
The symbol is 2^+ cj + cj + ^- {p= 1). 

If 6' zz: (/ = 0, the line a: = 0, z = counts for a tacnodal generator. The 

symbol is 2cf + c^ + [c|] + 2gf* (/> =1), the cubic being of genus 1. If Z/* = 4a'c', 
there is an ordinary double generator in the plane of the conic, and a singular 
tacnodal one in the plane a; = 0. The symbol is 2^+ t|+ [c^] + 2gf'-fgf* 
(^ = 0). Finally, if 5' = c' = a= 0, the S^ is unicursal and the singular line, 
which touches c\ counts for three double generators. The residual nodal curve 
is a cubic having a double point at the point of contact of c, and g. The symbol 

is 2^+ 4+ W + 37(i>= 0)- 

15. In the same manner, let a (1, 2) correspondence between the planes 
through C| and the points on c^ be given, and let Ci cut a twisted cubic Cg in one 
point. Then will n cut Cg in two points. 

Let 05 = X , y = X', 2 = X' be Cg, and let 2 = 0, a: = be the line. 



X = twZj, m = — -J 



a^ -f 6ji£ + c 



There are two positions of the plane such that the two points associated with 
one of the values of ft in this plane are collinear, hence the line joining them is 
a double generator. The symbol is 2^ + 2^ + 2^, both cubics being space 
curves. 

If the twisted cubic be replaced by a plane nodal cubic, the two double gen- 
erators will lie in one plane, meeting in the node. 

Let try* = » (x — w?)*, a = be [cg] , 

Vi — maJi, gy + Vii+h 

u)^y[ = a?, (xi — W7i)*i «f^* + V 

The equation is 

2 [(gy — dx){{w — x) 2zx — ^y) + {by — Vx) c,] [ — Vxs? — 22a (a? — to)] 
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The residual nodal curve is another [cg] having its node at (0, 0, 0, 1) . The 
symbol is 2^+ 2 [cg]* + 2f. 

The dual of all the unicursal /Si's with a tacnodal directrix are of one 
kind. The nodal curve consists of a fourfold directrix and two generators, the 
former coimting as 8. Any plane section has two distinct tacnodes on it. 

§3. — Triple Directrix Line. 
(a). No Double Oenerator. 

16. Let Cx cut 05 in a double point, and be in (1, 1) correspondence with it. 
Cx is now simple directrix and double generator. The residual is a c^ , having 
two triple points, and cutting Ci four times. [This was type XXXV.] No sub- 
forms can exist, since no double tangents can be drawn. Scrolls of this type are 
necessarily of the [3, 3] type, since c^ must have a double point. 

If Cj and Cg be in (2, 1) correspondence, the same type as before results 
except that now Cj is double directrix and simple generator (old type XLV). 

If Ci and C5 be in (3, 1) correspondence, such that both values of X at the 
node correspond to the (i of that point, Ci is a triple directrix (old type XXIII). 
This last type can be generated by developables of the form 

ae + bfi + ct + d = 0, 
x^ + y =0. 

Using the same notation as on p. 73, Vol. XXV, 

'4^^ = x\{dx — ay)c + b^y\ = 0, 
0^8= {dx — ayf +5ca:y = 0, 
i^/gssy j(efaj — ay)h — (^x\ =0. 

If, in particular, &, c pass through (0, 0, 0, 1), one of the triple points on c^ 
is on Cx at this point. 

If a = 0x05 + Ogy + Ogjs + a^w and similarly for the other terms, ©4= , 64=0, 
and it is no restriction if C3 : Cx = &2 ^ ^i* I^ 
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the other triple point on Oj becomes consecutive to the first one. All the 
branches have a common tangent at this point. 

(b). One Double Generator. 

17. If the two values of X at a second node on Cg correspond to the same 
value otfi in the (1, 2) correspondence, a double generator exists (type XL VI). 
The residual sextic cuts Ci in three points. In particular, the c^ may be replaced 
by a triple conic. If 

— y ,.— y^ 



X = ^, (1 = 



X yw — J5* 

and Jl, II be connected by a (2, 3) correspondence having 0, for a double ele- 
ment, the resulting /SJ, will have the symbol (cf + gr') + ^* + c|. 

The same two forms will exist if the correspondence be between a triple line 
and a plane Cg or a triple c^. In case a multiple point of c^ lies on Ci, the ^ may 
pass through this point, or the other one. The discussion is fully given by Berg- 
stedt. If 5 = c, the cj = c|. 

(c). Two Double Oenerators. 

18. If, in the (1, 2) correspondence between Cj, Cj, two branch-points exist 
at nodes, the symbol becomes (cJ + g^O + ^g^* + ^ (XL VII). Similarly for the 
other case. The two ^ cannot intersect. 

(d). Three Double Generators. 

19. The line Cj must now be a triple directrix, since a (1, 2) correspondence 

can only have two branch-points. The residual is a c^ of the second kind. 

Finally, two of these may become tacnodal or the three may become oscnodal or 

all may unite in a triple generator. The last form requires that all three values 

of X at the triple point of 05 correspond to the same value of jii on c^ . It may 

also be shown as follows : Since any plane section of S^ containing ^' is a rational 

cubic, let 

X = ! — >?, y=X(l — 7i?), 2 = 0, w=l, 

nft{X)+l — X^ — a+mX[l — X^) — mb = 0. 



) 
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The S^ is of the form required, since the three values of X corresponding to jm = 
are coUinear. 

(e). Four Double Oeneratora. 

20. As S^ of this form must belong to a linear congruence, only two types 
will be considered, as particular cases which were omitted before. 

Given a c^ having two distinct nodes Pi, Pg and four consecutive double 
points at P. Draw a line Ci through Pg not in plane of Cj. Make the pencil 
whose vertex is Px projective with range on I in such a way that PiPg corre- 
sponds to Pg. Connect each point of Z with the three points in which the corre- 
sponding line through Pi cuts Cg. The line 1 will be a triple line on the sextic 
scroll ; there will be four consecutive double generators at P, hence the residual 
nodal line will be another triple directrix. An arbitrary plane through the 
singular generator will cut a quartic curve having an oscnode on the singular 
line. If, instead of four consecutive nodes at P, a tacnode and a simple branch 
passing through it be chosen, the singular generator will count as triple and con- 
secutive nodal. Any plane passed through the line will have a nodal cubic as 
residual section. Similarly, scrolls of higher order can have all their double 
generators consecutive or coincident. The elimination is rational in each case. 

§4. — Fourfold Directrix Line. 

21. The enumeration given in my previous list is complete. They may all 
be generated by Ci and c^, the former passing through a triple point on the latter. 
When the point is a cusp, the residual quartic curve has a double point on Ci, 
and similarly for the cubic when a double generator exists. Sixteen forms exist. 
The correspondence may be (1, 1) without any corresponding element, or (2, 1) 
with a simple self-corresponding element, or (3, l) with a double (really two 
simple elements, defining a branch-point) element, or, finally, (4, 1) with all 
three self-corresponding elements. In all except the first form one or two double 
generators may exist. 

22. The dual of a tacnodal directrix is a fourfold line, such that the two 
generators which lie in any plane through the line intersect on the line. 
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Let Xi , yi, 0, Wi be a point on the C5, 

^yv^ + xii^{x, y)w + (i^= 0, 2 = 0, 

which has a tacnodal point and a simple branch at the point (0, 0, 0, 1). Con- 
nect the point to the point (0, 0, f^, 1) on q, 

x y^ fiw — g 

and let _ m 

The equation of the scroll is 

(oa^aj + bzy {z — w) + cyHy 

+ {a^^z + hxy (2 — i^?) + cfz) v^ (a, y) + yu^ {x, y)=0. 

The line x, y is a double tacnodal directrix through each point of which pass 
four generators. Any plane section cuts this line in a pair of distinct tacnodal 
branches, hence it is equivalent to a nodal curve of order 8, when c^ has no 
further singular points p=^ 2, and the surface has no other nodal line. If 
it^=zuiV2 and ^5 = 14^^8, one double generator exists, and if 113 = Uit^iic^it 
W5=t^t;J<i, two such may exist. The former is of genus 1 and the latter of 
genus 0. 

By replacing C5 by a Cj of the form 

ytc^ + v^w + 1/3 = 0, 2=0 

and letting yi = mxi , (i = m^j 

a /Si is obtained in which the directrix has the same form as before. The equa- 
tion is 

(M?y* — x^zf + y {wf — a?z) u^ (a, y) + j^Ug {x, y) = 0, 

which is of genus 1. When v^ = ^1^1 ^^^ ^ = ^Iwi, a double generator appears. 
The line y = 0, 2=0 is a cuspidal generator. If a = and 6 = 0, the line 
x = 0,y = Oisa double generator. 
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Four types of the unicursal S^ exist. When the two double points on <% are 
distinct, the generators passing through them may be skew or intersect on the direc- 
trix, when the two planes form a pair in the involution. Similarly, if the two 
nodes form a tacnode, the generators do not lie in the same plane unless the 
plane be a double plane of the involution. 

The second and fourth of these surfaces can, therefore, be generated by a 
(1, 4) correspondence between a conic and a straight line which it does not 
intersect. 

If (i=z ^y ^ , the most general form of the equation is 

(^2(a, y)w — 794^^{x, y)y — xy [^,(a;, y)]». 

If ^2 is ^ square, the double generators are tacnodal. 

5. Fivefold Directrix Line. 

23. The twelve forms mentioned complete the list. They can all be gene- 
rated by Ci and Cj in (A, 1) correspondence, A = 1 to 6. 

B. Scrolls of Genvs One. 

24. The S^ of genus 1, which were omitted, are similar to the corresponding 
unicursal scrolls having a double rectilinear directrix. If, on p. 80, 6 = c = 0, 
the common chord is a double generator. Ifa=l,/=6gr, acf, also appears. 
Its symbol is cf + [(^] + 2(| + gf*. 

This scroll can also be generated as follows : 
Given the non-singular cubic c,, 

and the line Ci, x = 0, ^ =0 passing through the intersection of Cg and one of its 
harmonic polars. Join the point (0, 0, g^, w^) on Ci to (ari, y^, 0, w^ on c^. 

X y wz^ — zw^ 



from which y'aJi = a* (a:f — mjJ), xz^:=XiZ%w — XiZ. 
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Let the parameters Qi>i^z^he connected by the relation 

aji = 2|. 

The resulting S^ will have the equation 



a? 
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1 



= 0. 



Ci and Cj will each be double curves. There is one ^*, x = 0, ti? = 0. In the 

planes z± tw=zO lie the e|, 2a^ :±: i (y* + a?) = , hence the symbol is (^ + [c^ 

+ fl^ + 2c| . Since the section made by the plane to = is ^ and the tacnodal 

quartic 

«* — x* + 2*y» = 0, 

hence S^ is of genus 1, and has no further nodal curve. 

Similarly, if a c^ and an elliptic Cg be put in (2, 1) correspondence with a 
tacnodal generator, the symbol becomes c^+S^ + cJ. The Cj may lie on a 
double tangent, or on two or three. In the latter case c^ is replaced by a c^ and 
a Cji, the latter being tangent to the singular generator. The c^ is of the first 
kind and cuts C3 in two points not on 2^. 

My form VII on p. 96 is incorrect. This S^ is unicursal and contains a ^. 
The forms with a tacnodal directrix are most easily derived from the dual. 



C. Scrolls of OenuB Greater than One. 

26. The only form omitted in ^ = 2 is ci + cl + [cz\ . The cubic is non- 
singular and cuts C|. c^ is of genus 1 and cuts c, in four points. The surface 
can be generated by an elliptic (2, 2) correspondence between c^ and C|, the point 
of intersection being a double self-corresponding point. This form may be gene- 
rated as follows : 

13 



\ 
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Given a non-singular cubic curve and a point P upon it, not on a harmonic 
polar. Let Q be the first tangential of P. Let a range on a straight line pass- 
ing through P, but not lying in the plane of the cubic, be made projective 
with the pencil whose vertex is Q in the plane of the cubic. The line PQ 
of the pencil should correspond to the point P of the range. Finally, with 
each point of the range should be associated the point symmetric to it with 
regard to P. Lines joining the points of this double range to each of the points 
in which the corresponding line of the pencil cut the cubic will be a iS'e hav- 
ing the symbol cf + [(|] + cj and of genus 2. E. g. given ^w = a? — 12xw^, 
«5 = and i? = (2, 4, 0, 1). Then Q = (4, 4, 0, 1). The correspondence is 

expressed by 

x=i — 2Wj X — 4t/? = Jl (a5 — 4w), 

By writing 

j^w — sc' + 1 2aj = Cg, 2^zv^ — 2Azxw — 6xz — iyzw — zf^=^a, 

422]2(y — 4) — 3a;f = 6, 

the equation of S^ becomes, multiplied by [y — 4«7 + az]*, 

[(4m? — y)c + h {Aw — x)Y = [a (4io —y)— 66z] .\a{x — 4u?) — 6c2j] . 

The quartic curve is of the first kind, and does not cut Cj . 

Similarly, if P be a point of inflexion, and Q coincide with P, the four gene- 
rators which lie in the same plane through o^ will intersect in pairs on c^. Let 

y^vf^ = icj — x^iWy, 2 = 0, be Cj, 
yi = (^^ be the pencil Q , 



X _y_ _ fi — z 

xi~ yi ~ H' 

The equation of the surface is 



be the line joining corresponding points. 



x\/x — y = s/yw — s/xz, 

or, rationalized, 

[cc* {x — y) — yxx? — x'f^ = Av?7?xy. 

The section of the surface made by t/? = is a cubic of exactly the same form as 
the given one. The directrix a = 0, y = is not a generator, but every plane 
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section will have a tacnode at the point of intersection with it, and three other 
nodes on each cubic. The surface is of genus 2 and symbol cf^ , + 2 [cf] . 

26. The general dual of the form treated in §13 may be generated as fol- 
lows : To the range (0, 0, f£, 1) corresponds the axial pencil f£z + ti? = 0, and to 
the points of c^ correspond the planes 

3135 + yiy + 1/^ = 0, 

wherein ^^yM + ^^^ {pi , yO ^i + Wr (^i , yO = , 

m 

From these equations we obtain 

. atvm^ + {bw -f- 2) m + cit? = , 
m (x + myY — tmi^ {m){x + my) + w^v^ (m) = . 

The m eliminant is the surface required, after dividing out the extraneous fac- 
tor vf. The form of this equation is sufficiently general to include all the scrolls 
having a tacnodal directrix, but it is easier to obtain the dual of each particular 
case directly. Of those of genus 1 and simple residual nodal curve, two forms 
exist : one double generator and c^ or a tacnodal double generator and a cf . The 
other forms have already been derived directly. 

Table of Forma. 

27. In the following list of types, group A includes all the unicursal ones, 
while groups B, C contain only those which were not included in the previous 
lists. The notation for the symbol of the type is the same as that employed 
before, the number in the next column refers to the paragraph of the present 
paper in which the corresponding type is derived. Finally, the numbers 2, 3 in 
the last column of A give the class of the simplest developable which all the 
generators of the scroll touch. Those having the number 2 are of [2, 4] type, 
while those marked 3 are of [3, 3] type. The enumeration is now believed to 
be complete. 
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A. 

1, 2, 3 <^ + cJo,, 

4, 6, 6 c} + cJo.i 

7 4+Kt 

8 <^+2cJ., 

9. 10 (^ + cj., 

11 «^ + c5.4 + [<i,3 

12 <^ + 3 [< J 

13,14 cf + cj.g 

16 ct + <i» + 4 

16 cf + 3cJ 

17-24 replace c? by (cj + gr') in 

9-16 

26,26 (^i + cit + g* 

<A + <i + 4 + 9' 

c? + <^ + 2[cJ] + fl(» 

30 31 cf + <,+ y« 

32 <^ + c!.8 + <^ + </• 

33 c^ + ^B + c^+flf* 

34 <i + <i+^ + 9' 
36, 36 (4 + 4^ + 2/ 

37,38 <^+4« + ^ 

39,40 cJ + c?.,+ 2^ 

41,42 ci + 4, + 2^ 

43 c5 + <,+ [(|,J + 2/ 

44 <^ + <, + Kb] + 2(7» 

46 cf + 4, + <4+^ 

46 <^+[cJ.J + 2cJ+^ 

47 <^ + (^ + c| + 2flf» 

48 <^ + c?.,+ cJ + 2sr» 

49 cj + <^ + 2<^ + 2/ 

50 cf + 4, + <4 +^ 
61 <^ + 6^ + 2<| +1^ 
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62 


<^ + <8+37 


11 


53 


cS + cJ,8 + ^ + 27 


11 


54 


cf + <^ + <^ + <7' + 2^ 


11 


55 


cf + cJ.,+ <^+3flr« 


11 


56 


(^ + 3(1 + ^ + 2«)P» 


11 


57 


4 + <^+W' 


12 


58 


2^+ci + 3si* 


13 


59 


2^ + <« + V 


13 


60 


2c? + cS + 2(7» 


13 


61 


2^+ <^ + JT" + 27" 


13 


62 


2^ + cJ+ 2.27 


13 


63 


2^+2cJ+2.2gr» 


13 


64 


2^ + <^+K»] + 2<^ + fl^ 


14 


65 


2<^ + <^+KJ + 3(7» 


14 


66 


2^+2<^ + 2/ 


15 


67 


2^+2 [4 J + V 


16 


68 


{A + f)+<^.t 


16 


69 


(^ + S'^) + 48 


16 


70 


<^ + 4. 


16 


71 


(^ + s^^) + <«.. + s^ 


17 


72 


(c! + sr^) + c4 + <?» 


17 


73 


c! + <8 + flf« 


17 


74 


cf + c| + <?' 


17 


76 


(c! + fl'') + cj..+ 2fli» 


18 


76 


<^ + 48+2/ 


18 


77 


<^ + c5+3s-» 


19 


78 


cj + <^ + 2^ + (/« 


19 


79 


c!+<^ + 3/ 


19 


80 


c? + cj + / 


19 


81 


cf + c} + 47 


20 


82-97 


c} + .... given before. 


21 
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2^+2/ 


22 
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2c{+2fli» 


22 
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3 
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2 
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3 
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3 
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102-113 
114-122 



1 

2.3 

4 

6, 6 

7,8 

9 

10 

11 



Fivefold line. Vol. XXV, p. 88 
Obvious forms contained in a 
linear congruence, not pre- 
viously mentioned in this 
paper. 

B. 

cj + 14] +Ji4 + 9* 

2^ + c» + 2/ 

2cf + [O + c^ + 2flf» 
2c} + ^ 

C. 



23 



1 



24 
24 
24 
26 
26 
14 
14 
22 



37 forms. 



1 cf + cf + [c|] 

2 l^ + t^ 

3 2^ + 2 [c|] 

4 2cl 

COKNBLL Unitbrsitt, Jfcovh 1, 1904. 



26 
26 
25 
26 



14 forms. 
6 forms, ^^ 2. 



THE JOHNS HOPKINS PRESS 

BALTIMORE. 

I. AMERICAN JOURNAL OF MATHEMATICS. 

Faakk Moblbt, Editor. Quarterly. 4to. Volnme XXVII in progress. |5 per volnme. 

II. AMERICAN CHEMICAL JOURNAL. 

I. Remsbn, Editor. Monthly. 8vo. Volume XXXIII in progress. $5 per year. 

III. AMERICAN JOURNAL OF PHILOLOGY. 

B. L. GiLDEKSLESVE, Editor. Quarterly. 8ro. Volume XXV in progress. $3 per Tolume. 

IV. STUDIES FROM THE BIOLOGICAL LABORATORY. 

870. Volume V complete. $5 per volnme. 

V. STUDIES IN HISTORY AND POLITICS. 

MoBthly. 8vo. Volume XXIII in progress. f3 per volume. 

VI. JOHNS HOPKINS UNIVERSITY CIRCULAR. 

Monthly. 8vo. f 1 per year. 

VII. JOHNS HOPKINS HOSPITAL REPORTS. 

8ro. Volume XII in progress. $5 per volume. 

VIII. JOHNS HOPKINS HOSPITAL BULLETIN. 

Monthly. 4to. Volume XVI in progress. $2 per year. 

IX. CONTRIBUTIONS TO ASSYRIOLOGY, ETC. 

8vo. Volnme V in progress. 

X. MEMOIRS FROM THE BIOLOGICAL LABORATORY. 

W. K. Ubooks, Editor. 4to. Volume V complete. 

XL THE JOURNAL OF EXPERIMENTAL MEDICINE. 

W. H. Welch, Editor. Bi-monthly. 8vo. Volume VI in progress. $6 per volume. 

XII. MODERN LANGUAGE NOTES. 

A. M. ElIiIOTT, Editor. 4to. Volume XX in progress. $1.50 per volume. 

XIII. AMERICAN JOURNAL OF INSANITY. 

Henry M. Hubd, Editor. Quarterly. 8vo. $5 per volume. 

XIV. REPRINT OF ECONOMIC TRACTS. 

J. H. Hollander, Editor. First Series f 1.50. Second Series, 1904, $1.00. 

XV. REPORTS OP MARYLAND GEOLOGICAL SURVEY. 

William B. Clabk, Editor. 

XVI. TERRESTRIAL MAGNETISM AND ATMOSPHERIC ELECTRICITY. 

L. A. Bauer,' Editor. Quarterly. 8vo. Volume X in progress. $2.60 per volume. 

XVII. ANNUAL REPORT. 

Presented by the President to the Board of Trustees, reviewing the operations of the Univer- 
sity during the past academic year. 

XVIIL ANNUAL REGISTER. 

Giving the list of oflficers and students, and stating the regulations, etc., of the University. 
Published at the close of the academic year. 

The University Circular, including the Amiual Report, and Annual Register, will be sent by 
mail for one dollar per annum. 

Communications in respect to exchanges and remittances may be sent to The Johns 
Hopkins Press, Baltimore, Maryland. 



CONTENTS. 



PAGE 

Some Properties of a Generalized Hypergeometric Function. By F. H. Jackson, \ 1 

Relation between Real and Complex Groups with Respect to their Structure and Con- 
tinuity. By Dr. S. E. Slocum, 7 

Determination of all the Characteristic Subgroups of any Abelian Group. By G. A. 

Miller, 15 

CoUineations whose Characteristic Determinants have Linear Elementary Divisors 
' with an Application to Quadratic Forms. By A. B. Coble 25 

Concerning Certain Elliptic Modular Functions of Square Rank. By John A. 

Miller, • .... 47 

■ 

Minors of Axi-symmetric Determinants. By E. J. Nanson, 69 

On the Forms of Sextic Scrolls having a Rectilinear Directrix. By Virgil Snyder, . 77 



The American Journal of Mathematics will appear four times yearly. 

The subscription price of the Journal is $5.00 a volume ; single ^numbers $1.50. A few 
complete sets of the Journal remain on sale. , 

Subscriptions from countries included in the Postal Union may be sent by international 
money order, payable to Nicholas Murray, 

It is requested that all scientific communications be addressed to the Editor of 
the* American Journal of Mathematics, and all business or financial communications to 
The Johns Hopkins Press, Baltimore, Md., U. S. A. 



Press of the Friedbnwald Co., Baittimore 



on 



(;.A.-. i:v..,:- ;) 




Journal of Mathematics 



EDITED BT 



FRANK MORlrEY 



WITH THE COOPERATION OF 

SIMON NEWCOMB 

A. COHEN, CHARLOTTE A. SCOTT 

AND OTHER MATHEMATICIANS 



Published under the Auspices of The Johns Hopkins University 



Ilpay/idzoji/ iXtf^o^ 06 ^X^nofxivwif 



VOLUME XXVII, Number 2 



BALTIMORE: THE JOHNS HOPKINS PRESS 



LEMCKB & BUBCHNER, yew York. 

O. B. STBCHBRT & CO., Veu) York. 

D. van NOSTBAND CO.. Vew York, 

B. 8TBIGER & CO.. New York. 

KBOAN PAUL. TRBNCH. TRttBNBR & CO., London. 



QAUTHIER-VILLARS. Parit. 
A. HBR&LANN. Paris, 
MAYER ft MULLBR, BerUn. 
KARL J. TRUBNER. Straseburg. 
ULRICO HOEPLI. MUan. 



April, 1905. 



Entered as Second-class Matter at the Baltimore, Maryland. Postofflce. 



i 




On a Class of Differential Equations. 



Bt Alexander Chessin. 



1. Let U8 denote by D^^^ the operation 

where the coefficients A^^ Ax, ..... A^ are functions of x, and consider a func- 
tion ^ of X defined by the linear differential equation of order mn » 

with the constant coefficients ai, o^, . . > . , a», and where 

y*=Z)(»>yjfe_i; y^ = y\ *=1, 2, m. (2) 

The integration of (1) can be reduced to the integration of an equation of the 

form 

Z)<->y=/(x), (3) 

2. To show this, let us make the substitution 

yi = — % + 2. (4) 

from which it follows that 

y» = — ^y»-i + z»-i; A =1,2, m; (4 bis) 

the functions z^, %. being defined bj equations similar to (2), viz. 

z* ^ Z)<*Zt_i ; 2o= z; ^ := 1, 2, . . . . , wi — 1 . 

16 
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Then equation (1) becomes 

+ [a^^i — a^^^+a^^^X^- .... +(_1)— ^X— ^]z 
+ [a^ — a^^iX + a^^,X'— .... + (-IfX-y] =/(a;), 
and, by giving to X the value of any one of the roots of the equation 

am — am-i^ + am^gX*— .... +(— 1)-'X~ = 0, (5) 

we arrive at an equation similar to (1) but of order {m — 1) w, viz. 

where ** = a* — a*-!^ + «k-2^* — + ( — 1)'X*- (7) 

3. Now, suppose [z] to be the general solution of (6). It will contain 
(in — 1) n arbitrary constants. To obtain the function y, we only need to sub- 
stitute [z] for z into (4) and integrate the resulting equation 

y^ = _Xy+[z] (8) 

which is, obviously, of the form (3). This integration will introduce n new 
arbitrary constants, bringing the total number of them to mn. The integral so 
obtained is, therefore, the general solution of the given ditferential equation. 

On the other hand, the general solution of (6) may be obtained by a series 
of successive and similar operations. Thus, the substitution 

Zi=—fiz + u, (9) 

with the condition that fc be a root of the equation 

6,.-,-6,._,fi + 6,-rf£»- .... +(-ir-V""' = (10) 

reduces the integration of (6) to the integration of the differential equation of 
order (m — 2) n, 

Un,-2 + CiU^^S + (hiU^-i + +C,^_3ti =/(«), (ll) 

where c* = *» — 6*_iM + hu_tli*— + (— 1)*/, (12) 
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and [ti] being the general solution of (11), the general solution of (6) is obtained 
by the integration of the equation 

2l = — fl2J + [w] 

which, again, is of the form (3). 

By means of these successive reductions, we will finally arrive at an equa- 
tion of the form 

tri + ew?=/(a:), (13) 

i. e. of the form (3). q. e. d. 

4. In practice, however, it would not be convenient to proceed in this 
manner. We will show how the single integration of the equation (13) at once 
furnishes the general solution of (1). 

To begin with, it can be shown that equation (13) holds good for all the 
values of B which satisfy the equation ^ (0) = , where 

2^(e) = a,-a,,^ie+a«_,0»— .... + (_ l)-^". 

In fact, the values of must satisfy the equation resulting from the elimination 
of %, f£, r, ^, . . . . between the equations (5), (10) and those formed successively 
in a similar manner, viz. 

Cm-8-C«-8V + C«_y — ... +(— l)~*-V-« = 0,) 

d^^,-d^^^ + d^^J^-.... +(-1)— »r-' = 0, ^ (14) 



where dj^^=Ci, — Cj,^iv + Cu^^i^ — .... + ( — 1)V, etc. Now, the form of the 
coefficients in these equations enables us to effect the elimination successively in 
a very simple manner. In general, let 

* (n) = o^ — ap.i>7 + ap-2>7* — + (— iy>7^ 

where jS* = a* — a^^iri + a»«,>7* — + (— 1)V. Then 
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and it is clear that the result of the elimination of); between the equations 



is the equation 






Applying this remark to the successive elimination of .... ^, v, ii,X between 
the equations (14), (10), (5), we readily see that the result of the elimination is 
the equation 

Fid) = 0', 

in other words, 6 can be any one of the roots of the equation (5). 

6. Let Xi, X^^ . . . . ^ X^ he the roots of (5), and let us, first, assume that no 
two of them are equal. To each value X^ of 6 corresponds a distinct integral 
[wlk of (13), containing n arbitrary constants. It can be shown that in this 
case the general solution of (1) is given by the formulas 



hsssm 



y=2C»M; C; = (-l)-'|^; 



Jk»l 



A = 



^0 ^1 • • • • ^ w -I 






'*»,0 '*m, 1 • • • • f^M, M->1 



(16) 



A», « — X{ ; 



%=1, 2, .... ,fiij e=0, 1, •... ,111— 1. 



6. To show this, we recall the well-known relations in the theory of deter- 
minants 

2^»*».«=0, e = 0, 1, .... , wi — 2. 






2 <^»*».—i = (-!)""'; 



ik-l 
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or, introducing the valaes of hj^^^ 



k^m 



^GM = 0, 



tf = 0, 1, , m — 2; 



ksam 



2 (7»^r-» = (-!)"-». 



k = l 



(1«) 



The operation D^*^ performed on the expression (15) of ^ gives 



ft>-» 



yi=2^*M», 



*=i 



and, by (13), therefore, 



k=m, 



h=m 



yx = —2 ^*^ M-^ +/H S ^*- 



Jk=l 



«: = 1 



But, by the first of the relations (16), viz. for e= 0, we have 2(7^^= 0, hence 



Jk = M 



y\ — —2 ^»^* M*- 



(17) 



tal 



Likewise, the operation D^*' performed on (17) gives, by (13) and the relation 
(16) fore= 1, 



ftsm 



Jk=l 



Continuing the application of the symbol Z>^"^ successively we find that 



ks m 



y. — (— 1)'2 ^^ M»» e = 0, 1, . . . . , m — 1 ; 



k = l 

Jkss M 



y» = (- 1)-^; G^ H» +/(«), 



Jk=l 



from which it follows that 



y» + «iy«-i + ««ym-.2 + 



• • • • 



+ ««y 



ksM 



=2 ^» M» i**» — ««- 1^» + a«-«^» — . . . . + (— \YK\ + /(ac), 



t=l 
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and, Xfc being a root of (5), the right-hand side of the last equation reduces to 

f{x). Q. E. D, 

7. We pass now to the case of equal roots. Let us, for the present, assume 
that X2=^=: • • . • = %i, and that all the other roots of (6) are distinct. In this 
case the general solution of (1) is given by the formulas 






(18) 



<^Mi < ^Mi 



<y-^Mi 



where the arbitrary constants in [ti?]i, — W^^ i ^2 »••••» ^li^i *^ inde- 
pendent of one another. Thus, if 

[tr]i = ^ (a?, Xj, tti, 02, .... , ttn), 

we will understand under \f^ ^ the function 

dXi 

d^ (g, X], tti, 0C2> * * « * I Olw) 

with arbitrary constants al, a|, . . . • , g^ independent of ai, Oi, a^. 

As to the coefficients Gj, and C/^t, they will be determined by the formulas 

Ofc — ^— i; ^ , o^ + fc— ^ i; ^ , 



A = 



'n.o ^,1 • • • • '*l,m-l 
'•rn.O '*!», I * • • • '*»,»— 1 



(19) 



A<^.4, ^ =^^^, A;= 1, 2, , tn— t, c = 0, 1, 2, , m — 1. 



Moreover, we will assume that ^7* = for A; > t , and CJ = fory < t + 1 . 
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8. To prove that (18) is the general solution of (1) in this case, we observe 
again that 



fc-< 



k=:m^i 



^OJi^, + '^CUA^K. = o^ 



6 = 0, 1, .... , m — 2; 






k= m—i 



2 <%,«-! + 2^'+*^+*.— 1 =(- 1)—^ 



(20) 



lc-1 



fc=l 



We shall, besides, make use of the following relation which is based on the 
principle of interchangeability of the order of differentiation and on the equa- 
tion (13) : 

dj^ dAf ^iT^ ^'^Lf ci;if-» ^ ^ 

9. The operation Z>^"^ performed od the expression (18) of y gives, account 
being taken of the relation (21), 



fcsi 



cP'-'M 



k = m^i 



yi = -2 (*^»+i + ^'^*) "5^Lf^' — 2 <^*+»^+*M'+» 



fesl 



iksl 



+/N 






But by the first of the relations (20), viz. for c = 0, Ci + 20?+* = ; hence 



k^i 



k^m—i 






Continuing the application of the symbol D^*^ successively to ^i , ^2 > » we 

find, in general, 



y. = (- 1)*2 ^*.« ^^^ + (- iyfGi^^,.iu>u. , (23) 
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where 

(k— 1)! M^, = {k + e-l)\ Ci+e+ (')(* + e- 2)! C?t+._iXi + . • . . 

+ (i) *' <7» +M-' + (*-!)! CM ; (24) 

e = 0, 1, 2, . . . . , TO — 1 ; 
and 

*=1 *=1 

10. From the preceding formulas it follows that 

ft = l 
* = »— i 



ft=l 



But, Xi^k being a root of (6), the last sum on the right-hand side of this equa- 
tion vanishes, and to prove that (18) is the general solution of (1), we, therefore, 
only need to show that 

Mk,m — (h^k,m^l+<h^k.m^2—"" + (— 1 )*Jlf*, q = . (26) 

Now, it is easy to verify that the left-hand side of (26) may be presented in the 
form 



•^* (A; + e-l)l ^ d^FjX,) 
Z (k— 1)!6! * + • dX{ ' 

essO 



But, %| being a multiple root of (6) of the order i, we have 

^^^^ = . f o r e = 0, 1 , 2, . . , . , i - 1 ; 
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on the other hand, for e>i, since k is at least equal to one, C7^^^:= (see 7). 
Therefore, the left-hand side of (26) vanishes for all the values of & =1, 2, . . . . , i. 



Q. E. D. 



11. It can be readily seen now that, in the most general case, when 
(5) admits of several multiple roots ^i, Xj, %8> • • • of respective orders 
cxi, a2» Oa, . • • • » with the condition 

«! + Oa + ocs + ... = 7W, 



the general solution of (1) will be given by the formulas 






JiE=l 



*=1 



* = l 



/7^-f_l\m^i 91ogA Z._i 2 a- A' - ^*7'^ i. 

(7/-/ i\— i glog^ T. — 1 2 a- ;i" - ^"'^K . 



3K^^^ 



dXi 



ntn — / i\ii»-i 9 log A , - ^ . ,,/, ^*^ . 



(27) 



A = 





Kx 


•••• Aj.—, 
— ^«-l 




Kx 


.•••a:..-i 
..••Ai:»-, 


Ai'.". 


K'x 


.... At':_i 



A'" 



A'^' A'" 



12. An important case of the equation (1), considered in this paper, occurs 
in some problems of elasticity, namely, when n = 2 and 



da? X dx a? 
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The problem is then reduced to the integration of a Bessel equation with second 
member 

This special case has been discussed by the author in a paper before the Academy 
of Sciences of Paris.* 

* Sur une dasse d'^uations diff^rentielles rMuctibles A I'^quatioii de Bessel. C R. 11 Mai, 1908. 
See also a paper by the aathor in C. R. 27 Ooiobre, 1902 : Sur T^quation de Bessel avec second membre. 



Surfaces vrith the Same Spherical Representation of their 
Lines of Curvature a^ JPsetidospherical Surfax^es. 

By L. p. Eisenhart. 



Introduction. 



Surfaces whose Gaussian curvature is negative and constant — pseudo- 
spherical surfaces — have been the object of study of the geometers since the days 
of Gauss, and as the result of their study there exists to-day an extensively 
developed theory of the properties of these surfaces and the transformations by 
which groups of them can be obtained from one of them. The character of the lines 
of curvature on these surfaces is of interest, and especially the curves on the unit 
sphere which serve for their spherical representation. It can be shown that 
when these lines are parametric, the linear element of the sphere is reducible to 
the form 

da^ = sin* a> dtjf + cos* (o rfw^, (a) 

where a> is a particular solution of 

9*(i) 3'© . ^ /I X 

^S—i :»r--5 = Sm © cos 6) . (b) 



In spite of the large amounj: of work which has been done upon these surfaces 
very little attention has been directed to the surfaces other than pseudospheri- 
cal whose lines of curvature have this representation upon the sphere. It is our 
purpose to make a study of these surfaces and we shall find that many of the 
the theorems for pseudospherical surfaces have significant analogues in this 
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broader field. For convenience, we shall refer to them as the A-surfaces. After 
the manner of Codazzi, we write the linear element of the surface in the form 

(fo^ = A^dnji^ + G^dv\ (c) 

In §1, several methods are discussed by means of which one can determine 
from a given ^.-surface all the surfaces with the same representation of their 
lines of curvature. It is found that the simplest solution of this problem reduces 
to the integration of a partial differential equation of the Laplace type. It will 
be convenient to refer to all the surfaces with the same spherical representation 
of their lines of curvature as forming a group or class. 

In § 2, we consider particular Jl-surfaces and notice first of all that the mcvr 
lure surfaces are of this kind. When the functions A and C in (c) are given the 
respective values coscj and sincj, the corresponding surface is pseudospherical. 
In seeking to determine all the ^-surfaces for which A and G are functions of (o 
alone » we find that they are the pseudospherical surfaces and their parallels. The 
section closes with the determination of the il-surfaces, which are Weingarten 
surfaces. 

The method of the transformation of Lie for pseudospherical surfaces can be 
applied at once to all the ^.-surfaces, with the result that when one of these sur- 
faces is known, the spherical representation of an infinity of groups of new 
J.-surfaces can be found directly ; this is considered in §3. 

Bianchi was the first to call attention to the fact that, if upon a surface of 
total curvature minus one, a family of parallel geodesies be given and upon tan- 
gents to these curves points be taken at unit distance from the point of contact, 
the locus of these points is a surface of the same total curvature and the lines are 
tangent to the second surface as well as to the first. The lines of curvature upon 
the new surface correspond to the similar lines on the original surface, and the 
linear element of the spherical representation of the former is given by (a) when 
a> is replaced by 0, the latter function being the angle between the tangent to 
the geodesic and the line of curvature t? = const, on the first surface. The deter- 
mination of this angle d requires the integration of a Riccati equation, so that 
there is an infinity of such families of geodesies. Darboux has given the name 
transformations of Bianchi to the foregoing. But one of these new surfaces can 
be defined also as the envelope of the plane perpendicular to the tangent plane 
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to the surface, through the point of contact and meeting the tangent plane in 
the line which makes an angle with the tangent to the line of curvature, 
t;=const. It is found that the Riccati equation for the determination of this func- 
tion Q involves only o and hence has a meaning for the il-surfaces. If such a 
family of curves is taken upon any Jl-surface S and the corresponding envelope 
of the plane, drawn as in the transformation of pseudospherical surfaces, is 
determined, it is found that it is an il-surface whose lines of curvature are in 
correspondence with the lines of curvature upon S and have the spherical repre- 
sentation whose linear element is given by (a) when o is replaced by 6. Since 
6 involves an arbitrary constant, there is an infinity of transforms of each il-sur- 
face. In turn, each of these surfaces can be transformed in an infinity of ways, 
and we shall see later that the functions giving the transformation are obtained 
by algebraic operations and quadratures. 

The development of the preceding theory is contained in §4, and in §5 we 
consider some of its results. It is found that only in the case of pseudospherical 
surfaces does the point of tangency of the envelope fall on the intersection of the 
two planes, so that the curves determined by the angle 6 are geodesies only in 
this case. We then investigate the problem of finding when the lines joining 
corresponding points on a surface and its transform constitute a normal congru- 
ence. We have seen that through each point if of an ^-surface /San infinity of 
planes can be drawn which envelop the transforms of 8, We find that all the 
points of contact are on a circle whose axis is the normal to S^i M, which gives 
an interesting interpretation of the cyclic systems of circles associated with 
every Jl-surface. 

Bianchi has considered the group of surfaces which have the following prop- 
erty : The sphere described on every segment of the normal comprised between the tvx> 
centers of curvature as diameters, cut a fixed sphere in great circles, or orthogonally, 
or pass through the center.* To these three types he has given the respective 
names, elliptic^ hyperbolic and parabolic. We shall refer to them as the surfaces 
of Bianchi. After having derived in §6 the expressions for the coordinates of 
these surfaces in a manner similar to that followed by Bianchi and noted that 
they are Jl-surfaces, we determine their transforms. These are shown to be 
surfaces of Bianchi of the parabolic type. 

* Nuove ricerche Bulle superfioie pBeudoeferiche, Annali di Matematica, Ser. 2, Vol. 84, p. 847. 
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In §7, we discover generalized transformations of Jl-surfaces suggested by 
the generalization by Backlund of the transformations of Bianchi for pseudo- 
spherical surfaces. The transformations of Backlund may be defined as follows : 
Upon a pseudospherical surface S there is an infinity of families of curves which 
are such that, if planes be drawn making a certain constant angle a with the 
tangent planes to S^ passing through the points of contact and intersecting the 
latter planes in the tangent lines to the curves of one of these families, these planes 
envelop a surface of the same total curvature as S. These curves may be 
determined by the angle which their tangents make with the tangents to the 
lines of curvature v = const.» and the complete determination of Q requires the 
solution of a Biccati equation whose coefficients involve a and cj, where the lat- 
ter is the function entering in the spherical representation (a) of S. From this 
it follows that Q can be used in connection with all il-surfaces having the same 
representation. If, for all of these surfaces, we construct planes as in the case of 
the pseudospherical surface of the same group, their envelopes are il-surfaces and 
all of them form a group. In this manner, after the integration of a Riccati 
equation, we can get, from one surface S, a doubly infinite system of il-surfaces, 
for a and the constant of integration are arbitrary. Each of these surfaces 
belongs to a difierent group of surfaces, and the complete integration of a partial 
differential equation of the second order puts us in a position for finding all the 
surfaces of all these groups by direct operations. 

Bianchi has shown,* that if a pseudospherical surface S be transformed into 
Si and S^ so that the angles between the tangent planes to S and to the latter 
shall be respectively Ci and (Ti, there is known a function ^ by means of which 
Si and S^ can be transformed into the same surface S^ so that the angles between 
the tangent planes to S^ and to Si and S^ respectively are a^ and (Ti. We show 
that this theorem is true for all il-surfaces, in consequence of which we have 
that when one knows how to transform an Jl-surface in a general manner, the 
transformations of the transforms can be effected by algebraic processes and dif- 
ferentiation. 

(xeneral transformations of surfaces of Bianchi are considered in §9, and it 
is found that surfaces of the parabolic type and these alone are transformed 
into surfaces of this kind whatever be a. 



* Lezioni, p. 485 ; Oer. trans., p. 461. 
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§10 is devoted to the study of surfaces corresponding to the solution q = 
of equation (b) and their transforms. It closes with an investigation of the 
transforms of the moulure surfaces. 

I. 

§1. — A' Surfaces. Dejmition and Determination. 

Consider a surface S upon which the lines of curvature are parametric and 
refer it to the trihedron whose x-, y-^ z-axes are respectively the tangents to the 
curves f;=const.,ti= const, at the point and the normal to the surface; the positive 
directions along these lines are so chosen that as one looks upon the tangent 
plane from a point on the positive part of the s^axis, the positive ^-axis is to the 
left of the positive x-axis. If we write the linear elements of the surface and its 
spherical representation in the forms 

d^ = AHfj?+ Cdii^ (1) 

and dd^=^^d^? +2>i<3te^, (2) 

and write further pg^=A/r, p^^ = O/r^, (3) 

where p^ and p^ denote the geodesic curvature of the curves v = const, and 
u = const, respectively, one can find the following necessary and sufficient rela- 
tions between these several functions :* 

dpi da dr dr^ 

_ 1 3^ _ 1 ac 
c ^ ' '■^ - x air • 



We consider the surfaces for which 



da* = sin* a dt? + cos* (•> dn^. (4) 



* Darboux, Lesons, Vol. 2, pp. 886, 803. 
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If we substitute these values for pi and q in the above formulas, we have the 
following fundamental relations : 

^j =: cos 6) , 9 = sm <d , r = ^ , ri = jc— , (5) 

G dv~'3i' A '^~du ^^ 

and d^(^ 3*o z^v 

^^—9 — 75-0 = sm 6) cos G) . (7) 

From the preceding, it follows that every solution of this equation leads to 
as many surfaces of this kind as there are solutions A and G of the corresjpond- 
ing equations (6). From (4) it follows that all the surfaces arising from the 
same function g) have the same spherical representation of their lines of curva- 
ture ; hence, the tangent planes at corresponding points of all these surfaces are 
parallel and the tangents to homologous lines of curvature at these points are 
parallel. Moreover, from the manner in which we defined these surfaces, it fol- 
lows that every surface which has its lines of curvature homologous to the simi- 
lar lines on an A-surface and at the same time corresponds with parallelism of 
tangent planes, is an ^.-surface. 

Suppose that we have given two -4-surfaces Si and /%, referred to their lines 
of curvature. Denoting by TFi and W% the distances from the origin upon the 
tangent planes to Si and /% at corresponding points, we have that Wi and W^ 
are particular solutions of the equation* 

y^f/ d log sin 6) 3'4' 9 log cos o 3*4' _ q /gx 

dudv dv 8u Bu ^ 

and the point-coordinates of these surfaces are given by replacing ^^ by Wi and 
TTa respectively, in the formulae* 

x=z^X+A{'^,X), y=4r+A(4. F), z = ^Z+A{^.Z), (9) 

* Bianchi, Lezioni, p. 187 ; Ger. trans., p. 140. 
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where X, TyZ denote the direction -cosines of the normal to the surface with respect 
to fixed axes, and A {'^,6) is the mixed differential parameter formed with respect 
to the quadratic form (4). Since the tangent planes to these surfaces are parallel, 
it follows that the difference between TT^ and TTi, denoted by /I, is a solution 
of equation (8). If, then, we have an ui-surface with rectangular coordinates, 
Xy y, Zy referred to fixed axes and we can find a solution of (8), we have directly 
a second ^.-surface defined by 

^=z + Zk + A{X,Z), (10) 
for X, F, Z are known in this case. 

In particular, equation (8) is satisfied by a constant. Then (10) defines a 
parallel surface, so that we have the evident theorem : All the parallel surfaces 
of an A'surface are A-surfaces. 

Since the tangents to homologous lines of curvature at corresponding points 
on two ^.-surfaces are parallel, we have 

and similar relations in y and z. From these we get 

A^ = XAiy Ojj = ^Gj. 
From (6) it follows that 

Gi ^ C2 ^5v ^ Ay du A2 du ' 
which, by means of the above, can be replaced by 






(12) 



Hence, when an ^.-surface, /Si, is given, the complete determination of all sur- 
faces with the same spherical representation of their lines of curvature requires 
the solution of the system (12) and quadratures (11). 
17 
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The system (12) can be replaced by a slightly different one in which the 
coefficients involve q directly. Thus, in consequence of the Rodrigues formulaB,* 

dxi 3X dxi 3X 



where p^ and ps denote the principal radii of curvature of Si , we have 



where pi, ^ are the radii of curvature for S^. But f 



A G 



(13) 



SO that the above reduce to 



-435 = — 7 sin o, (7, =: m cos o, 



where, for the moment, we have put I and m for p{ and pg. If these values be 
substituted in the equations for S^ of the form (6), one has for the determination 
of I and m , 



dl I n \ 9 log sin o ^ 

dm , , J. d log cos a> _ . 



(14) 



When I and m are equal, they are constants, in which case S^ is a sphere. If we 
make an exception of this evident solution and eliminate m from these equa- 
tions and again 7, we get 



3*Z 

dudv 

dudv 



d log sin o dZ f 9 i • 3 i /9 log sin oNl dl ^ 

[3 1 I 9 1 /3 log cosoxl 3m 

^ log sm . + g^ log (— l^i— )J ^ 



3 1 3m 

?5— log cos (i) -75— 

3m ° 3t? 



= 0. 



(16) 



* Bianchi, Lezioni, p. 101 ; Qer. trans., p. 102. 



t Darboux, Le9onB, Vol. 2, p. 892. 
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When a solution of either of these equations is obtained, the other function cor- 
responding is found from (14) by two quadratures. 

All of these processes for the determination of all surfaces with the same 
representation of their lines of curvature as a given jl-surface come back to the 
solution of a partial differential equation of the second order. But the subse- 
quent steps in the first introduce the least diflSculty, and, consequently, we are 
inclined to give preference to it. 

§2. — ParticvJar A-Sfwr faeces. 

The necessary and sufficient condition that the two equations (15) be the 
same, in which case they have the form (8), is that the two equations 

;5— ;^ log sin o = , ^ ^ log COS o = , 

be satisfied. From these it follows that 

sin^o = UiVi, cos^Q = UfV^j 

where Ui, U% are functions of u alone and F^, V^ functions of v alone. These 
functions must satisfy the condition 

TIiV,+ Z7,F, = 1. (16) 

which, by differentiation with respect to u, becomes 

U'X+ 27JF,= 0, 

from which it follows that either Ui and U^ are constants, or 

Ui = cU^ +d, Fg = — cFi, 

where o and d are constants. When these values are substituted in equation 
(16), one finds that F| and F, are constants. Hence, the above conditions are 
satisfied only in case o is a function of a single variable, say u. Then, from 
(14), one has that Z is a function of u alone and m is given by two quadratures. 
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so that all these surfaces are given hy quadratures. Let us consider them more 
minutely. 

Since <d is a function of u alone, we have from (6) that A is also a function 
of u alone, and, consequently, the lines of curvature v = const, are geodesies.^ 
They, therefore, belong to the class of surfaces, considered by Monge,f whose 
lines of curvature in one system are plane and the surface is generated by this 
curve when its plane envelops a developable surface. Again, the coefficients in 
(4) are functions of u alone, so that the lines of curvature are represented on the 
sphere by a system of great circles with a common diameter. Hence, the 
generating developable is cylindrichl, so that the surfaces are so-called moulure 
surfaces. 

Now, equation (7) reduces to 

-v-j = sin 0) coscj, 
from which, by integration, we have 

where a is an arbitrary constant. In general, the integral of (17) is an elliptic 
function of t^, but when a is zero, the integral is 

tan-|-=oe". (18) 

Now equation (8) can be integrated ; the complete integral is 

ij/ = coso Z7'4- F, 

where U and V are arbitrary functions of u and v respectively. For this case, 
X, Y, Z are given by quadratures, and after these have been determined, all the 
corresponding moulure surfaces are given directly by formulas (9). The pseudo- 
spherical surfaces with this representation of their lines of curvature are surfaces 

* Bianchi, Lezioni, p. 144; Ger. trans., p. 148. 

t Application de 1 'Analyse d la Qeom6trie, 6th ed. , p. 822. 



of their Lines of Curvature as Psevdospherioal Surfaces. 123 

of revolution, for their linear element is of the form (21). We shall return to a 

consideration of these surfaces. 

Let us inquire now in what cases A and (7, as given by (6), are functions of 

cj alone. Put 

^ = <^(o), C^='4/(g)), 

then equations (6) become 

^ + ^z=lO, ^ — ^z=zO. 
Eliminating ^4^ , we get 



so that J. = C| cos Id + ^ Bin o, 

G ==:Ci sin G) — c^ cos 0), 



(19) 



where C| and c^ are arbitrary constants. If, in particular, we establish between 
these constants a relation such that we can put 

Ci = cos a, Cg = sin a, 

where a is a constant (and thus consider a sub-class of the surfaces with the 
values (19)), we have 

ji=:cos(ci> — a), 0^= sin (o— T a). 

Hence, among all the surfaces of Bonnet arising from a solution q of equation 
(7), there is a family whose linear element has the form 

c&* = cos* (o — a) du^ -f- sin* (u — a) d/if, (20) 

where a is the parameter of the family. It is important to note that all the 
surfaces with this linear element belong uniquely to the class with the function 
Ci>, for, when g> is a solution of equation (7), o — a cannot be an integral for any 
value of a except zero. When a is zero, the above linear element becomes 

cfo* = cos* 0) rfw* + sin* o dt;*. (21) 

But this is the well-known characteristic form of the linear element of a pseudo- 
spherical surface of curvature minus one referred to its lines of curvature. 
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It is readily seen that all the parallels of pseudospherical surfaces belong to 
the class for which A and G have the forms (19). For, if the constant distance 
be denoted by a , the following relations obtain among the fundamental coeffi- 
cients Ej F, O; i, if, -AT of a surface and the similar functions ^i, -Fi, 6ri ; 
Li, Ml, Niof its parallel :♦ 

E,= e(i—-^) + ai Fa C-i- + i) - 2] , 



V PiPa/ L \pi Pi/ J 

^ pip8^ L ^ pi pt ^ J •• 



(22) 



For the pseudospherical surface referred to its lines of curvature, these quanti- 
ties have the forms 

E = A^ =cos«o, F=0, G=C^ =sin«6>, 

Z= — = sin6>coso, if = 0, N= — = — sin o cos o. 
Pi pi 

From these we get by a ready calculation 

j&i = Al= (cos o — a sin gj)^, O^ = Of = (sin o + a cos o)*, (23) 

which are evidently of the form (19). These expressions for A^ and Ci differ 
from those of (19) by the same constant factor, so that we have the theorem : 

The only A-aurfaoes for which A and G are functiona of 6> alone are pseudo- 
spherical surfaces, their parallels and the homothetics of these. 

In order to find the ji-surfaces whose principal radii are functions of one 
another, it is only necessary to recall the theorem of Weingarten*^ that this 
problem reduces to the determination of orthogonal systems on the sphere such 
that the corresponding linear element can be given the form 

* Knoblauoh, Einleitung in die AUgemeine Theorie der Krummen Flaohen, p. 885. 
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where x is a function of u and v, and that when such a system is found, the prin- 
cipal radii of the surface with this representation of its lines of curvature are 
given by 

pi =<?>(x), Pfi = ^{7c)—x^'{x), (26) 

whet'e the prime denotes differentiation. Comparing (24) with (4), one finds 

pi =: — tB.no + c, p35 = cota4-c, (26) 

where c is a constant of integration. When c is zero, the total curvature of the 
surface is minus one, and for other values of c the surfaces are the parallels of 
the former. Hence the theorem : 

The pseudospherical surfaces and their parallels are the only Weingarten sv/r- 
faces which are A-surfaces. 

§3. — Lie Transformations of A-Surfaces. 

Thus far we have considered only the lines of curvature as parametric. If, 
now, we effect the change of parameters given by 

. = !!+•. ^=»_^, m) 



2 ' 



the equation (7) takes the form 



3^o - /««\ 

pp-^ = sm6> coso. (28) 

Lief has remarked that if cj(a, ^) is a solution of this equation, so also 
is o (may -^j for any value, except zero, of the constant m. If, then, o (w, v) 

* Darboux, Lemons, Vol. 8, p. 819. 

t Ueber Fl&chen deren KrUmmnngsradien durch eine Relation verkntlpft Bind, Archiv for Mathe- 
matik og. Naturvidenskab, Vol. 4, p. 610 ; also Darboux, 1. c, p. 881. 
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is a solution of equation (7) and, consequently, o{a + fi, a — /3) of equation 
(28), it follows that o Cam + — , oLfn f—j is a solution of the latter equa- 
tion and, consequently, 

r {m^ + l)u + {m^—l)v {m^—l)u + {m^ + l)v l 
"L 2m ' 2m ] 

is a solution of (7). If we put —^ in place of m, this takes the much 

simpler form 

^/u-vcosa v-uco8a\ ^^s) 

\ 8in<T sm<T / ^ ^ 

where evidently or is a constant taking any values but and n. 

When this observation of Lie is considered in connection with the pseudo- 
spherical surfaces arising from the integration of equation (7), it is seen that the 
knowledge of one surface of this kind leads to an infinity of them. But this 
so-called transformation of Lie is equally applicable to any surface of Bonnet and 
leads to a more general result. Thus, if we have given any surface of Bonnet 
referred to its lines of curvature, and the linear element of the sphere in the 
form (4), we have the spherical representation of an infinity of groups of these 
surfaces, and the determination of them all requires the integration of equation 
(8), in which u has been given the general form (29). 

It is evident that when the given surface is a parallel of a pseudospherical 
surface, that is j1 = <^(cj) and C= ^(ci), the linear element of a Lie transform 

,. .,1 J'ii ji jy 1 jvW — V cos <T J V — U cos <T 

18 obtamed when u and t; in J. and G are replaced by ; and = 

^ "^ sm (T sin <T 

respectively. We inquire for all cases of this kind. If the above expressions 

be denoted by Uj and vi, we must have from (6) 

C(ui, t?i) ^ dv ' -4(mi, vi) du Bm * 

of which the first reduces to 



1 P^K>^i) cot ^ 1„ 9^ K^i)"] 



cui cvi smcr ^ ^ 
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But 1 ^AK'J^i) — 9w_(w|_, jTi) vooN 

80 that the above reduces to 

1 dA (til , Vi) _ did (Wl, Vl) /ggX 



(7(^1, Vj) 3ai dui 

These two relations show that -A is a function of w ; similarly, (7 is a function 
of (d . Hence, only for pseudospherical surfaces and their parallels does the above 
change of parameters give the linear element of the new surface. 
If in the transformation (29) we replace <t by 7t — cr, it becomes 

^/u^vcosa v + ucosa\ ,3^. 

\ smcr sincr / ^ ^ 

When the transformations indicated by (29) and (34) are applied consecutively 
to a function o(u, v), one gets the latter again. Hence, if the Lie transforma- 
tion of angle a be denoted by Z,, this result may be indicated by 

Zr^=i,-.. (36) 



§4. — Complementary Transformations of A-Surfaces. 

We are now going to establish for ^-surfaces transformations analogous 
to the transformations of Bianchi of pseudospherical surfaces. We begin with 
a short development of the latter.* 

Consider a pseudospherical surface S referred to the moving trihedron 
previously defined and whose fundamental functions and their relations are 
given by (21), (4), (6), (6) and (7). Through the point M and in the tangent 
plane we draw a line making an angle 6 with the x-axis. Denote by Mi the 
point on this line at unit distance from M. Its rectangular coordinates with 
respect to the trihedron are evidently 

cosd, sin d, 0. 



* Darboux, Legons, Vol. 8, p. 43(L 



18 
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When M moves over S, the projections of the displacement of Mi on these axes 



are' 



dci> 



— sin Qd^ + cos gk?u — ( -^ du + ^— dv\ sin d, 



cos QdQ + sin odt? + ( -^ du + 



^.^'*'*-^l^''")'^^' 



cos 0) sin fldt? — sin o cos dciw . 



(36) 



We consider now the locus of the point Mi which we denote by aS, , and we 
demand the conditions which d must satisfy in order that the line MMi be tan- 
gent to Si at Ml and the tangent plane to Si be perpendicular to the tangent 
plane to S. Then the direction-cosines of the tangent plane to ^Si at M^ are 



+ sind, — cosd, 0, 



(37) 



and since the tangent to the above displacement must be in this plane, we must 
have 



'«+(^- 



sm d cos G) J du + (-^ + s^° ^ c^s j c?t; = 0. 



Equating to zero the coeflScients of du and dn) , we have, for the determination 
of d, the two equations 



4- ^5— = cos 6) sm 0, 






3v 



BtT 3te 



= -— sin 6) cos 0. 



(38) 



If Q be eliminated from these equations, we are brought to equation (7), so 
that these equations are compatible. Moreover, if o) be eliminated, it is found 
that d satisfies equation (7). 

By means of (38) the above expressions for the projections of the displace- 
ment of Ml can be put in the form 

cos Q (cos 6) cos Qdu + sin o sin 6dv) , 
sin Q (cos 0) cos Qdu + sin o sin Qdv)^ 
cos 0) sin Qdv — sin o cos Qdu , 



»Ib.,Vol. 8, p. 885. 
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from which it follows that the linear element of Si is 

(fof = COB* ddu^ + sin* Och^. 

Since d is a solution of equation (7), it follows that Si is a pseudospherical surface. 
Hence, if we draw through a point of a pseudospherical surface of unit curva- 
ture a line in the tangent plane and making an angle d, given hj (38), with the 
tangent to the line of curvature v = const., the locus of the point at unit distance 
on this line is a pseudospherical surface whose tangent plane is perpendicular to 
the corresponding tangent plane to S. Darboux calls this the transformation of 
Bianchi. Since the system (38) can be replaced by a Riccati equation,* it fol- 
lows that involves an arbitrary constant, and, consequently, there is an infinity 
of such transforms. 

The surface /^, which is the transform of /S^ corresponding to a given angle 
6, may be defined, in another manner, as the envelope of the plane through M 
perpendicular to the tangent plane to M and meeting the latter in a line which 
makes an angle 6 with the tangent to the line of curvature, v = const. We shall 
consider the character of this envelope when S is any ^.-surface. The coordi- 
nates of the point Mi, where this plane touches the envelope, are evidently of 

the form 

Xco&d, /Isind, (ly 

where % and (i are functions of u and v, which have to be determined. 

The projections on the moving axes of a displacement of Mi have the fol- 
lowing expressions : f 



d^ = cos ddX — Jl sin &dd + Adu + (i sin odu — (-^ du + ^- dvj Jl sin 6, 

^du+ ^ dvj ^cos 6— (I cos (jcfo, 
d^=zd(i + % cos Gidv — Jl sin o cos 6du . 



(40') 



* Bianchi, Lezioni, p. 429 ; Germ, trans., p. 454. 
t Darboux, Lemons, Vol. 2, p. 886. 
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Since Q is to be a solution of the system (38), these expressions can be put in the 
form 

dj^ = Tcos B « — + ji + /[£ sin cj — ^ sin^ d cos « J du 

+ (co&B ^— + J^* sin G> sin cosdj do, 
sin p^ — + Jl cos B sin d cos g) J (2u j- ^40) 

+ Tsin Q ^ y G — ji£C0S(j — X cos* d sin o) rft?, 

df = r ^ — ;i sin cj COS d j dw + r ^- + ^ cos (j sin J efo. 

From the expressions (37) for the direction-cosines of the tangent plane to /Si, 
it follows that the above values must satisfy the equation 

sin Qd^ — cos Qdtq = 0, 
which by (40) reduces to 

sind (/I coso — fi siuQ — -4)rfu+ cos6(C7 — X sino — ^ coso)) dv = 0. 

Equating to zero the coefficients oidu and dv^ we have 

A = ^cos G> — (i sin o, 



C' 



from which it follows that 



= ^cos G> — (i sin o, ) 
= ^ sin o + f^ cos £>, ) 



(41) 



X = j1 cos o + 6!^ sin 6), ) 
f4 = — -A sin o + G cos q. ) 

Substituting these values for % and ^i in (40), the latter become 
d^ = cos I cos o je— + sin o ^— + f* ^^ +a cos d cos « I dlw 

+ cos d I cos o jy— + sin Q ^ — h f^ -^ + Jl sin sin <o I do, 



(42) 



c2>7 = sin d I cos to ^ + sin o ^-- + /u -jc^ + Jl cos d cos 6> I du 

+ sin I cos 0) ^— + sin 6) ^ — ^■ f* 3~ + A* sin sin w do, 

dC'=\ — sin o ^— + cos o ^5— — Jl 75^ — A* cos Q sin o I ciw 
\_ du du ou J 



+ 



[ 



dA , 30 ^3<«),^ -/ill 

sm « -:5— + cos G) ^ X-^ +XcoB(j8in 6 Idv. 

dv dv dv J 



(43) 
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From this we have for the linear element of Siy 

We are now in a position to show that the surface ^i is an ui-surface. It 
has been seen that all the surfaces of Bonnet corresponding to the same func- 
tion o have parallel tangent planes and their lines of curvature in correspon- 
dence. Let X denote the pseudospherical surface related in this manner to our 
original surface S, and m denote the point on the former corresponding to if on 
the latter. Since the trihedrons at M and m are parallel, the plane through m 
perpendicular to the tangent plane at m and forming an angle 6 with the x-axis, 
envelopes the pseudospherical surface Xi, which is the Bianchi transform of X 
for the angle 6. Hence Si and Si correspond with parallelism of tangent planes. 
Again, the parametric curves on Si correspond to the linesof curvature on aS', 
consequently to the similar lines on S and, therefore, to the lines of curvature 
on Si- Hence, the parametric lines on Si^ which form an orthogonal system 
(44), are represented on the sphere by such a system, so that these lines are lines 
of curvature for Si. Thus Si corresponds with Si with parallelism of tangent 

planes and lines of curvature, and, therefore, is an ^.-surface. 
If we write (44) in the form 

dsl = Aldu^+ G!ch^, 

it is readily shown by (6) and (38) that 

_1^ dAi_de 1 dGi_ de 
Gi dv S^ Ai du du 

which verifies the above geometrical reasoning. Hence : 

Griven an A-svrface corresponding to a solution o of equation (7). If planes 
he drawn perpendictdar to the tangent planes through the point of contact and mak- 
ing an angle d, given by (38), with the tangents to the curves v = const., they envelop 
a new A-surface corresponding to the solution 6 of equation (7). 

In order to find all the transform of S we must have the general integral 6 
of the system (38). If d| denote any particular integral, the general integral 
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d ifl given by * 

cot(^) = fi^-% (45) 

where aj and (3i are given by the quadratures 

dai = cos di cos (ddu+ sin di sin o dy , ) . . ^v 

d^i = e*» (sin 6^ cos co rfw — cos di sin o (fo) ; ) 

the right-hand members are readily found to be exact differentials when it is 
noted that di satisfies (38). Since these quadratures are general, it follows 
that 6 involves an arbitrary constant so that there is an infinity of transforma- 
tions of /S. But each of these transforms is only one of a group of -4.-surfaces 
with the same spherical representation of the lines of curvature. From (8) it 
follows that the complete determination of all these surfaces arising from a single 
-4.-surface requires the integration of the equation 

3*'4' d log sin d 3^ d log cos 6 ^^^ _ q /^^x 

dudv Bv du du dv ' 

It is evident that d, as given by (45), is the same for all jl-surfaces belong- 
ing to the same function o . Hence, when all the surfaces arising from the gen- 
eral integral of (47) are determined, we have among them the transforms of all 
the surfaces with the same spherical representation as S. 

Proceeding as in the case of Sy we have that the transformation of the 
transforms of S and of all jl-surfaces belonging to the same o requires the solu- 
tion of the system 

5^ + ^—= cos0sm<^, 



Su dv 
dv du 



(48) 



Now ^1 = 6> + ^ is a solution of these equations, hence the general integral for 
surfaces corresponding to the angle di is given byf 

cot (^^) = - ri^, (49) 



* Darboux, Le90D8, Vol. 8, p. 458. t Darboux, 1. c. 
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where ai is given by (46) and yi by the quadrature 

dyi = e" '* (cos Oi sin c^du — sin Oi cos o dv) . (50) 

Thus, by a quadrature, we have the general function ^ for the transformation of 
surfaces which are transforms by di of S and the surfaces of its class. 
The formula (46) can also be written 

cot(*'--l') = -^e-% 

where a and /3 are given by (46) when di is replaced by 6. Between these func- 
tions exist the relations 

so that a and /? are found by algebraic processes. Again, formula (49) can be 
written 



cot 



(^0 = y^' (*'') 



where y is given by the quadrature 

dy = e~*(cot6 sina)c2u — sin 6 cosoidv). 

Hence, it requires this further quadrature to obtain the function ^ giving the 
transformations of all the transforms of S and the surfaces with the same repre- 
sentation of the lines of curvature. And all the other surfaces of this third gen- 
eral group of surfaces follow from the integration of an equation of the form (8) 
in which cj has been replaced by the general solution of (49'), which involves at 
least two arbitrary constants. We shall consider further transformations later. 

§5. — Particular Transformations. Associated Cyclic Systems. 

We shall consider now the expressions for X and (i. For X to be zero, we^ 

must have 

A:=lsijici, C = — Zcoscj, 
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where I is an auxiliary function. From (6) we find that Z is a constant, and, 

consequently, from (4) and (13), the corresponding surface is a sphere. 

When S is pseudospherical, ^ is unity and fi is zero. For the latter to be 

satisfied, we must have 

^ = ?cos<i), (7 = Zsino, 

where I is an auxiliary function. From (6) we have that 2 is a constant ; hence, 
only in the case of pseudospherical surfaces is (i zero. For this case, S and Si 
are the focal nappes of a rectilinear congruence, which is normal, since the tan- 
gent planes are perpendicular. For none of the other jl-surfaces do the lines 
of intersection of the tangent planes to S and S^ form a normal congruence. 
Hence : 

Upon the pseudospherical surfaces the curves 6 = const, are geodesies, and on 
no other A-surfaces. 

We seek now all the cases for which X is constant. If we substitute the 
values of A and C as given by (41) in (6) and consider X constant, it is found 
that II also is constant, unless (■> is zero ; similar results follow from the hypoth- 
esis that (i is constant. Now, the formulas (41) take the form (19), so that the 
only A'Swrfaces for which X and (i can be constant are pseudospherical surfaces and 
their parallels, excepting in the case where o is zero^ 

This was an evident solution of the problem, for, from the manner in which 
parallel surfaces are associated with one another, it follows that a transform of 
angle for OAe is the same for all. Hence, if a denotes the distance between the 
tangent planes to a pseudospherical surface and a parallel, for the latter X is the 
same as for the former and /t^ is plus or minus a according to the direction. 

It has been seen that the transforms of the parallels of a pseudospherical 
surface are surfaces of this kind. We seek the general conditions which a sur- 
face S must satisfy in order the transforms are pseudospherical. From (39) and 
(44) it follows that we must have 

1^ +(7|^ +(;i-€)co8e = 0, 
ou ou ^ 



f#-^l?- + (^-O"ti0 = o. 



dv dv 



* This wiU be discussed later. 
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where b is plus or minus one. By means of (6) this can be written 

~{A' + G^)-2A{B-%)<^o%e, ^{A^+G') = 2C{e — X)8ine. (51) 

It is readily found that these equations are compatible when is a solution of 
equation (38). Then, from these equations and (42) it is seen that a necessary 
condition is that given by 

i [I, (^' + ^') J+ -C^ [I (^* + ^') J=^ (^ cos a. + C7 8in u - e)\ 

When this condition is satisfied and 6 given by either of equations (51) satisfies 
equations (38), not only is the corresponding surface capable of such a transform 
but the transforming angle is given. 

Equations (51) are satisfied identically when A^ -|- C^ is constant and X is 
plus or minus one. For the former case we have 

A=:tcoaa, G=^t sin a, 

where t is constant and a is an auxiliary angle. If these values be substituted 

in (6), it is foimd that 

a = 6) — a, 

where a is a constant. Hence for % to be a constant and -4.* + C* to be constant, 
the surface S in both cases must be parallels of a pseudospherical surface. It is 
to be remarked that this is the only case where is not determined by equations 
(51). Hence, although there may be ^1 -surfaces capable of a single pseudospher- 
ical transform, the pseudospherical surfaces and their parallels are the only sur- 
faces which have an infinity of such transforms. 

It has been noticed that the system (48), which gives the angle of transfor- 
mation of the surfaces S^ admits the solution ^j = cj + n. The corresponding 
transform of Si has for its spherical representation the linear element (4) and, 
therefore, belongs to the group of the original surface S. When the latter is 
pseudospherical, it coincides with this new surface S'. Moreover, this is true 
only for this case, for when (i is not zero, the tangent planes to S and S^ are not 
coincident but parallel. Therefore, if S is an -4-surface other than a pseudo- 

19 
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spherical surface, we can get another of the same class as soon as we have a 
transform Si of S. With this same function 6 we can continue to get -4-surfaces 
belonging to the original group unless two of these surfaces S have the same 
transform, or we are brought to a pseudospherical surface or one of the sur- 
faces reduces to a curve or point. Later, we shall have an example of this last 
exception. 

As a verification of the fact the plane through Mi and parallel to the tangent 
plane to S at Mi envelops an il-surface of the same class as aS', we have only to 
show that the value for fi given by (42) is a solution of equation (8). This is 
readily done in consequence of the relations (6). 

We shall seek now for the coordinates, with respect to the trihedron for S, 
of the point of contact to the above envelope. These can be written 

X cos a, % sin a, fi, 

where /i must have the value (42) and X and a are to be determined. For this 
we make use of (40) and have only to express the condition that d^ is zero. 
This gives the two equations 



^— + C ^ h'^cosa = 0, 

du cu 

>s A r^ h X sm a = 0, 

dv ov 



(51') 



which can be written 



^{A^ + G^) + 2%A cos a = 0, |- {A^ + (7) + 2;ia sin a = 0. 

As in the case of equations (51), the above are compatible, so that we can deter- 
mine X and a at once, and then the surface completely. 

The envelope of this plane is parallel to S when \ is zero, which is possible 
only in case J.' + C* is constant, that is, only when S is pseudospherical or the 
parallel of such a surface. This could be seen also from the fact that fi must 
be zero, which leads to this particular case. 

It has been seen that when /S" is a pseudospherical surface, the lines joining 
corresponding points on S and Si form a normal congruence. We inquire 
whether this is a general property for -^.-surfaces. 
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If we denote by '4' the angle which this line forms with its projection on the 
tangent plane to S, it follows from the expressions for X and (i that 

._ I — -4 sino + C7C08O • J. cos o + (7 sin o ,_^v 

sm'u/^ ^ — , cos'w = — \ — ^ — (52) 

Denote by p the distance, measured along this line, from M to the point m of 

intersection with a normal surface ; then the coordinates of m with reference to 

the moving axes are 

p cos '4/ cos d, p cosi^ sin , p sin 4^. 

The expressions for the displacements of m are readily found in a manner simi- 
lar to (40). If we note that the direction -cosines of the line are 

cos '4^ cos d, cos '4^ sin 0, sin '4/, 

the condition that the displacement be normal to this line can be reduced to 

dp + -4 cos 6 cos '4^du + (7 sin 6 cos tl/dv = 0, 

which can be replaced by the two equations 

S^ +^cosOcos^ = 0, |P- + (7sinecos^ = 0. 

Expressing the condition of integrability and in the reduction making use of 
(52) and (6) we get 



{A sino— (7cosG))rC7^sin e^ logVil^ + (p 



+ A^coBd^ log \/^' + (P + AC aind cos 01 = 0, 

when the first factor is equated to zero, we get pseud ospherical surfaces, as we 
have seen before. It is evident that the second factor doesn't vanish in general. 
But there are exceptional cases when it is satisfied. Thus, it will be found later 
that there are certain ^.-surfaces which admit a point for a transform, in which 
case all the above lines meet in this point and hence are cut at right angles by a 
family of concentric spheres. 
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It is important to notice that the expressions (42) for X and (i do not 
involve 6. Hence, the points of the transforms of S corresponding to ilf lie on a 
circle of radius X and whose plane is parallel to the tangent plane at M and at a 
distance (i from it. Moreover, this circle cuts the infinity of transforms of S 
orthogonally. Hence, these circles form a cyclic system and the axes of the 
circles are the normals to S. And it is well known that these normals form the 
only normal cyclic congruences.* Hence : 

Tfie circles of a cyclic system whose congruence of axes is normal to a family of 
parallel surfaces S are the loci of the points on the transforms of S corresponding to 
the points of intersections of the normals with S. 

For the circles to be equal, % must be constant. Preceding results enable us 
to state this theorem :f 

When the circles of a cyclic system are equal and the congruence of axes is 
normal to a family of surfaces, the loiter are the parallels of a pseudospherical sur- 
face. Moreover f the circles lie in the tangent planes to the latter y and have the points 
of contact for centers. 

In consequence of a preceding result, we have the theorem : 

The planes of the circles of a cyclic system, whose axes form a normal congru- 
ence, envelope an A-surface with the same representation of the lines of curvature as 
the surfaces orthogonal to the congruence. When these latter surfaces are the paral- 
lels of a pseudospherical surfaxae, and only in this case, the above envelope belongs to 
this family of surfaces. 

§6. — Surfaces of Bianchi and their Transformations. 

In the introduction we have given Bianchi's definition of these surfaces and 
shall now determine their analytical expressions in the manner which he has 
suggested. With him we shall refer to them throughout the discussion as the 
surfaces S . 

If we denote by p and q respectively, the distance from the origin upon the 
tangent plane and one-half the square of the distance to the point of contact, 

• Bianchi, Lezioni, p. 388 ; Ger. trans., p. 363. f L. c, p. 832 ; Ger. trans., p. 351. 
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these surfaces are characterized hj the equation* 

2gr + *— (pi + p,)|) + p,p, = 0, 



(53) 



where p^ , ^ are the principal radii of curvature and % is a constant, which is 
positive, negative or zero according as 2 is of the elliptic, hyperbolic or parabolic 
type. The corresponding fixed sphere has its center at the origin and its radius 
\/db h. It is important to remark that all the parallels of a surface X are 
surfaces of Bianchi of the same type, since the centers of curvature are the same 
for all parallel surfaces. 

Let S be the pseudospherical surface with the linear element (21). The 
direction-cosines of the tangents to the lines of curvature, denoted by Xj , Fj, Zi\ 
X^, Tf, Z2, have the following expressions : 



x,= 



1 dx 

COBO du ' 



X=-. 



dx 

sin o dv ' 



(54) 



and similarly for Fi, . . . . , Z,. Recalling our previous definition of the posi- 
tive directions of these lines, we can deduce the following : f 



-^^ = ^— -2l| — sm oX , -7^ = 
en dv Cu 

dv dv ^ ^ dv 



= — sinoXi, 



9ci) jy- dX 

dv ^ ' du 

d(l> XT . XT dX XT 

-^ — JLi + cos QJLy 7s — = — COS 0JL2, 

du dv 



(66) 



and similarly for the F^s and Z^a. 

Denote by S[ the transform by the particular integral di of the pseudospher- 
ical surface /S' with the linear element (21). Then the linear element of Si has 

the form 

dsi* = cos^ di du^ + sin* Q^d'^, 

which, by means of (46) and (50), can be put in the form 



* L. c, p. 347. 



t Bianchi, Lezioni, p. 04 ; Qer. trans., p. 04. 
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If, now, the method ofWeingarten * for the determination of surfaces satisfying 
equations of the general form (53), be applied to Si, we get for the coordinates, 
with respect to fixed rectangular axes, of the new surfaces 

But the coordinates of S'l with reference to these axes are 

«! = a: + cos Q^Xi + sin QiX^y 

and analogous expressions for y[ and z[. When these values are substituted in 
the above and one takes account of (46), (50) and (55), one gets 

^ = c-*> (cos e^Xi + sin diX,) + yiX, (56) 

and similarly for yi and ^ . From this we have by differentiation 



^ = — {er '" cos cj — Yi sin o) X|, 
^ = — (e"'" sin o + yi cos o) X^, 



(67) 



from which it is seen that the tangent planes to X and S are parallel. More- 
over, these equations show that the parametric system on X is orthogonal, and 
being represented on the sphere by an orthogonal system, they are the lines of 
curvature for 2, which shows that the latter is an -^-surface. From (57) we 
have 

A! = (e""'» coso — yi sin o) , C = — (c"** sin o + yi cos o) ; (58) 

it is readily found that these values satisfy the conditions (6). From (66) we 
find 

and from (58), 

Pj = yj — 6""*» cot 6), pg = yi + e"'» tan G). 

* C. R. March 88, 1891, and March 18, 1808. 
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When these values are substituted in (53), it is found that k is zero, so that the 
surface defined by (56) is a surface of Bianchi of the parabolic type. Moreover, 
each particular integral of equations (38) gives a new surface of Bianchi of this 
type. 

We pass now to the determination of the surfaces of Bonnet, which are the 
transforms of the above surface 2. From (58) and (42) we have for the corre- 
sponding values of /I and (i, 

;i = — «"'S fi = — y^, 
so that the coordinates of the transform are 

^1 = ^ — 6"-» (cos dXi + sin ex,) — yiX, 

and similarly for >7i and ^j, where -Zj, Fi, Zi ; X^, I^, Z2 are the direction- 
cosines of the tangents to the lines of curvature of 2, and since these are paral- 
lel to the corresponding tangents for /S, they have the values given by (54) and 
(55). When the value of ^ from (56) is substituted in the above, the latter 

becomes 

^1 = 6~ •> [(cos 6^ — cos 6) X^ + (sin Qy — sin Q) X^ . (59) 

From this and similar expressions for y^i and ^1, it is evident that when X is 
transformed by means of the same angle di which is used in its definition, the 
transform Xi reduces to a point, namely, the origin in the above system of coor- 
dinates. For the other transforms we have from (59) , 



-^ = e" •* (cos di — cos 6)[X^ cos a cos 6 + X^ cos cj sin 6 — X sin cj] , 
~- = 6""' (sin di — sin ff)[Xi sin o cos &'+ X^ sin o sin 6 + JT cos cj] . 



(60) 



From these we get for the coefficients of the linear element of 2i, 

J.^ =6— ' (cos ^1 — cos 0) , (7i = e-"»(sin Oj — sin 0). (61) 

From (59) we have 

that is, the radii vectores of the surfaces Xi are parallel to the corresponding 
tangent planes to 2 . 
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The preceding investigations show that the normals to Xi have for direc- 
tion-cosines the expressions 

sin QXi — cos d-Zg , sin QYi — cos Q Y^ , sin QZi — cos QZ^ , 

so that from (59) we have, for the distances from the origin to the tangent 

planes to Si and half the square of the distance to the point of contact, the 

expression 

i?i = — e-*' sin (01 — e), ^i=6-»"» [i_cos(ei — 0)]. 

Again, the principal radii of curvature have the expressions 

e"" *» (cos ©1 — cos 6) e" '» (sin Q — sin Oj) 

When these values are substituted in (63), the latter is satisfied identically if Aj 
is zero. Hence : 

ATI the transforms of a surface of Bianchi of the parabolic type are surfaces of 
Bianchi of the same type and one reduces to a point. From the previous remarks 
about the associated cyclic systems, it follows that all the circles must pass 
through this point, so that — 

The circles of the cyclic system whose axes are the normals to a surface of Bian- 
chi of the parabolic type^ pass through a point and the infinity of surfaces orthogonal 
to these circles are surfaces of Bianchi of the same type. 

We have seen that the transforms of these surfaces Xi by the angle o) + 7t 

are one surface, namely, the envelope of the plane parallel to the tangent 

plane to S and at a distance ^i from it. Moreover, this is also the envelope of 

the planes of the circles of the cyclic system associated with 2. The function 

\ for all the transformations of the surfaces 2i is found from (61) by (42) to 

have the value • 

;ii = e-*i [cos (e — di) — 1] . 

When this value and those for A^ and G^^ given by (61), are substituted in for- 
mulsB similar to (44) and co + tc is the angle of transformation, we find that the 
coeflBcients A'\ (7" of the linear element of this transform take the value zero. 



of their Lines of Curvature as Pseudospherical Swrfdces. 143 

so that the transform is a point. We know that the coordinates of this point 
with respect to the trihedron of IS are 

/Icosd, ilsind, 11^ 

where X and are given by (51') and (i is — yj. If the values for A and G 
from (68) are substituted in (51'), it is found that 

x = — e-% e=e,. 

This shows that the original circle for X passes through this point, so that 
we have the following theorem ; 

The Sfwrface of the same class as 2 , which is the transform of all the surfaces 
2i , w a point and the same one through which pass all the circles of the cyclic system 
associated with S. 

But every solution of the system (38) gives a surface 2, and the above point 
is the origin in every case. Hence the theorem : 

Among all the normal cyclic congruences^ whose devehpables have the same 
spherical representation^ there is an infinity whose associated circles pass through a 
point, the same for all the congruences. 

Bianchi has shown that this theorem is true for all cyclic congruences.* 
In a purely geometrical manner, Bianchi has established the following theo- 
rem concerning surfaces 2 : f 

If one take any surface 2i of the paraholic type and a sphere Sq uyith center at 
the origin, the circles normal to Xi and which cut the sphere in diametrically opposite 
points or orthogonally admit an infinity of orthogonal surfojces which are in every 
case surfaces X of the parabolic type^ and the axes of these circles are cut normally 
by a family of surfaces X of the elliptic type in the former case and of the hyperbolic 
type in the loiter ; when Sq reduces to a point, the latter family is composed of sur- 
faces of the parabolic type. ^ 

In accordance with this theorem, Bianchi finds the analytical expressions 
for these surfaces. We shall recall his results briefly and then apply to these sur- 
faces the above transformations. 

* Lesioni, p. 835 ; Qer, trans., p. 858. t Anuali> 1. o., p. 867. 

20 
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Bianchi takes for the surface Si of the parabolic type, one which is derived 
from the pseudospherical surface S in a, manner similar to the derivation of S 
from Si. The coordinates of a point on Xi are found to have the expressions 

^1= (c* cosOi + /? sin di)Xi + {er sin di— fi cosei)X,, 

and, similarly, for 171 and ^1 ; a, ^ are the functions given by (46) and Xi .. . Z^^ 
by (54). 

We denote by fo» >7o» fo the coordinates of the center and by R the radius of 
the circle, drawn as indicated in the above theorem, and so that the plane of the 
circle be parallel to the tangent plane to S; we have 

^o = ^i + B (cos d,X, + sin e,X,), 
whence 

^^ = [(e- +B)co8d^ + ^ sin d J X^ + [{^ + R) sin ^i — /? cos 6 J X^ , 

and, similarly, for t^q and ^o- ^ accordance with the above definition of the 
surfaces, one must have 

where % is a constant, positive or negative according as the circles cut the sphere 
of radius \^±z k in diametrically opposite points or orthogonally. This condi- 
tion leads to 

c- + i2 = 4[e--(/3«+fc)e— ], 

so that the above expression for ^q can be written 

f ,= [4 { e- -(/?» + fc) e- } cos Oi +/? sin ^i] ^1 

+ [t K — (/^ + *) ^-'l sin 6, — fi cos ej X^. (62) 

The congruence of the axes of these circles is defined by the formula 

f = |o + <-^, v = *li> + tY, ^=^„ + <Z. 

For these formuls to define a surface normal to the congruence, t must satisfy 

the condition 

l,Xdi = ; 
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this gives for the determination o£t, in consequence of (62), the equation 

dt=l^{ef'—{^ + k) e-'\ cos dj + /? sin 0J sin odt* 

— [i K— (i^* + *)«"'[ sin di — i3 cos dj cosodu ; (63) 

the right-hand member can readily be shown, by means of (38) and (46), to be 
an exact differential. Hence, the normal surfaces are given by 

^ = [i {e" — (|9» + k)e-'\ cos 6^ + fi sin 6,] X, 

+ [i ]«"— (iS* + *)e-"f sin 0, — ^3 cos dj X, + <X, (64) 

and analogous expressions for vj and ^. From (64) one gets 



|i- = [1 {e- + ((3* + &)e-'} coso + t sin a] Xj, 
4^- = [i {«• + (i3* + A;) e-"} sin o — < cos o] Z„ 



(65) 



from which it is readily seen that the parametric system on these surfaces is 
orthogonal, and since these lines have the spherical representation (4), it fol- 
lows that the surfaces defined by (64) are surfaces of Bonnet. Prom (66) we 

have 

A = i\e^ + (^ + k)€-'^] cosG) + < sin o, ) .^^. 

G=i\er + {^ + k)e-'^\ sin o - < coso, ) ^ ^ 

which values are readily found to satisfy the condition (6). Bianchi * shows 
that the equation (53) is satisfied by these surfaces and k has the same meaning 
in both. We proceed now to find the transforms of these surfaces. 
In accordance with the formulsB (42), one has at once 

J^=4i«" + (/3*+*)e— }, (i=-t, (67) 

and by (44), 

Ci = ijc- — (/3« + &)e— [sin ei — z^cosdi + i ]e* + (/?• + ifc)6—[ sin e.r ^ 

We can find directly the coordinates ^i, >7i, ^j, with reference to fixed axes, of 
these surfaces. By means of (67), we have 

^i = ^ + i\^ + {^-\- Jc)e--\[X, cose + X, sine] - tX, 



* Annali, 1. c, p. 868. 
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and analogous expressions for 971 and ^i. If the value for ^ from (64) be put in 
the right-hand member, this becomes 

^1 = [!€• (cos di+coad) + ^{0^+ Jc) e-* (cos — cos 61)+^ sin flj X^ 

+ [ie*(sin fli + sin e) + i{^ + fc) e" - (sin — sin ^i) — /? cos ^J X^. (69) 

When in particular, S is transformed by the angle 0i , the transform is given by 

^1= [c*cosei + /?sinei]Xi + [c-sinOi — /JcosflJXg, 

and similar expressions in rji and ^1 . But this is the surface Xi from which we 
started, and hence is of the parabolic type. Moreover, from the defining theo- 
rem of Bianchi, it follows that all the swr faces defined hy (69) are svnrfacea X of the 
parabolic type, for they form the infinite family of surfaces which cut orthogo- 
nally the circles whose axes are normal to the surfaces X defined by (64). When 
k is zero, one of these surfaces must reduce to a point, namely, the origin. To 
find the value of 0, corresponding we have only to equate Ai and G^ to zero, 
which gives 

(e* + /3*«"*) cos = (|3«e— — c*) cos Q^ — 2/3 sin flj, 
(c* + /3®6— ) sin B = l^e" • — er) sin 6^ + 2/3 cos fli, 

and when these values are put in (69), we get the desired result. 

Again, since the surfaces Xi are of the parabolic type, the circles of their 
associate cyclic system must pass through a point. To find this point, we have 
only to determine the value of ^ which makes Xz reduce to a point. From (68) 
we have, for Xi and [ii, 

Xi= 4 K + (l3' + *)«"1 + 4 \^—{^ + *)«"1 008(^1-0) -f /? sin (61 — 0), 
li^-^{d^ — {^ + k)e-^\Bm{d,-d) — ^coB{d, — e), 

so that if we determine Af^ and G^ from expressions similar to (44), we get 

A2 = Xi (cos o + cos ^), (7a = Ai (sin o + sin ^) . 

From this it is seen that 2a is a point, when any of the surfaces defined by (69) 
are transformed by the angle o + n. On this account the plane through this 
point is parallel to the tangent plane to 2 and, consequently, the length Xi is 
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measured along the line whose direction-cosines are 

— (JTi cos e + X, sin e), — (Fj cos 6 + Fg sin 6), — (Zj cos^ + Z^ sin 6), 

and 11^ along the line whose direction-cosines are 

Xi sin — JT^cosO, I^sinO — Fgcosd, Z^bivlQ — Z^QO^Q. (70) 

Hence the coordinates of this particular surface ^^ ^^^ 

^, = f 1 — Ai {Xi cos + Xg sin Q) + /i£i (Xi sin B — X^ cos &) , 

and similar ones for 172 and ^2* When the values for ^|, >7i, ^^ are substituted 
from (69), they reduce to zero, so that X^ is the origin. Moreover, this is 
entirely independent of the angle 6 by which the surfaces S were transformed. 
Hence : 

The circles of the cyclic system associated with the transform of a svnrface of 
Bianchi (64) pass through the same point as the circles of the cyclic system associated 
with a surface X of the parabolic type^ with the same spherical representation of its 
lines of curvature as the original surface. 

From (68), (69) and (70), we get, for the quantities Pi, qi, pi and p, for the 
surface Si the values 

2<?i = i [6^ + e-^{^+ky] + 4 [c»* — 6-^(/3« + Aj)«] cos {di — d) + /?« 

+ /?[«• + e-^{fP + k)] sin (61- 0), 

Pi = — i [^— e--{^ + A:)] sin (^i - 0) + ^ cos (6,-0), 

_ A^ G^ 

P^~sine' ^~ cosO' 

Between these functions there obtains the relation 

2?i — l>i (pi + ps) + Pip8 = . 

which shows that the surfaces 2i are parabolic and that the associated circles pass 
through the origin, affording a verification of the preceding. 
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§7. — Oeneral Trans/ormaiions of A-sur/aoes. 

We proceed now to the definition of more general transformations of the 
^.-surfaces. We consider the envelope of the plane which cuts the tangent 
plane to such a surface under a constant angle a and along the line through the 
point of tangency which makes an angle 6 with the tangent to the line of curva- 
ture V = const, through the point. It will be found that for determinate values 
of 6 this envelope is an ^.-surface. 

As before we consider ^S'with reference to the moving trihedron ; denote by 
Jf the point of tangency on ^S'and Mi the corresponding point on the envelope 
Si . In the enveloping plane we drop from Mi a perpendicular upon the line of 
intersection of this plane with the tangent plane to S, and denote its length, 
by (I. Further, we let X denote the length from M to the foot of this perpendicular. 
Then the coordinates of M^ with respect to the moving axes have the expressions 

x = X COB 6 — (I C03 a Bin 6, y = ^ sin 6 + jtx cos <t cos 6 , z = ^tx sin <r. (80) 
The projections upon the axes of a displacement of Mi have the values * from (5) 



do 



dx + (^ + ^ sin (J sin <r) du — (^ sin 6 + (i cos <r cos 6) (-pr- du + -^ dv j , 

dy + {G — /£ cos (J sin a) dv + {X cob 6 — (i cob o sin 6) (-^ du + -^ dv j . 
dz + cos G)(X sin 6 +/i£ cos <r cos B)dv — sin a>(X cos 6 — fi cos a sin Q)du. 

We project these three lengths upon the three orthogonal directions formed by 
the line, MP, of the intersection of the two planes, the line, MQy in the tangent 
plane perpendicular to this and the normal, MN^ to the surface. These projec- 
tions are readily found to be 



-^ du + -^^-dv) 



+ (I Bin a (sin o cos 6 du — cos o sin ddv) , 



XdO + cos adfi — A sin ddu + G cos Qdv -f- ^ f "^ du + -^ dv\ 

— ft Bin a (sin g) sin Qdu -f- cos g) cos Qdo) , 
sin ad^i + cos o (Jl sin 6 + /* cos a cos &) — sin a> (X cos Q — ^i cos <r sin Q) . 



.(81) 



* Darboux, Le^nB, Vol. 2, p. 386. 
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The directioQ-coBineB of the given plane with reBpect to the lineB MP, MQ , 

MN are evidently 

0, — Bin (Ti, COB <r. 

Consequently, the necessary and sufiBcient condition that this plane envelope Si 
is that these functions satisfy the equation 

^ sin <r j5 -4. sin 6 sin <t+X -^ sin <r +% cos Q sin g) cos a — ft sin g) sin 6 J dw 

(on o 

A» sin <T ^ - + (7sin cr cos 6+ Jl -^ sin cr — X sin 6 cos g) cos <r 

— /£ cos (.) cos 6 j dv z= . (8 2) 

We consider first the case where S\b pseudospherical, so that we can take 

J. = cos(.), (7=sinG). (83) 

When these values are substituted in (82), we get, by equating to zero, the coeflS- 
cients ot du and c2v, the following equations of condition : 



(on ^ 
jj— + -^ j = sin <r sin Q cosg) — Jl cos a cos 6 sin g) + |i£ sin 6 sin g), 

A» sin <r (^ — h "5^ ) = — sine cos 6 sin© +Jl cos <T sin B cosg) + /lccosO cosgi. 



(84) 



Taking the derivative of the first with respect to v and the second with respect 
to it, subtracting and noting that g) satisfies equation (7), we have 



(sin <r sin 6 cos G) + /w sin 6 sin g)) — ^ ^- 

+ (sin <r cos 6 sin g) — u cos B cos g)) -^.c^— 

. (sin'ix — ^ — uM sin G) COSG) • /i •« 9(^ ■ a da /^ /oc\ 

+ ^ Si — ^-^-^^ — sm Q sm o ^<— + cos 6 cos g) vs— = . (85) 

If, in turn, we take the derivative of the first of (84) with respect to u and the 
second with respect to t; and subtract and then make the hypothesis that 6 is a solu- 
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tion of equation (7), we are brought to the equation 

(sin a COS 6 sin g) — u cos Q cos o) — tM— 

^ ov 

+ (sin <T sin 6 cos g) + |i£ sin 6 sin o) — ^-^ 

. (V — (i^ — singer) sin 6 cos d+X(i cos <y (cos* 0— sin^ 6) 

X sin (X 

+ cos e costt 1^ — sin e sin G) 1^ = 0, (86) 

If, now, we have given two functions X and (i satisfying equations (86) and (86) 
and these values be substituted in (84), the latter will define a function di involv- 
ing an arbitrary constant, which satisfies equation (7) and such that the surface 
defined by (80) is the envelope of this plane of angle <r with the tangent plane 
to^. 

Consider the case where >l and (i are constant. Equations (85) and (86) 

reduce to 

(sin* <r — X* — fi^) siuG) coso = 0, 

{X^ — {i* — sin^ a) sin 6 cos 6 + Xfi cos <r (cos* 6 — sin^ d)=0. 

Since X and (i are independent of 6, these may be replaced by 

singer — ^' — /** = 0, ;i2 — /£* — singer = 0, ;i/^ = 0, 

from which it follows that 

^»=sin*<r, {1 = 0. (87) 

If we take ;i=sin(r, (i = 0, (87') 

the equations (84) become 



sm a f ^— + ^ — ) = sm cos cj — cos <t cos u sm o, 
smcr l-^~ + -3— ) = — cos V smcj + coscr sm u coscj. 



(88) 



When the values from (87') and (83) are substituted in (81) and in the 
reduction use is made of equations (88), one gets for the projections of the dis- 
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placement of M^ 



cos CD cos ddu + sin CD sin ddvj 

cos (T (sin CD cos ddu — cos cd sin ddv)^ 

sin a (sin ci cos ddu — cos cd sin ddv) ,. 



(89) 



and from these we get for the linear element of Si the expression 



d4=co^ ddu^ + sin« ddv^. (8 9') 

These are the same results which Darboux gets in his study of the transforma- 
tions of pseudospherical surfaces."^ From them he shows that the parametric 
curves on Si are its lines of curvature so that Si is the pseudospherical surface 
corresponding to the solution 6 of equation (7). This transformation, which is 
equivalent to finding the locus of points on the lines tangent to the curves on 
Si given by a solution of the system (88), and at a distance sin a, was discovered 
by Backlund and has since that time been called by his name. It is evident 
that the transformations which we are discussing are a generalization of these 
transformations of Backlund. 

The other solution, ^ = — sin <r of (87) offers nothing new as it merely 
gives a Backlund transformation of different angles. 

We return now to the case of consideration of ^.-surfaces in general and 
discuss the case where 6 satisfies equations (88). For this choice of d, the equa- 
tion (8 2) can be replaced by 

A sin a =% cos cd — (i sin cd, > 

C sin <r = Jl sin CD + /£ cos cd, i ^ ^ 

from which it follows that 

X = {A cos fi) + G sin cd) sin <r , ) ,g jx 

(I = ( — -4. sin CD + (7 cos cd) sin <r . ) 

Substituting these values in (81), these projections of the displacement of Mi 

become 

Ai cos (J du + Gi sin cd cZv, 

— cos <T {Ai sin 6) du — Oi cos cd d/o) , - (92) 

— sin <r (-4i sin (^ du — Gi cos cd dv) , 



* Darboax, Le^ns, Vol. 8, p. 485. 
21 
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where we have put for brevity 



A,= 



/ dA , •Y 3ci) \ , ^ COB B 

Bin <r ( ^5- + G ^5— ) + X -. — 

\ ou cuJ sm a 



COB cf sin 6 
Bm (T 



/3(? J 3a)\ . ^sinO . cob (T cos d 



Gi = Bin <T ( -^- A ^- J + ^ -.i— - + /^ 



am (T 



(93) 



From thiB we find for the linear element of the envelope 8i 



(94) 



Bj a system of reasoning similar to that followed in the case where a was n/2 
we can show that the lines u = const., v = const, are lines of curvature and hence 
^1 is an jl-surface. Hence the theorem : 

Given an A^sarface S, corresponding to a solution q of equation (7), and given 
also a solution of equations (88) for any angle a. The plane which cuts the tan- 
gent plane to S under the angle a and along the line through the point of contact which 
makes the angle 6 unth the tangent to the line of curvature v = const is an A-sur/ace 
with the spherical representation 



sin' ddu^ -f cos* ddv^. 



(96) 



When a = n/2 we call the transformation complementary. 

As in the case where a was a right angle, the expressions for fi and X are 
independent of 6, so that the points of tangency with their envelopes of all planes 
through a given point Mof S lie on circles, each angle a giving rise to a separate 
circle, and the planes of these circles are parallel to the tangent plane to S and 
approach it as (T approaches zero. Hence with every ^.-surface there is associated 
not only a cyclic system of circles, but an infinity of systems of circles, the circles 
of each system being cut under the same angle by a family of ^-surfaces. But, as 
we have seen, these are the only cyclic systems whose circles have axes forming 
a normal congruence ; consequently, we have the theorem : 



The lines of a normal cyclic congruence are the aaces of an infinity of circles 
which are cut umder different constant angles by families of surfaces. 
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From the definition of /i and its expression (91) it is evident that the 
planes of the circles of these systems are at the distance 

( — -4 sin « + G cos g>) sin^ a 

from the tangent plane to S, which shows that the distance decreases with a . 

We have found (20) that the linear element of a surface parallel to a pseu- 
dospherical surface has the linear element 

d^ = (cos (d — a sin (df du^ + (sin © + a cos cs) di?. 

If these values for A and G be substituted in (91), we get 

^ = sin <r , /^ = a sin <r . 

When all these values are substituted in (93), the latter become 

Ax = cos 6 — a cos <r sin 0i Oi = sin t> + a cos <r cos 6. 

A comparison of these expressions with the coefiBcients of the above linear ele- 
ment makes it clear that the transform of a parallel, S^ of a pseudospherical 
surface S is parallel to the transform ^ by means of the same angles d and a . 
From the values of J.i and G^ it follows that the transform of 8 is pseudospheri- 
cal only when a i& n/2. 

As in the case of transformations with a a right angle, it is seen that when 
Si is found the complete determination of the other jl-surfaces with the same 
spherical representation of their lines of curvature requires the integration of 
(47), where d has the value given by the solution of equations (88). 

If, with Bianchi,* we denote by B^ theBacklund transformation of angle <r, 
it can be shown, as Lie first pointed out, that 

B^ = L,B^Lj\ 

where L^ is given by (29). This result, which was established for transforma- 
tion of pseudospherical surfaces, is just as valid for transformation of any J.-sur- 
face, for in its derivation no use is made of the linear element of the surface. 

* Bianchi, Lezioni, p. 484 ; Qer. trans., 400. 
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Hence, all the transformations of surfaces which we have been discussing can be 
obtained by transformations of Lie and complementary transformations. 

§8. — Theorem of Permutahility for A-swrfaoes. 

Bianchi has established for the transformations of Backlund the theorem of 
permutahility by means of which it can be shown that when one can find all the 
transforms Si of a given pseudospherical surface Sy the transformations of these 
surfaces S^ are given by algebraic processes and differentiation. This theorem 
is readily established when the surface is referred to the moving trihedron. After 
deducing it, we shall apply it to the theory of transformations of jl-surfaces. 

Let Si be the transform oi S corresponding to the angles 0i and (ti, and S^ 
for the angles d, , cr,. Let ^ be a solution of the system 



sin Cg r^ -f -jji J = sin ^ cos Bi — cos <t, cos ^ sin ©^ , 
sin (Ti (^ + ^ J = — cos ^ sin di + cos (T^ sin ^ cos Oj, 



(96) 



and denote by Si the corresponding transform of Si. It is evident that the pro- 
jections on the tangents to the lines of curvature and the normal to /9iof the line 

MiM^ are 

sin (Tg cos ^, sin (Tj sin ^ , . 

Again, if we denote by X[, Fi, Z'l] X(', YJ', Z{', the direction-cosines of 
these tangents to the lines of curvature of Si with respect to the directions 
MP, MQ, MB for S, we find from (89) and (89'), 

JPJ, Yi, Zi=: cos cj, — cos Ci sin (o, — sin Ci sin q, ) /ggv 

Xj^f T2, Z2 = sin (J, cos Ci cos a, sin 0*1 cos o. j 

From these expressions and (97) it follows that the coordinates of M^, with 
respect to the axes MP, MQ, MN, have the expressions 

I = sin <Ti + sin <t, cos (^ — o), >7 = sin a^ cos Ci sin (^ — g)) , 

^ = sin Ci sin cf^ sin[[(^ — o) . 
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Recalling the definition of MP and MQ, we find for the coordinates, x^,ys,z^j of 
M^ with respect to the axes of the moving trihedron 



2» 



: COS di sin Ci + cos di sin a^ cos {p ■ 
: sin $1 sin (ti + sin di sin (ti cos (^ - 
: sin a I sin a^ sin (^ — (o). 



cj) — sin ©1 sin (Xg cos (Xi sin (4) — o), 
(o) + cos di sin Cg cos aj sin {p — o) , 



(99) 



We assume that there is a solution ^ of equations (96) which satisfies the 
equations 



sm <Ti ( ^^- + :w^ I = sin ^ cos 62 — cos Ci cos ^ sin 0g , 
sin Ci (-^ + -js-^) = — cos ^ sin 0, + cos (Ti sin ^ cos dg- 



(100) 



If S2 is transformed by means of this same function ^ and the angle (T^ , we find 
for the coordinates, denoted hy x^^y^^, s^, of the transform expressions which 
can be obtained from (99) by interchanging the subscripts 1 and 2. Then Zq and 
z^ are equal; we assume further that x^ and x^ are equal, and also y, and ^^. It is 
necessary that we have 



cos ^1 {x^ 
cos 62 (xg ■ 



-a^) H-sinei(y, — yi) = 0, 
0^) + sin 0, (y3 — yi) =z ; 



and these equations are the suflScient condition for the equality of the coordinates, 
for otherwise sin {di — 6^) is zero which is evidently impossible. 

If the above expressions for x^, y^, x^, y^ are substituted in these equations 
they become 




= sin Ci — sin cr, cos (6, — di) , 



— G)) = sin (T2 — sincTi cos {O^ — di) .- 



(101) 



Solving these equations with respect to sin (^ — o) and cos {(p — a>) , one gets 



sin (^ — G)) = 

cos (^ — G)) = 



(cos a^ — cos (Ti ) sin (dg — di) 

sin Ci sin Cg cos {6^ — di) + cos Oi cos <r, — 1 

sin (Ti sin a^ + (cos <Ti cos <Tg — 1) cos {6^ — di) 
sin Ci sin Cg cos (d, — di) + cos Ci cos Cg — 1 ' 



(102) 
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which are readily found to satisfy the condition that the sum of the squares is 
equal to unity. From these we get 



(^") = '^{S) "■ (^') ■ ^'"* 



tan 

\ 2 / 

sin 



which is similar to the result of Bianchi*. As he has remarked, it is readily 
shown that this value of 4> satisfies equations (96) and (100), so that the preceding 
hypotheses are consistent. Hence the transform of Si hy ^ and the angle a^ is 
the same pseudospherical surface as the transform of a^ by ^ and the angle Oi , 
which is the so-called theorem of per mutability . 

Suppose then that one has the general solution of the system (88), say 

d {U, V, (X, c). 

Let Si denote the transform of S corresponding to the function 6 (t« » t; , Ci , Oi) ; 
then all the transforms of S{ are obtained by means of the function ^ given by 

tan ^:=l^ = _A_2_J tan ^ , (104) 

for all values of a except a^. For this exceptional case, the right-hand 
side is indeterminate, but Bianchi showsf that, if one substitute in place of 

tan ^ ~ / sin ^^~^ , which assumes the form 0/0, the quotient of the deriva- 
tives with respect to c , the formula becomes 



where (/ is a new constant; and then it is shown that this function ^ satisfies the 
condition of the problem. In considering the case where (T = (Ti, we mean a 



* Lezioni, P. 487 ; Gtor. trans. , p. 464. The difference between (104) and the formulae of Bianchi is 
due to the definition of the angle o . 
t L. 0., p. 489 ; German trans., 467. 
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repetition of the same transformation, that is, the constant c must have the 

-^ — J doesn't vanish. For the 

latter case, we have ^ = a> + 7t, which is an evident solution of the equations 
for Si similar to (88) for S. 

It is our purpose now to study the theorem of permutability with regard to 
its bearing upon the transformations of the ^.-surfaces. We consider first the 
exceptional case which leads to the formula (105). 

Let S be an ^-surface with spherical representation (4) and denote by S the 
pseudospherical surface with the same spherical representation. Corresponding 
to the solution 6, = d{u, v, (Ti, Cj) of the system (88), there exists a transform 
S[, of the original surface, and a transform 2i of 2. The function ^ given by 
(105) leads to a Backlund transformation of iSi into a pseudospherical surface Zg* 
But we have seen that the function 6 , by means of which a Backlund transforma- 
tion is given, serves to determine a transformation of all the ^.-surfaces in the 
same group with the given pseudospherical surface into jl-surfaces with the same 
spherical representation as this Backlund transform. Hence Si and all the 
jl-surfaces with the same spherical representation are transformed by means of 
the function ^ of (105) into surfaces of the same class as Ss . 

We consider now the general case where ^ is given by (103). As before, 
we denote by S{ the transform of Shy (w, v , (Tj , Cj), and by S^ the transform 
by means of 6 (w, i?, <r,, c^) ; for brevity, we write 

Denote by Si and Si' the pseudospherical surfaces into which S is transformed 
by means of these respective functions. By the theorem of permutability, we 
know that if Zi is transformed by means of ^ and angle (Tg, we get the same 
surface X% as when Xi is transformed by means of ^ and Ci . But when Si is trans- 
formed by means of ^ and a^ the transform S^ corresponds with S, with paral- 
lelism of tangent planes ; similarly, the surface S^, which is the transform of S[' 
by ^ and (Tg . Hence, /^ and SH are ^.-surfaces of the same class. It remains to 
be discovered in what cases ^S^ and S.jl coincide. We proceed as in the case of 
pseudospherical surfaces. 



J 

4 
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Denote by V and /x' the values of % and (i when S is transformed into S[ ; 
then, from (91), 

>J = {A cos G) + (7 sin g)) sin (Ti, /i' = ( — -4. sin w + G cos o)) sin <Ti. (106) 

In like manner, we denote by Jlj, /xj the corresponding functions for ^i, when 
the latter is transformed into S^^ ; from (91) it follows that 

Ai = (-4^ cos Bi + G[ sin Oj) sin <Ta, fii = (— -4( sin dj + G[ cos ©i) sin (Tg, (107) 

where -4.,' and Gi are given by (93) when a, Q, 7^, (i are given the values 

In a manner similar to (80), we find for the projections, upon the tangents 
to the lines of curvature of S^ , of the line M[Ml^ the values 

7Ji cos ^ — iLi cos(T, sin ^, %{ sin ^ + /^i cos cr, cos ^, /^i sin a^. 

As in the case of pseudospherical surfaces, we find that the tangents to the lines 
of curvature of ^i^' make with the directions MPy MQ, MN oi S angles whose 
cosines are given by (98). Consequently, the coordinates of iQ with respect to 
these directions for iS' as axes are 

f = ^' + Jli cos (4) — 0)) — III cos Cg sin (^ — w), 

»7 zz /i' cos di + \i cos (Tj sin (^ — g)) + /[/{ cos (Xi cos a^ cos (^ — g)) — sin (Tj sin Cjifii, 

^ = ^' sin Ci + ^( sin Cy sin (^ — gj) + /^i sin (Xi cos <r, cos (^ — g>) -f cos <Ti sin <r,/£i . 




The coordinates of S!i, which we shall denote by x^, y'j, ZjJ', can be found in the 
same manner. They can be obtained from (108) by putting double prime for the 
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primes and interchaDging the subscripts 1 and 2 of the d's and a's. For Si and 
SH to be coincident, these corresponding coordinates must be equal, or what is 
the same thing, we must have 

cos e, {x^ - xi!) + sin Oi (yi— yi') = 0, . _ ^„ 
cose,(a;j;-a^0 + 8ine, (yi— yiO = 0, *' 

When the values for a^, . , . , .x'^ . . ^ . ,zlj are put in this equation, they become 

[Xj' cos (©2 — ©i) — fi'^ cos a I cos Cg sin (6jj — ©j) — Xi] cos (4) — «) 

+ [/£,' cos Cg — fii cos Ci cos (©a — ©i) 

— A,{' cos <r, sin (62 — ^i)] sin (^ — g)) 
= V — V cos (^2 - ©i) + /^" cos (Xj sin (0, — ©i) 

— sin a I sin Cgfii' sin (dg — ©i) , 
[^ cos (6, — ©i) + /^i cos Ci cos Cg sin {Q^ — Qi) — ^{'] cos (^ — «) 

+ [ji'^ cos (Tj — /£i cos <r, cos (d, — 6,) 1^ (109) 

+ Xj cos a I sin (62 — ^1)] sin (4) — g)) 
= 7J^ — ^' cos (02 — ^i) — /^' cos Ci sin (©2 — ©i) 

+ sin Ci sin a^fg'i sin (dg — flj), 
\ji[ sin (Tj cos (Tg — /w{' sin <T2 cos (xJ cos (^ — g)) 

+ [X{ sin (Ti — 7^1 sin Cg] sin (^ — a) 
= sin <r, (|i£" — |i£{ cos d) — sin cti {(J — (i[' cos Cg) . 



When the X*s , /w'« , sin (^ — cj) and cos (^ — g)) are given the values determined 
by (106), (107) and (102), these equations take the forms 

^ (Is + ''D + * (^- ^ ^) + *■■ (^ ■»"• + ^^ •" ») 

+ ^1 ( — -4 sin G) + G cos g>) = , 

^(li + ''D+^'ds-^D + *'(^ ■=■"" + ^"■"'' 

+ jRg ( — J. sin 0) + C cos o) = , 

where Z^ ,...., JU^ are functions independent of A, G and a . But when these 
various functions are calculated, it is found that they are all zero, so that in every 
22 
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case Sji and J%' coincide ; we call it S2 . Hence the generalized theorem of 
permutability for J.-Burface8. 

When the A-swrface^ which is the transform by means ofQiofa given A-sv/rface^ 
S, is transformed by means of^ , given by (l 03), an(2 the angle a^t the new swface is 
the same as the transform by means of ^ and angle Ci of the surface into which S 
is transformed by means of O^ . 

We have remarked that, when g) is a solution of equation (7) , o + 7f also is 
a solution. As 61 and d, in (103) satisfy the relation di + O^^ {2m + 1) n, in 
order that ^ may have the value o + n it is necessary that 

(Tg = (Tj + 2mn. 

When these values are substituted in (96) and (100), both of the latter reduce to 
(88) in which 6 is replaced by di and 6^ respectively, and 

<T = Ci = Cj — 2nm . 

Thus all the equations of condition are satisfied for this value of ^, and, further- 
more, it is in no way dependent upon di and d^ . We shall show that this is true 
also of the surface S^ which evidently belongs to the same group of surfaces as 
the original surface S. 

For the sake of brevity, we put 



The function Xi and (ii for the transformations of S are 

Jli = (A cos 0+ G sin o) sin Cj, (ii = ( — J. sin o -j- ^ cos cj) sin <Ti , 

and the functions X^, (ii for the transformation of Si are 

Xj = a cos di + 6 sin 61 + Xi, 

[li = — a sin Oi + b cos di +iii cos cfi. 

When these values are substituted in (108), we get for the projections of MM^ 
upon the axes of the trihedron of S the values 

— a, — 6, ( — -4. sin o + (7 cos o) sin' <T . 
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Hence if x,y,z denote the coordinates of a surface /S'with the linear element (1) 
and the spherical representation of its lines of curvature determined by g), the 
surface whose coordinates are of the form 



+ ( — -4 sin G) + G cos o) sin* aX (lOQ') 

is an il-surface with the same representation of its lines of curvature. Hence, 

when one has given an ^.-surface, one can find at once an infinity of ^.-surfaces 

with the same representation of their lines of curvature as those of the given 

surface ; their coordinates are of the above form in which a is constant for each 

surface, but varies with the surface. 

An exception to the foregoing arises in the case of pseudospherical surfaces, 

for when 

A =^ cos a, C7=sinGi, 

the transform is the same as the original surface. Conversely, this is possible 
only in case 

|4+(7|?=0. 1^-4^ = 0, -AQmu+Gco8a = 0. 
If we replace the last of these equations by 

J.zz:^COSG), G=^tmX(^j 

it is found from the first that t is constant ; hence, the surface must be pseudo- 
spherical. 

If the surface is a parallel of a pseudospherical surface, then (23), 

A = cos(i) — a sin CD, (7= sin a + a coso, 

where a is a constant. For this case the coordinates of the transforms are 

a; + a sin* <rX, y + a sin* cY, z+a sin* <rZ. 

Hence the transforms are the surfaces parallel to the given surface, and when 
(T = 7f / 2, the pseudospherical surface of the group is defined. 
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• 

We consider, furthermore, the case where the given surface is a surface of 

Bianchi, defined by (66) or (64). In consequence of the relations (46) and (50), 

one finds for the coordinates of the transforms after the above manner 

X cos* <r , 8 cos* a , z cos* <t. 

Hence, all the transforms are homothetic to the given surface, and when a = n/2 
the origin is the transform. 

It was seen that the transforms of the parallels of pseudospherical surfaces 
are not homothetic to the original surface, hence it is of interest to seek the con- 
ditions to be satisfied in order that the transforms be homothetic to the given 
surface. 

From (109^) it is seen that the necessary and sufficient condition for this is 
that the coordinates of the surface be of the form 



z 
when the linear element is 



df^=A*dt^+ G^dv^. 



The surface with the above coordinates is generated by the point whose 

coordinates are 

dA I /rydo) 3(7 >i 9ci) ^ . ^ 

-^ — i- Ut^ . -X -4. ^5- , J. sm « — G cos 0) 

ou du ov ov^ 

with respect to the trihedron with fixed vertex and which rotates so as to have 
its axes parallel to the axes of the trihedron of any ^-surface whose spherical 
representation is determined by the same o . The projections on these axes of 
a displacement are given by (40'), when >l cos d , % sin d , /^ are replaced by the 
above value. This gives 

dii + Q dv. 
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From the conditions of our problem the coefficient du in the first must be A and 
oidv in the second G . Put 

^ = il cos o + C7 sin o , 
then the equations of condition become 

y» a log cos cj 3» a log sin o d<p 3 

55 — s "— ^ o~ ^^ 'S ^r~ ^~ COB ul • Q> — U , 

flti'' Su du ov ov 

3*^ 9 log cos to 9<^ 3 log sin ^3^ -2 ^ a 

ov* ou cu ov ov 



In consequence of the relation 



^a(.)_3c^ 

Bu 3u' 



when a common solution of the above equations is known, the function G is given 
by the linear equation 



3G ^^ t - do rr . 3« 
-«— cos w + sinQ^-, (7=A55- 

du ou ^ cu 



so that its determination requires two quadratures and then A is found directly. 

§9. — General TraTisfarmatUms of Swfaoea of Biandii. 

It was seen that the surfaces of Bianchi of the three types had for transforms 
of angle 7t/2 surfaces of the parabolic type. We consider now the transforms 
for any value of a. And we begin by remarking that, when S is of the parabolic 
type and the origin is the point through which all of the associated circles pass, 
the coefficients of the linear element may be given the form (68), 

-4 = — (e"** cos cj — yi sin o) , (7 = — («"*» sin o + yi cos w) , (58) 

where the expressions for ai and yi are given by (46) and (50). If we effect 

upon S a transformation of angle a and by means of d , given by (88), the values 

of X and (i are 

X = — €"•» sin (T , f£ = — yi sin (T , 

and the coefficients of the linear element of the transform Si are found from (93) 
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to have the form 

Ai = sin (rc~*« cos di — e"** cos d + yi cos cr sin ,1 n lo^ 

Gi = sin (re""' sin ©i — e~*» sin $ — yi oosa coad.j 
From the general defining theorem of Bianchi, it follows that if one of the trans- 
forms of Si , for (T a right angle, reduces to a point, then Si is a surface of Bianchi 
of the parabolic t3rpe. 

For such a transformation the value of %i is 

Xi = sin a e"*' cos {$i — $) — c~*\ 

and the coefficients of the linear element of transform are found by (44) to be 

-4, = «"•» { cos o cos (di — 6) — cos (T sin o sin ($i — $) — sincr cos o + ^^i^" cos^f, 
Cj, = e~** ] sin o cos(0i — $) +ooBa cos o sin {$i — $) — sin cr sin q + >^ ^' sin^f, 

where ^ is a solution of system (48). For one of these transforms to reduce to 
a point there must be a solution ^ of (48) which makes both of the above expres- 
sions zero. Multiply the first by cos q, the second by sin o and add ; similarly 
multiply by — sin q , cos a respectively, and add; this gives 

[sin a cos (6i — ^) — 1] cos (^ — o) = sin cr — cos (O, — 0) | (\i\\ 

[sin a cos {$i — G) — 1] sin (^ — o) = — cos cr sin {6i — $). ) 

When these are compared with (102), it is found that the latter take the above 
form when a^ is n/2 and $i is the same as d^ ^^ (102). Hence : 

When a surface of Bianchi of the parabolic type is transformed under any 
angle (T, (he transform is a surface of the same kind. And if $ and a are the 
functions defining the transformation, and di is the function appearing in the 
expression for the coefficients of the linear element (68), the function ^ which 
leads to the point surface of the transforms of the new surface is given by (103) 
in the form 



\ 2 y ^,_ /n_ _ a_\ \ 2 J 

\ 4 2 J 



tan 

\ :i / 

sin 



Let S be a surface of Bianchi of any type whatever. Denote by Si its trans- 
form of angle a and function di and by Si its transform by ff where the latter is 
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a solution of equations (38). From preceding results we know that 2i is a surface 
of Bianchi of the parabolic type. The foregoing theorem tells us that, if we 
transform 2i under angle a and by means of 4) given by (102) which now take 
the form 



, X sin (T — cos (d' — 6) 

cos (^ — w)== 



sin (^ — w) = 



sin a cos {& — 6) — 1 
cos a sin {ff — 6) 



sin a cos {& — 0) — 1 



(112) 



the resulting surface X% will be a surface of Bianchi of the parabolic type. But 
this surface Ss is also the transform of Si for <7 = tc/ 2 and same ^. By varying $ 
and keeping $ fixed we get an infinty of surfaces X% of the parabolic type which 
are orthogonal to the circles associated with Si . From the theorem of Bianchi 
it follows that one of the surfaces Ss must reduce to a point in order that Si be a 
surface of Bianchi of the parabolic type. We proceed to the determination of 
the cases where this is possible. 

We begin with the general definition (64) of surfaces of Bianchi, whose 
linear element has for coefficients the squares of the quantities (66), 



A = i{€f'+ {^+ k)e-^\ coso + <sino,[ 
G= i je* +(/?» + *)«-•} sin o — « cos o. ) 



(66) 



The functions X and /u, which figure in the transformation of angle o of these sur- 
faces, have the forms 

X = i{«' + (j8* + &)e-'f sinof, /«= — ^sincr, 
and the quantities A^ and (7i for the transform Si are found by (93) to be 



^i = sin<T[i{e'— (/3*+Jfc)e— } cos d, + /? sin 6 J 

+ * ]e*+(/?» + A;)c— } cos d + < cos <r Bind, 
01 = sin<r [i je" — (/3* + k)e-'\ sin di — /? cos 6,] 

+ i |«* + (/3» + *)«-•} sin e — « cos (T cos $.. 



(113) 



In order to get the surfaces orthogonal to the circles associated with Si^ we have 
only to transform ^Si under angle a = n/2 and by ^, given by (112). For this 
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transformation >li has the value 

Xi = sin<y [i K — (i3* + >fc)«"i cos(0i — e) + /? sin (0i — 0)] 

+ i\^ + {^ + k)e'-\. (114) 

In calculating the functions A^ and G^ for the new surface, by means of formulsB 
similar to (44), it must be remembered that di satisfies equations (38) and 6 
equations (88). These functions are found to be of the form 

A2 = [sin ai\(^ + e-^{^ + k)\+i\^ — {^^ + k)e'^\ coaie^—e) 

+ /^sin(0i — 0)] coso — cos(r[i]e- — e-*(/?*+*)} sin(ei— 0) 

— /? cos {01 — $)] sin cj + ;i| cos <^, 

C7jj= [sincT i |e- + e— (/3^ + k)\ + i {t^- {^ + k)e'^\ cos {6,-6) 

+ /? sin (01 — e)] sintt+ coscr [i {tf^—c^i^+k)} sin(0i— d) 

— fi cos {di — Oy] cos o + 'li sin ^. 

For one of these surfaces to reduce to a point, it must be possible to find a func- 
tion ^ which makes A^ and G^ zero. Equate the above expressions to zero ; 
multiply by cos q and sin o respectively, and add ; again multiply by — sin q , 
cos Q and add ; this gives 



(116) 



;ii cos {p — o) + sincr i {^ + e— (/?« + k)\ 

+ i\er — e''^{^ + k)\ cos(0i — 6) + /3 sin {di — 0) = 0, 

Xi sin(<^ — «) + coscr [i ]^ — «-•(/?* + k)\ sin {9i — 9) 

— ^ cos (01 — 6)] = O.J 
Expressing the condition that 

sin* (^ — o) + cos* (^ — o) = 1 , 

it is found that we must have k equal to zero. Hence the theorem : 

The surfaces of Bianchi of any type are transformed into surfaces of the para- 
bolic type when a isn/2, and only surfaces of the parabolic type have such transforms 
for any volume of a. 

It only remains to point out the transformation function ff which gives 4> 
such a form that X% reduces to a point. If we substitute in (116) for cos (4> — a>) 
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and sin {<p — a) the values (112), the former can be redaced to 



iK+ (i^ + *)«"*} cos (e' — e) + iK — 0^ + ifc)e-} cos(di — e) 

+ ^ sin (di — e) = , 
sin ol^\t^-{^ + k) e-'\ sin (da — ^0 — /3 cos (O, — ff)] 

— i|«" — e-'{^ + k)\ sin (dj — «) 

— jje- + e- (|3« + A)} sin (d' — d) + /? cos (d, — 6) = 0, 



(116) 



Since this must be true for all values of a , the last equation reduces to the two 



i]^ — (/3« + *)c-f sin {e^ — ff) — ^co8{d,--ff) = 0, 

il<5* + (i^ + *) «"•} sin (6' — e) + ^\^—{^ + k) 6-} sin (^i-e) 

— i3cos(ei— d) = 0. 



(117) 



If the first of (116) be multiplied by cos $ and the last of (117) by sin $ and the 
resulting equations subtracted, and the former of these be multiplied by sin d and 
the latter by cos d and the results added we get 

When these values are substituted in the first of (117), it is satisfied. 

A comparison of these results with the discussion of the transformations of 
surfaces of Bianchi, developed in §6, will reveal the fact that the function ff, 
which gives ^ such a form that S2 shall be a point, is the very function which 
transforms S of the parabolic type into a point. A similar result obtains in the 
discussion of ( 1 1 1 ). 

§10. — TVans/ormaiiona of a Particular Glass of Surfaces. 

The surfaces to be considered in this section are suggested by a similar class 
of pseudospherical surfaces studied by Darboux"* and Bianchi.f We start with 
the remark that an evident solution of equation (7) is o = 0. From the general 
expression for the linear element of pseudospherical surfaces 

ds^ = cos* a)da* + sin* cjdv*, 

* Le^DB, Vol. 3, p. 468. \ Lezioni, p. 440 ; Oer. trans., 466. 

23 
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it follows that the corresponding surface of this kind for the above solution is a 

curve of parameter u. We take the very special case where this curve is a 

straight line, and let it be the z-axis, then the rectangular coordinates of the 

surface are 

35=: 0, y = 0, z = u. 

The tangent planes to this degenerate surface pass through the z-axis, hence the 
tangent planes to the other ^-surfaces belonging to the solution o^O are cylin- 
ders whose generators are parallel to this line. Consequently, the most general 
surfaces of this group are given by 

a; = F cos V, y ^ F sin r, « = w, 

where F is a function of v alone whose form will be determined later. The linear 
element of the surface has the form 

ds^ = du^ + {V*'+ V^)df^, 

where the accent denotes differentiation. From the above expressions we get 
for the direction-cosines of the normal to the surface 



X = 



F' sin V + Fcos v 
VW+W 



Y y cos V — F sin t; 



Z=0, (119) 



and denoting by X,, Fj, Zi ; X^, F,, Z^ the direction-cosines of the tangents to 
the lines of curvature v = const., u = const, respectively, we have 

j:i = o, Fi=0, Zi = 1, 



^ V cos V — F sin y y. _ F^ sin v + V cos v 7 —c\ 

*~ VT^ + F^ ' * V F» 4. F^ ' A — ". 

From (119) we have 

dX_ (P + 2F^ — FFO(Fsint? — Fcost?) 1 
dv ~ (F^ + F'*)* 

aj_ _ (P + 2F*— FFO( Fcos t; + F sin v) . 
dv (F» + K)« 

But from (4), it is seen that for this case we must have 



(120) 



(121) 
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8o that Fmust satisfy the condition 

A comparison of (120), (121) and (65) shows that it may be replaced by 



from which we have 



7>4-2F" — 7F" = F» + F', 



V=aeP'. 



Hence the ui-surfaces of the same class as the ^-axis are given by 

X =: (u^ cos V, y = ae'^ sin t;, 25 = ti , 

where a and c are arbitrary constants, and the linear element is 

For the present case, the equations (88) reduce to 

ae _ sin e 
du 

of which the general integral is 



(122) 



(123) 



36 cos <T . A 

— — , T5 -. — sm u , 

sm a ov sm a 



2 sm a 

where C is an arbitrary constant. When G is zero, $ is zero or 71, and hence gives 

the surface from which we start, we take G equal to unity. From (123) we 

have 

X sincr, fi=^aA/l +c^e** sincy, 

so that, by means of (80), (119) and (120), we find for the coordinates of the 
transforms of these surfaces 



Xi = ae!^ cos 17 + 



c cos V — sm t? sm v 



VT+c* cosh a 

— ae^ sin a [(c cos v — sin v) cos a tanh a 

+ sin a (c sin v + cos t?)] , 

yj = aef^ sin t; + a^^ sin a [(c cos v — sin r) sin a 

c sin t? + cos V sin a 



cos a tanh a (c sin v + cos v)] + 



V 1 + c* cosh 



a 



«i = 14 — sin a tanh a — 



« V 1 + c* 6^ sin a cos a 



cosh 



a 



(124) 
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where we have put, for the sake of brevity, 

u + cos av 
a := — 



sin (7 

When in (121) we put c equal to zero, these formulse define circular cylinders, 
so that (124) define all the transforms of circular cylinders. Furthermore, when 
we put a also equal to zero, we have the original case, the z-axis; from (124) 
we have for the formulsB of its transforms 

sin V sin a cos t? . sin <7 . . , /^ «e v 

^ = 55Sn^' y»= cosha ' «. = «-8m«rtanha. (126) 

Bianchi has shown'*' that the surfaces so defined are pseudospherical helicoidal 
surfaces whose meridian profile in the tractrix. 

If, in particular, we put a equal to 9f/2 (126), define the pseudosphere.f 
In this case a and, therefore, d is a function of u alone, so that the surfaces 
defined by 

Xt = —2 r ; — (c cos V — sin v) — ac&^ sin v, 

^ Vl+c*coshw^ ^ 

Vt = -7= 5 i — (c sin V + cos t?) + ace^ cos r, 

V 1 + c* cosh u 

Zi =i u — tanh u, 

are moulure surfaces. 

The complete determination of all the il-surfaces with the same spherical 

representation of their lines of curvature, as the surfaces defined by (124) 

requires the integration of the equation of the form (8), which, in this case, 

reduces to 

yj/ e^— 1 coscr 3^ . 46^ ^ = o 
dudv 1 + e** sin a du 1—e^ dv 

It is readily found that the invariant hX for this equation is zero, so that the 
complete integral can be found at once ; it is 



^(c*— e— )= Ac* — e-*)7dt;+ U, 



* Lezioni, p. 441 ; Qer, trans., p. 467. t Bianohi, L c, p. 448 ; Darboux, Lemons, VoL 8, p. 465. 

t Darboux. Lemons, Vol. 2, 88. 
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when U and V are arbitrary functions of u and v respectively. When this quad- 
rature has been effected for each form of F, the further determination of these 
surfaces is direct and without integration. In consequence of the theorem of 
permutability, the transforms of all these surfaces can be found by algebraic 
processes and differentiation. Thus, if we effect upon the original surfaces (122) 
the transformation given by 

the functions ^ , which enter into the transformations of the resulting surfaces 
cure given by (103), which now take the form 

^ sin C-l±^) ^ ^ 
tant= ^ 2 ; <r.-,r 



2 . /ff, — a\l+^+" 
sm ' * 



(^) 



and for the particular case, a = ai, we have by (106), 

^^^ ^ ^ C^-ttCOS^^-J, 

2 sm a I cos a^ 

The further transformations of the surfaces obtained by the application of the 
foregoing formulae are merely a repetition of the preceding, so that all of the 
surfaces arising from (122) by transformations can be found directly. 

It has been seen that certain moulure surfaces belong to the suite of surfaces 
which are given by the preceding transformations. In seeking for the trans- 
forms of these, we propose the more general question as to whether moulure sur- 
faces can be transformed into surfaces of the same kind. To this end we take o, 
a function of u alone. From the form, to which the first of equations (88) 
reduces, it is evident that for Si to be a moulure surface must be a function of 
u alone. Then these equations reduce to 



90 
Bma ^- = sin COB o — cos cr cos d sin o, 

sin a Ts — = — cos sin o + cos cr sin cos o . 



(126) 
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From (17) it follows that o and $ must satisfy also the equations 

^ = Vsin« e - a\ ^= Vsin^o-aJ, (127) 

where a and o^ are constants. If equations (126) be squared and the values for 
-T- and ^=— from (127) be substituted, we get two equations from which, by sub- 
traction, we find that a{ is equal to a^. The first of these equations is 

sin* <y (sin* % — a*) = (sin cos o — cos a cos 6 sin w)'. (1 28) 

If this equation be differentiated with respect to u and the values of -^ and -^— 

given by (126) be substituted, the equation is an identity. When (T =7</2, the 

above equation reduces to 

sin* 6 sin* a = a*. 
Hence : 

A moulure eurface can always he transformed into a mouiure sttr/ace and the 
trans/ormaiion can be effected by algebraic processes. 

It is clear to be sure that other il-surfaces can be transformed into moulure 
surfaces, just as all the transforms of a moulure surface are not surfaces of this 
kind. 

PBINOBTOM UNlVBBSrrT. 



On the Forms of Sextic Scrolls Having no Rectilinear 

Directrix. 

By Vibgil Snydeb. 



In my papers on sextic scrolls which appeared in Volume XXV of the Jour- 
nal, two families of scrolls were omitted, namely, those whose generators are 
bisecants of a twisted cubic or quartic curve and those having a tacnodal direc- 
trix curve, analogous to those having a tacnodal directri:: line, types 58-66, in 
my paper in the Journal, Volume XXVII, p. 77. 

The present paper will discuss these two types and supply various other 
minor omissions of the previous papers. The list of types here found, together 
with those published in the preceding papers, is believed to be complete. The 
method will be the same as that employed before, namely, the establishment 
of a multiple correspondence between the points of two curves and drawing a 
generator between them. 

§ 1 . — S^ Having Two Distinct Double Conies. 

1. In type XIX (p. 90, Vol. XXV), the cubic is a plane nodal cubic, and all three 
coQics pass through two common points. If in the correspondence there defined, 
^ = corresponds to and oo , and if >l = corresponds to and a> , the line of 
intersection of the planes of the two conies becomes a double generator. The resid- 
ual nodal curve is now a twisted quartic. The symbol is 2(^+(^+s^ (1). If the 
(2,2) correspondence has a double element, the surface becomes unicursal and 
has two double generators: 2cl+(^+ 2g^ (2). These two forms are self-dual. 
The correspondence given in the Bulletin of the American Math. Society, 
Volume IX, p. 240, defines the JS^ of genus 1, having the symbol ^,2+3^* ^^^ 
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three conies have two points in common. If, in this correspondence, a double 
element be introduced, a double generator appears ; the symbol becomes 3(^+(^ ^ 
+ S^- (Type LVIII, Vol. XXV, p. 81). If the plane determined by / and the 
tangent to c^ at their point of intersection also contains the tangent to c^ at its 
point of intersection with ^, then the latter counts for two double generators 
and the residual nodal curve is a fourth double conic, cutting 2^ twice and each 
of the preceding conies once (8) . 4cJ + 2^. 

2. Any two conies which touch each other but lie in different planes may 
be written in the form : 

Cj: 05=1, y=^ fit z = 0, w:=i (i^f 

The equations of a line joining Xto (i are 

{ix + Xz — y = 0, (i^x + Xh — w = 0. 

When the form of the correspondence between % , /£ b 

the surface is an S^ having the common tangent x = , ^ = for tacnodal gene- 
rator. The equation is 



ex — dz — €Z ey + fx — gz dw + gy + hx 

cx — dz — cz ey + fx — gz dw+ gy + hx 

7? + zx — 2yz y* — xw 

^ + zx — 2yz ^ — xiD 



= 0. 



The plane ex — dz=:0 contains a* and a simple conic. The residual nodal curve 
is a nodal quartic, the node being at the point of tangency of the double conies. 
2c| + cf I + 2^ (4). This surface belongs to a linear complex when c = 0. 

3. Given two conies Ci (X) and Cg {(i) which intersect in one point, (0, 0). 
Let ;i, fi be in (2, 2) correspondence with (0, 0) as self-corresponding double point. 
Let 

Cii x=(i, yzzzfj^, 2 = 0, tr = l, 

c^: a; = 0, y = ;i*, z = Jl, tr=l — xX\ 
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The equations of a generator are 

y — (ix=^Xz, Jlsc — ^fiw = {xX^ — i) f^ • 

The general residual nodal curve is a sextic haying four double points at the 
points of intersection with the two conies. 2t| + ^e,8 (^)* The plane x =: of c, 
cuts c^ in (1=1 and in fi= qo. If Xi , Jig correspond to f£ = <», and Jli, Xj, oo are 
collinear, then 1 + xXiXg = 0. 

If the (2, 2) correspondence be 

axy + b2?(i + cXfi^ + dX^ + eXfi +/fi'^ = 0, 

then a;i'+ cX + /= has Jli, Xg for roots. Hence, if /x + a = 0, S^ has a double 
generator a; = 0,/w7 — C2 = 0. The residual curve is c| with two double points 
on Ci and four simple points on c,. 20* + cj^g + fi^ (6). Similarly, the plane 
2j = cuts c, in Jl = and X = oo. When X = oo, the two equations of a gen- 
erator become identical, but, by eliminating z, we have 

fi{y — (ix){x?i^ — 1) = V (a; — fiw) . 

Hence (i^fi^= 1. Since /ui, /^ are roots of the equation afi^ -f bfi + d^O, it 
follows that / + (2 = . In this case the surface has a second double gene- 
rator 2 = 0, ay + dw + bx = 0. The residual is a cj of the second kind. 
2<^ + c^ + 2flf* (7) . By writing — ay — bx + cz — (2tr = ti, the equation of the 
scroll may be written 



OS? 


2 {ay — <fe) 


d (wt/ — a? + i?) 


— di^y 








y{u + ay) 


dvoy 


u 


cy + ex 


— dy 








u 


(cy + ex) 


dyz 



— z (cy + ex) 



= 



The residual curve in the plane i* — tnz = is a trinodal quartic. By properly 
choosing m, values of a, 6, c, <2, 6 can be found for which this quartic is a 
double conic. The residual nodal curve is then another c^ in the plane, 
a; + »w' (dvD + eg) = 0. 4c^ + 2gf* (8). This type is self-dual. The new conies 
have one point in common with each other and establish a similar correspon- 
dence to that between >l and (i. 
24 
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§2. — S^ Having Tvoo Double Gubics. 

4. Consider the two cubics 

x=l — ;i*, y=X(l — a*), 2=0, 117 = 1, 

05 = 1 — /[£*, y = 0, z = (i{l—fi^), w=l, 

in which (a + 6) 2?fi^ — a2? — bfi^ = . 

The point (1, 0, 0, 1) or (0, 0) is a double element, while (0, 0, 0, 1) counts for 
four simple self-corresponding elements, (1, 1), (1, — 1), ( — 1, 1), ( — I, — 1). 
The residual curve is in general a quartic "2^,1 + ^4 (9)» ^^t may consist of 
two conies by imposing the condition that the line joining >l to /£ shall meet a conic. 
2<^,2 + 2<^ (10). Exactly the same forms may exist for two twisted cubics which 
intersect in five points. One point should be taken for a double point and each 
of the others for simple self-corresponding points (11), (12). 

§3. — VariouB Forms. 

5. When the c, a = 1 — A', y = X (1 — X'), 2 = 0, w = 1 , 

and c^ a;=/i, y = Oy z=^fi^ — f£,to = l, 

are connected by the relation 

X\afi^ + bfi + c) + (ji — l) [a'Xfi — c (f£- 1)] = 0, 

the resulting S^ has the symbol cf^a + 4 + ^s (13). In the plane of the conic 
are two generators which intersect in the node of the cubic. If a'= these 
two generators coincide. The symbol now becomes (^ + (i + <4.2 + S^ (14) • 

6. Given a unicursal c^ and a twisted c^ cutting c^ in one node N and in 
two simple points Pi, P^* Let the points ^l of 0, and f£ of C4 be in (2, l) cor- 
respondence such that Pi, P2 are simple self-corresponding points and j^a 2, 1 
point. The result is an S^ of symbol ^ + c^ (15), o, has four double points. 

The line PiP^ may be Xjiii and also ^^, making the symbol <|+^+$^ (1^)- 
Each of the points in which g^ cuts 04 is on C|. 
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7. If Cg be nodal| c, will have a fourfold point at N. (17). The double 
generator may appear as before. (18). C| has a triple point and one other 
double point. 

8. Consider the twisted quintic 

cc = ^», y = A*, 2 = ^', ti? = 1 , 

having one double point and two cusps at the origin, and three apparent double 
points. The curve lies on the quadric cone ^^zxz. The equations of a line 
joining the point ^ to the point ^a may be written 

z—'ky = ii{y — 'kx), 

x{^^ + X^fi + Xfi^ + fi^) — y {X^ + X(i + (i^) = xyw. 

If % = af£, this line will describe an /% having c^ as a double curve. The resid- 
ual is another Og having a triple point at (0, 0, 0, 1). When a = 1, the surface 
reduces to the developable enveloped by the plane 

Vwj + 10;i*a; — 16Xy + 6a = 0. 

This surface is not mentioned in published lists of sex tic developables. 2c^^^ 
(19). Similarly, by making the same correspondence between the points of a <% 
with two nodes, which are the double points of the projective relation between 
X and (I, another S^ is defined, having two double quintics, each of which has 
two double points through which the other curve passes. 2c|, 2 (20). A par- 
ticular case is the known developable having a quintic for cuspidal edge. 
(Schwarz.) 

§4. — /Si Having a Triple Gvibic. 

9. Given the twisted cubic ce = X , y = X^, a = A^, t(? = 1 . The equations 
of a line g connecting the point X to the point (i are 

x{>. + fi) — Xiifv = y, y{?. +(i) — Xiix=z, 

from which j. , _ xy — zw ^ _ t^ — zx 

'^ ~ Q? — yw ' ^ Q? — yu7* 
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If %, /i£ be pairs of points in a quadratic involution, then g will generate a hyper- 
boloid containing Cg as a simple curve. Every generator of the same system as g 
will cut Cq in two points which belong to the involution. Two generators will 
touch C3 ; they correspond to the double points of the involution. 

If^fli form a [2] involution, g will describe an S^ having Cg as double curve. 
If the [2] involution be cubic, S^ has a simple rectilinear directrix. Planes 
through Ci cut Cj in a triad defined by the cubic involution. The double points 
of the involution are the pinch points of the surface. If the relation between 
% and /[£ be Ai = /i£ y the quartic developable results. 

An S^ is defined when X , 11 define a [3] involution, on which Cg is a triple 
curve. C3 (21). If a double point exist on the cubic curve defined by/s (Jl + f^i 
%//) = 0, S^ has a double generator and becomes unicursal. (i + s^ (22). If 
the [3] involution be quartic, the plane containing two generators will contain a 
third. The points of C3 are now arranged in quadruples belonging to the invo- 
lution. A plane quartic curve cannot lie on the surface. A double generator 
may exist as before. When the involution is of the form 



8 



the generator becomes cuspidal. An S^ having three families of plane quartics 
is also defined by any (1,2) relation between % and (i. It always has a double 
generator. 

10. In the same way, /^^(n-D^^^n be generated by means of an involution [n] 
between Jl and [i, having Cj for an (n — l)-fold curve. The genus is o ~~— » 

and may be made less by the introduction of double points. Apart from double 
generators, c^ is in every case the complete nodal curve. When the [n] involu- 
tion is an (n + l)-ic, a plane containing two generators will also contain a third ; 

the envelope of these planes is a developable of order ^ — ' . Scrolls can be 
generated by similar involutions on every unicursal curve.* 

* E. Weyr, *^ Ueber Fl&chen sechsten Grades mit einer dreifaohen cubischen Curve," Wiener 
Berichte, Vol. 85 (1882), has treated the case of a quartic involution synthetically. The condition for a 
cubic involution is given in Salmon's Geometry, 4th edition, p. 618. The 8^ defined by the quartic 
involution is self -dual, but not those defined by the general [8] involution. 



Having no Rectilinear Directrix. 179 

§6. — /Si Having a Double Qvartic. 

1 1 . Various forms of the surface have already been found having a nodal 
quartic curve; the systematic discussion of all such surfaces will now be given. 
Let a rational c^ , depending on a parameter X , be given. 1/7^,(1 ttco points 
on the curve be connected by a (1,1) correspondence, the lines joining X to fi vdU 
define a rational /Si, having c^for a double ctirve. The curve will be double, for if 
2,{T)iiy then at any point K there is a point L such that L (T) K and a point 
M such that K{T) M. To find the order of the surface, two cases will be con- 
sidered, according as c^ has or has not a node. 

Let P be a node on c^. There are two values of the parameter at this point, 
and to each correspond two generators, hence through P pass in general four 
generators. Project all the points of c^ from P. The joining line will form a 
quadric cone K^ . The lines joining corresponding points will project into planes 
passing through P. Now cut K^ by any plane n. The section of K^ on n will be 
a conic, and the generators will project into lines connecting corresponding points 
of two projective ranges on Cg . These lines envelope another conic, hence all the 
generators of our scroll touch a quadric cone. The order of a scroll is determined 
by the number of generators which cut an arbitrary line. A line I through P 
will cut four generators at P. Two lines tangent ioc^inn pass through the trace 
of Z in 7t , hence I cuts six generators. Since the S^ is such that every generator 
touches a quadric cone, it must be of the (2,4) type. The point P is a sixfold 
point on the nodal curve, hence the residual is a c^ having a fourfold point at P, 
and four simple points on c^. cj^, + c^^ (23). c^ is unicursal. If ^ = f/, the 
surface becomes the developable on c^ ^ • 

1 2. If C4 is of the second kind, project it from any point P upon it. The result 
is a jE^. Through P pass two generators to the scroll. A plane section will 
cut K^ in a nodal cubic and the lines which are the projections of the generators 
will connect corresponding points. Let 2 = be the plane of Cg; its equations are 

x = 7?{^~l), y = X (;i — l)^ w= 1. 

If ^ = ^^ jJx ^^ substituted in the equation of a line joining >l to f/, the result 

is a quartic in fi. Let Xi, yi, «?i be the point in which I pierces « = 0. There 
are four lines through this point which belong to the projection of the system. 
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Through no point of c^ can pass more than three generators. At such a point, 
two of the generators belong to that point, while the third is a trisecant hav- 
ing the other two points for corresponding points. There are four such points 
on C4, hence it follows that the residual nodal curve is a (possibly reducible) c^ 
having four double points on c^. It is unicursal. The four trisecants of c^ 
which are generators to S^ lie on the S2 on which c^ lies. S^ and H^ intersect in 
04 and these four generators. c| + ^,2 (24). When in par ticular % = /i£ , the 
surface reduces to the developable on the rational quartic and the double points 
on the nodal sextic become cusps. The reciprocal is the sextic developable on 
a c^ having four cusps and six apparent double points. 

» 

13. The scrolls having c^^^ ^^^ ^ composite nodal sextic will first be con- 
sidered. That in which d^^ becomes 2(^,8 was given as (9). Suppose the param- 
eter has the values and 1 at the node. If>l = x,// = 0,fi = x, >l=l be two 
pairs of corresponding elements, the line joining the node to the point x is a 
double generator. The symbol now becomes <i,2 + <i,a+ S^ (26). In particular, 
the surface may become the developable on 0^,9 and having one double generator. 
The C5, 9 may break up into a c^ and c^^ 9, the node of c^, 2 lyi^g on c^. Establish 
a (2, 2) correspondence between Cg, 0^,2 s^^h ^^at A* (of c^) = 0, fi= 1^0 at the 
node, and intersecting each other again at X = 1, /£ = x. Let (0, 0) be a double 
self-corresponding point and (1, 1), (1, x) be simple points. The double genera- 
tor is in the plane of the conic. The symbol is cj^a + c|,8 + ^l + fl'* (26). If 
(x, 0), (1, x) ; {I, 1), (0, l) be two pairs of corresponding elements and 2x — I 
— x2 = 0, two double generators pass through the node and the residual is 
another 0^,2 » having its node at the same point. 2cS,2 + 2^ (27). This sur&ce 
is self-dual. If, in particular, ?=x = — 1, the two double generators become 
tacnodal and the second 04,2 breaks up into 2(^ which touch. This surface, which 
is also self-dual, has already been given (4). 

14. If the C4 has a cusp, the resulting S^ must have a double generator pass- 
ing through it. The general cuspidal quartic may be written ac = X*, y = X', 

dX 4- 3 
z = X\w=:l. A line joining X to ; v^ has the equations 

[a*(y;i + 5)» + (aA, + iS)*] 35 — a*(oa + ^yw = z{y7i. + sy, 



f 
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Two forms may exist ; the general case in which the residual is cf^g (28) and 
that in which cf^, breaks up into oj^i + (| (29). If ^ = , the scroll becomes a 
quintic. If a = j = and ^ =: ^, 04 is simple. The scroll has x=^0, z-|-t<7 = 
for double directrix, x ^ , 2^ = for triple generator, and y = 0, x-^- z=:0 
for fourfold directrix. If X = f/, the ordinary quintic developable results. 

Any [2] involution will also describe an S^ of form (28). The involution 
may be cubical. If>l=:0, fi=: is a pair of corresponding values, the surface 
reduces to a quintic. 

Let Ai + /[£ =a, >1|E£ = ^. 
The equations of a generator are 

(a* — P)x =/J*ti7 + ay, 2J + j3a: = ay. 
A [2] involution is of the form 

oa* + ihaP + 6/3* + 2ga + 2//3 + c =0, 

hence _ <^ g _ ^^(O 

from which a generator has a [2, 4] type. The involution will be cubical if 

a(a + 2/) — 4hg + bc = 0. 

Any plane containing two generators will, in this case, contain a third one, 
hence an infinite number of nodal cubics lie on the surface. 

16. When c^ has three apparent double points, cS,| may break up into two 
twisted cubics ; this was (11). If a C4 be chosen such that two trisecants cut 
the curve in a point having a singular osculating plane, the c^ reduces to a (^ (30). 
If % = //, the trisecants become (ordinary) tangents and the surface is develop- 
able. (Bohn's, No. 6.)* In the general case, a trisecant may become a double 
generator in the same manner as for the nodal quartic. The residual is a (|, 
having two double points (31). The limiting case X=^fiia possible when c^ has 

* K. Bohn, '^Die ratioiiale Raumcarre 4. Ordnung, sweiter Species." Explanatory memoir to the 
modeLi of seriee ZXI, Sohilling's catalogue of mathematical models (1893). 
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an inflexional tangent. The scroll becomes the developable with one double gene- 
rator. The residual c^ may break up. Given a c, and a o^ having three points in 
common. Establish a (2, 2) correspondence between them, having two simple 
self-corresponding points and one double element. The residual is a c^ having two 
double points (32). Finally, if J. on Cg corresponds to £ on c^ and J. on Cg to 
^ on c,, the line AB is a double generator. The residual is c^, through AB. 
^ + ol + c|+c|(33). 

Two trisecants may be double generators. The residual is another c| of the 
same form as the first. This surface is self-dual, 2c^ -+- 2j^ (34). If the trLse- 
cants, which count as double generators are inflexional tangents and % = //, the 
developable with two stationary generators, is the result. This surface is still 
self-dual. The two forms in which c^ breaks up into two Cg have already been 
given. (2) and (7). 

16. The forms of S^ exist, having a c^ of the first kind for nodal curve. Let 
/S^ be a hyperboloid containing c^. Every generator g of S^ cuts c^ in two points 
Pj, Pg. Express a quadratic involution between g, g* of 8^, the latter cutting 
C4 in Pi, Pg. Connect each of the points P< with each of the points Pi. The 
scroll thus described will be order 8 and genus 2, but the order may be reduced 
to 6 by taking two tangents to c^ for the double elements of the involution. The 
(2, 2) involution is elliptic and 04 is elliptic, hence the residual nodal curve is 
another c^ of the same form as the given one. Neither c^ can break up. 2c| (36). 

§6. — 8^ Having a Tacnodal Curve. 

17. Analogous to the surfaces having a tacnodal straight line, various forms 
of sextic scrolls exist having one or more tacnodal curves. The former were 
characterized by the fact that the plane containing two generators through a 
point on the double line will also contain the line itself. In the latter case the 
plane of two generators which pass through a point on a nodal curve must 
contain the tangent to the curve at that point. 

Given a conic Cg in the plane tc, and having the parameter ^ ; also given a 
point P not in n. Construct the quadric cone K^ from P to c,. Pass a plane p 
through P, tangent to K^ and in it take a conic c^ not passing through P. Each 
tangent plane of K^ will cut c^ in two points Pi, Pg. Connect the point X with 
Pi and with Pg. The conic Cg will cut n in two points, through each of which 
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passes one generator lying in n . The plane p cuts c^ in two consecutive points 
Qiy Q2' T!^^ tangent line at Qi and the point P determine a plane which cuts 
<4 in two points collinear with QiP. Hence QiP is a double generator and Q^P 
is a double generator, cl is simple because apart from p only one tangent plane 
can be drawn to K^ through the line connecting any point of cf^ with P. The 
surface is a rational S^. The residual nodal curve is a nodal c^. 2^+ ^, 8+ ^ 
(36). If a plane section through the double generator reduces to a perfect 
square, the c^^ 2 breaks up into 2c|. 2^+2^+2^ (37). 

Analytically, the following procedure may be adopted : Let c^ be deBned by 
jc = A,, y = X^ z = 0, w? = 1, and P be (0, 0, 1, 0)- The tangent to Cg at A, and, 
passing through P is X^u) — 2^ -f- y = 0. Let y = be the equation of ^, and 
let cjj be defined by ^(x, 0, 2, w)=:0. If the tangent plane cuts Cg in 
Xi, 0, Zi, Wi, then y^ = 0, ^2 (^Ci, , Zj , m?i) = 0, X^Wi — 2^ = 0. These equa- 
tions and those of a line joining X to (xi, 0, Zj, Wi) are sufficient to eliminate 
%, Xiy Z|, Wi. The result is the desired S^. If c^, c^ have a point in common 
the surface will be a quintic, on which cj^ is a simple conic and c^ a tacnodal 
conic. Ifc2,c^ touch each other, the surface becomes a quadric cone counted 
twice. 

18. Now suppose j) is not tangent to K^. If c, c^ intersect in two points, 
the same construction as before will generate a sextic, but c^ will be double since 
two tangent planes to K^ can be drawn through any line in its plane. As a 
(2, 2) correspondence between c,, Cg is defined, without any double element, the 
scroll will be elliptic. The residual nodal curve is a non-singular cubic. 
[4] + ^ + 23f"(38). In the plane of the tacnodal conic the simple generators 
are tangents at the intersections of c^ and c^. 

19. Given a non-singular [cg] lying in w? = and cutting c, in one point. 
Lines joining corresponding points as defined in 17 will generate an Sq, p=^ 1 
of symbol c|+2^(39). Let [cj] be defined by s?y = x{a^ + bxy + cy^. 
Since 2x1 Jl = yi, from the equations of a generator we easily obtain 

2bw / g aa? 

4ctr w {2bw — 8cx) /-{-Acyw g aoi? 

1 — 2x y 00=0 

w ~ 2x y 

w — 2a; y 

25 
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as the equation of the scroll ; / = 4c3i? — ^bxw + av^ — ^cyw , g = 26a? 
— 2axw — 28?. If [cg] be not in a tangent plane to JS^, but cut C| in two points, 
the tangent at each passing through P, (38) would result. The three generators 
in to = coincide with a; = , ti? = 0. 

20. Let c^ be a nodal cubic in ti? = , so that 6* — 4ac = . The line join- 
ing the node to the corresponding A* is a double generator. ^,3 + 2cS + ^ (40). 
When g^ does not lie in the plane of c^, c^ must have a threefold point at its 
intersection with c^ . When ^ lies in the plane of 0^, it is a tangent to the latter. 

21. Suppose P does not lie in the plane of c^, but that the latter has one 
point in common with o^. In order for the surface to be a sextic, P must lie 
in the common tangent plane at the point of intersection of C|, C|. Both conies 
are double and the surface is rational. The point P is so chosen that from it 
C29 ^s project into cones having double contact. In the second common tangent 
plane is a ^, and the residual nodal curve isa<^. <^+ 2<^ + (^ + g^ (41). 
If <4 touch Cji, but not lie in a plane through P, the common tangent is a j/^. 
The residual curve is a plane nodal cubic having its node at the point of contact 
of c^j, Cg. cj + 2c| + ^3 -j- g^ (42). This form can also be generated by estab- 
lishing a similar correspondence between c^ and Cg^g. 

22. Given a Cj, x = X, y — 7?^% = X^ ti? = 1. The equation of a plane t 
containing the tangent to o, at A. is 

T^w — 2^a; + gc i^x — 2Xy + 2) = 0. 

Given a conic c^ , defined by aa; -j- 6y + C2 -j- c^m? = 0, ^2 (-^c, y , 2, to) = 0, such 
that Cg has three points on Cg. The plane t will cut Cg in two points ajj, yi, ^i, tiJi. 
Join each such point with X. By substituting the coordinates of any point of Cg 
in t, it becomes a quadratic in A,, hence Cg is a double conic. Let ^, 5, (7be 
the points common to Cg, Cg, let the tangent plane t contain the tangent to c^ at 
A, and let t (J.) be a perfect square in X. A is then a double point in the (2, 2) 
correspondence between cg and c^. B and O are simple self-corresponding 
points. The residual nodal curve is another conic having one point of intersec- 
tion with Cg. 2^ + 2<| (43). 
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If c^ touches C3 and has one other point on it, an S^ , having c^ for a tacnodal 
curve, may he described as follows: Let P be a fixed point on c^. Draw the 
tangent planes from P io c^. Connect the point of contact with each of the 
remaining points of intersection with Cg. As before, Cj will be double. 
2^ + 2(| (44). The common tangent is a torsal generator. 

23. Given 

Cj: a; = A,, y = X^ 2=0, ti? = 1 , 

c^: a; = 0, y = f£*, « = f4, t£? = l. 

The equation of a plane containing a generator is of the form 

(ix •\'7cz — ^(iw + m (Xa; — 1/ + f£z) = 0. 

The equation of a plane containing the tangent to Ci at % is 

2a,a; — ^^VD — y + x2 = 0. 

When these two planes coincide, the two generators through each point X of ci lie 
in a plane containing the tangent. The resulting equation is 

2X/[£a; + {7i? + ij?)z — 7i?iiw — fiy=zO. 

If a (3, 2) correspondence between ^, (i, having ( 00, 00) and (0, 0) as double 

elements be given, the line will generate an S^ of symbol 2^+ (^ (46). If 
Jl' — fi^ — A,* = 0, the equation becomes 

wy — s? 

WX 01? — ^ + VW XV =0. 

wx 

The generators in the plane 2 = are w = Q and a; = y. 

If between X, /£ a general (2, 1) relation exists, the result is an S^ of symbol 
cj + 2^ (46). Similarly, if between a Cj and a Cg, with two points on Cg, be put 
in (2, 1) correspondence such that each point of intersection is a simple self-cor- 
responding point, the result has the symbol c^-f 2^ (47). 



xy + yto — 9?- 


-!? 





a? — !? + yw 




xy 


a? 




gt? + t? — ytc 
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24. Given Cg, a = A., y = X^ 2 = A.^ ti? = l and Cjj, a5 = y = f/, z=:y? 
ti? = 1, cutting C3 in three points A* = // = 0, 1, qo. Write the condition that the 
plane containing a generator from >l will also contain the tangent to <^ at >l. 
Impose the condition that the same plane contains the tangent to c^ at //. Finally, 
make (0, 0) a double element and (1» 1), (00, oo) each simple self-corresponding ' 

elements in a (2, 2) correspondence between %,fi. The resulting S^ has the -^j 

symbol 2^-1-2^ (48). i 



25. Given a 05,3. Establish a projective correspondence between two points 
on the curve in such a way that the two generators passing through any point 
of the curve lie in a plane containing the tangent to the curve at that point. 
Two of the values of the parameter at the triple point should be corresponding 
points of the projective correspondence. 2^^8 (49). If instead of a c^ s a 
rational c^ with two double points be given, and upon it a (1, 1) correspondence 
with one value of the parameter at each node as self-corresponding element, the 

resulting scroll will have this 2^^, as tacnodal curve (60). 

26. Given c,; aj=:X*,y=;i,z = o,ti7 = l and [c,] defined by 

y = , a» (a'z + a"t£?) + zw {hx + Vz) + wx {ex + dz -{- cf^w) = . 

Describe a K^ from (0, 0, 1, 0) to c,. The tangent plane X^w -{- x — 2Xy = 
will cut [cg] in (a?j, 0, %, Wi), [cg] will be a double curve. By letting d:=^a*' 
+ 6 f (/, and writing a' 7? — dzw + cwx — cy* -f c"t^ = ^ , the equation 
becomes 



^ y{dz— 2c!^w) d^y^ — Vt? 

^ y {dz— 2d*w) d'y^ — Vt? 

w — 2y X 

Q w — 2y X 



= 0. 



This is the equation of (38). If c = 0, Cg has a node at (1, u, 0, 0) and t£? = 0, 
z = is a gf*. The form is now (42), and its reciprocal is (37). A plane a; = at£? 
will have in each case a singularity of the same form at (a, — a, 0, 1) as at 
(a, a, 0, 1). If the condition be imposed that the intersection of this plane be 
an oscnode, the other d^ of (38) will be consecutive to the given one. The tac- 
nodal tangent of any plane section is the tangent to K^ in that plane. The conic 
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will be oscDodal in each of the three forms mentioned. Their symbols become : 
3^+[<l(61), 3i+cJ., + fl^ (52), 3^ + (5+27(53). 



The last form can also be derived as a limiting case of (3). 

§7. — Garrections to Previous List. 

27. The surface of genus 3 cannot have a nodal curve of order 7 , so that 
type I, ^ = 3 , (^ is impossible. (Journal, Vol. XXV, p. 267). Wiman* proved 
that for every scroll not contained in a linear congruence 6p <(n — 2)(n — 3). 
Hence, when n = 6, ^ ]J> 2. 

I assumed that two plane non-singular quartics could be found which are 
in (1, 1) point correspondence without being projective. Given two non-singular 
plane quartics c in plane n and cf in 7t', between which exists a (1, 1) point cor- 
respondence. Superpose the curves in such a way that the point A is self-cor- 
responding, and that B, B' , two other corresponding points, are coUinear with 
A. This is no restriction on either curve. Now construct another curve x 
projective with c', such that A=^ A, B goes into -B\ Between c, x exists a 
(1,1) correspondence with two self-corresponding points of intersection, hence 
lines joining corresponding points will generate a sextic scroll of genus 3. 
From the preceding theorem a sextic scroll of genus 3 must belong to a 
linear congruence. A quartic curve can lie on such a scroll only when the 
residual section is a double generator. Hence the line AB is a double gene- 
rator. Generators were defined as lines joining corresponding points. If 
AB cuts c in (7,2), and gc in C, i^, it follows that c corresponds to d (or 2^), 
and that i) corresponds to i)' (or (7'). When a (1,1) correspondence between 
the points of a line exists, the correspondence must be projective. By properly 
choosing A, B any line in the plane can be' taken for AB, hence c, x are pro- 
jective. Since (/, x are projective, c, & are projective. The same reasoning can 
be applied to non-singular plane curves of any order, hence: when a (1, 1) corre^ 
spondence can be established between the points q/ two nan-singular plane algebraic 
curves, the curves are prqjectively equivalent.'^ 

* KlasBifikation af regelytoma af sjette graden. Lund (Dissertation) 1892. 

f This theorem was proved for cubic curves by Schwarz, *' Ueber die geradlinigen Fl&chen funften 
Grades," Creile, Vol. 64, p. 37. For curves of order >4 probably (1, 1) correspondence other than 
projeotivity can exist only for much lower genus than the maximum. 
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Determination of the Ternary Modular Groups. 

By Leonard Eugene Dickson.* 



1. The determination of all groups of linear homogeneous transformations 
on m variables with coefficients in the OF [p*] falls naturally into two cases: 
(i) order a multiple o{p] (ii) order prime top. In the second case, the canon- 
ical form of any transformation merely multiplies each variable by a constant, 
and the problem is analogous to that of the determination of the finite groups 
of coUineations in m variables, f This separation of cases was followed in the 
treatment of binary groups. % 

In his elaborate memoir on ternary groups, Burnside || makes the limitation 
that ]f + p -i- 1 shall be the product of at most two prime factors >► 3 or else the 
triple of such a product. His discussion is occasionally incorrect. In partic* 
ular, he misses** the groups with an invariant ternary quadratic form. 

The present paper on the ternary groups of order a multiple of p employs 
methods entirely different from those used by Burnside. There is no limitation 
on the odd prime jp. Moreover, a representative of each set of conjugate sub- 
groups is exhibited in explict form. 

2. The order of the group G of all ternary transformations modulo p of 
determinant unity iBp^{pf — l)(/>* — 1). Every subgroup of order a power of 

* Besearoh ABsistant to the Carnegie Institution of Washington. 

t References to the work of Klein, Gordan, Jordan, and Valentiner are given in the new attack by 
Blichfeldt, Transactions, Vol. 4, p. 887; Vol. 6, p. 810. 

t Ck>mpare the related problem of the unary linear fractional group treated by Moore, Burnside, 
Wiman, and Dickson (references in Linear Groups, p. 260). The writer has recently made a complete 
determination of the binary' groups of determinant unity in the OF [p"]. 

I Proo. Lond. Math. Soc., Vol. XXVI, pp. 58-106. 
.^ §Ibid., pp. 77, 81, 102-104. Cf. Amer. Journ. Math., Vol. XXn (1900), p. 281. 

** Burnside, ibid., p. 81. 
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p is, therefore, conjugate with a subgroup of the group (7p» of the operators 




(1) 



In case a subgroup of G^ is defined by certain independent relations 

rj = 0, , r, = between a, 6, c, we denote it {ri = 0, . . . . , r, = 0[. We 

employ also the usual notation 

5u.x: ^/ = ^i + ^^„ ^^ = ^», (*:#»•). (2) 

Since the commutator subgroup of G^ is formed of the operators B^^ ,^« , and 

since the p^^ power of (1) is of the form -Bs.i.*, it follows that Gpt has exactly 

^ + 1 subgroups of order j^. But any linear relation between a and c defines 

such a subgroup. Hence* the subgroups of order p^ of G^ are |a = 0} and 

]c = ta}, <=0, 1, ^p — 1. 

The ^+1 subgroups G^ of ]a = 0} are ]a = c = 0}, ]a=0, 6 = toe}, 

ti? = 0, 1, ^p — 1. Now -83^1,11, transforms the latter into ]a = 6 = 0}. The 

^+1 subgroups (7|, of {c=to} are {a = c = 0}, jc = to, 6 = Jto* + t?af. 
When the latter is transformed by B^^ ^^ ^ , the only change is the replacement of 
t? by t; + «. We may thus make v = . Within G every subgroup of order p is 
conjugate with (-83,8,1) ^ J*={<?= to, 6 = ifa^}, <^ 0. 

3. The conditions for { c = to }(a^) = (a^)| G ^=^sA\ are 

ai2 = ttij = fiajjs = to^s =^ 0» toass = ^-^ogg, (3) 

aa,8 + ftogs = -4.an, clo^ + 6033 = -^au + sAa^ . (4) 

Since |ay | :^ 0, < and « are both zero or both ^ 0. For < = « = 0, the condi- 
tions reduce to ai2 = ais = 0, since (4) serve to determine A and B in terms of 
a and 6, or vice versa. For t^O, s:pOf then a^g =1 0, -4. = aojgan^ by (4)i, and 
^a^s = ^ol^au^ by the final condition (3). Now la^j = anG^K^ass = 1. Hence 
t = saif^. Let rf be the greatest common divisor of 3 and p — 1 . If d = 1 , every 
integer is a cubic reside modulo j), so that t =sa!^ can always be satisfied. If 
d =3, the two groups are conjugate if, and only if, t/s is a root of y*^*"^^ =1 (mod 2?). 
Ifp =3 or if p = 3Z — 1 , the groups {c = to},<=l, .... ,p — 1, are aU coiyu- 
gate within G] t/ J9 = 37 + 1 , they fall into three sets represented &^ < = 1, fi, ^, 

* Cf . Bulletin, Vol. X (1904), p. 802, formula (9). 
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where fi is a particular non-cubic residue of p. For any jp, ]c=to},<=^0,w 
commutative with only the operators (5)i, with (i||=l; |c=:0} with only (b)^] 
]a = 0} with only (5)3; Op^ with only (5)i, the determinant to he unity in each case: 

Uu ai2 \ 

a2i 0,2 I . (5) 

By a similar proof, there are exactly d non-conjugate sets of cyclic 
t/JS {c = to, 6 = i to*}, < :^ 0; JJ is commutative unth only the operators (5)i toith 
alj = aiitta,, ala — 1 , aj» = togsOCgiO^S ^ Also, (^8.2.1) ^^ commutative with only the 
operators (6)3 tot^A ot^i = 0, anOjgass = 1 . 

4. Lemma. 7%c only factiyrs = 1 (woeZ p*) 0/ (^^ — !)(/>* — 1) = («> arc 1, o. 

Let G) = (1 +J9*ar)j, a: >0. Then 5 = 1 (mod j9*) , g' = l+2>V» 2^>0- 
Tlien p^ — p — 1 = a + y + p^xy . Hence 

« + y = </>*— i> — i » ^y=p — <. <>o. 

Now y = gives 1+j?^cc=:q. Next, for y>l, a:>l, the second condition 
requires that x and y be each <ip. By the first, tp^ — p — 1 < 2p — 2. But 
j:>2 — 3^-1- 1 > if ^ > 3 . For ^ = 2, the lemma is evidently true. 

5. Lemma. Any binary transformation B ^=1 f M, y^O,and all the 

E^ = f^ J generate every binary transformation Tof determinant unity. 
Indeed, 

The latter transforms JS^ into-FV= (a V) » where a = XyT"^ may be made arbi- 
trary. But the J?x and F^ are known to generate every T. 

6. Let jB" be a subgroup of order p^Ny normalized to contain Op». If the 
latter is self-conjugate, the operators of jffare (§3) all of the form (6)1, so that H 
is given by the extension of Gy by certain operators 

26 



192 Dickson: Determination of the Ternary Modular Groups . 

Next, let H contain A; > 1 groups conjugate with Gpt. Unless H=: Gr, 
k:p 1 (mod^*) by §4. Hence* G^ and one of its conjugates under H have a 
common subgroup of order pP. Hencef H has an operator S commutative with 
this Gpt but not with Gj^ . 

(i). Let first Gj,^ be ]a = 0}. Then S i& of the form (6), witha„::^0. 
By choice of a and /?, 58,i,aA,«,^ ^ has a8i = as8 = 0, ai2=^0. Hence (§5) 
-BT contains every binary transformation B of determinant unity on ^i, ^j. 1/ H 
contains an operator 2 = (i^^), /3i8 «wd j32b not both zero, then H=^ G. Indeed, 
applying i^l = i^2» ^2 = — ^1 on the right of 2 if necessary, we may set ^^^zfz 0. 
Applying M^i^ ^^^^ 1 on the right, we reach 2i with ^13= 1 . Then 



2i ^»a,-^« ^3,i.-/i« = (y<^)» yi3 = 1. ru = yas = o. 



ysiyw 



= 1 



Multiplying on the right by the inverse of f^^*^ '^^J on ^1 and ^|, and then on 

the left by £|,i,-y,i ^s,2,-yii» we obtain (^^ ^g fg). This transforms £8,i.p and -B^g.^ 
into fii,8,p *J^d -^»,8,p» respectively. But all the B^j^^ generate G. 

(ii). Let next Gp^he \c= 0\. Then /ftf is of the form (6)2 with o^, ::^ 0. 
By choice of a and 6, SB^^^^B^^^^^, has 0,1 = 031 = 0, ogg ^ 0. Then (§5), H 
contains every binary transformation on i^g, £s o^ determinant 1 . If JT con- 
tains an operator not of the form (5)2, then H=: G; the proof is quite similar 
to that in case (i). 

(iii). Let finally Gj^ be ]c=:to}, <^0. Every operator commutative 
with it is of the form (6)1 and hence is commutative with Gp9. 

Theorem. — Within G every svhgroup 0/ order a multiple o/p^ is conjugate with 
one of the following \ (i) the group of all the p^fg operators (6)1 with a{i = 1, 
aj^= 1, a83 = ai7^aj^^; (ii) the group of all the fp^ {p^ — 1) operators (5)2 with 
a{i = 1 , ag2 ass — 028032 = ^iT^ (i") *^ group of all the fp^ {p^ — l) operators (5), 
with a{3 = 1 , ttji agg — a^ agj = a^^ . Bere f and g may be any divisors ofp — 1 . 

7. Let jB'be a subgroup of order p^N, normalized to contain a subgroup of 
order ^ of Gp». We prove that this Gpt must be self-conjugate under H, If the 
number of conjugates to G^i is (.>, H is of index p under G, whereas the order 

*Cf. Burnside^s Theory of Groups, p. 04, Ck>r. n. t Ibid., p. 97. 
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of the simple linear fractional group LF (3, p) does not divide j:>!. Hence (§4) 
Qpt and one of its conjugates under H have a common cyclic Gp, and i7has an 
operator commutative with Gp but not with Gpn. By §3, this is impossible if Gp 
is Jt or (i?s,s,i), since, in the latter case, Gpn must be {a = 0[. 

The quotient of the group of the operators (6)) by •{ c = [ may be taken 
concretely as the group of the operators (6)2 with on = asi = . We must take 
a group of the latter operators of period prime to p • The corresponding group 
of binary operators of determinant 1 on ^^ and £s must have the order 1, 2, 4A;, 
24, 48 or 120 (see third foot-note to § 1). 

The quotient of the group of the operators (5)i with (x!8= 1 by jc = tof 
may be taken concretely as the group Q of the products R^^M.^ 

(p-^ 0\ /€ 0\ 

10), M.= io e 0), 6^ = 1. 
a p/ \0 6/ 

Within Q any subgroup of order prime to ^ is conjugate a group of operators 

Theorem. — Every svhgroup Hof order a multiple of p^ hut not ofj^ contains 
a self-conjugate G,». Within Q^ His conjugate with a group of operators (5)i with 

aja = 1 , OiiassOsa = 1 » ^82 = ta^a^sfi^\ 

where t is a constant having one of d values ; or a group of operators (6)2 in which 
the\J^ ^ J define a binary group of order prime to p] or a group of operators 
(6)3 with an analogous restriction. 

8. Let J7be a subgroup of order pN, normalized to contain {B^^^^. Sup- 
pose, first, that the latter is self-conjugate. The quotient-group Q of the group 
of operators (6)3 with 021 = by {B^ ^ 1) may be taken concretely as the group 
of the ^ (jP — 1)* operators (5)| with ogi = (% = 0, ayia.^gfx^ = 1 . Q contains 
self-conjugately the group of thejj* operators (6)1: 



I ^(022— an) \ 

Of. j . (6) 

y (ai2 — ass) <^^ 
27 
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Now (6)1 transforms i/«,i,a«,«a i^to (6)2. Hence Q contains jp* subgroups of order 
{p — 1)^, no two of which have a common operator other than if,^ ,,.,€**= 1. 
The remaining dpP operators in Q are products of the form (6)1 M,^ ,^ , . Hence, 
every subgroup of order prime to ^ of Q is conjugate within Q with a group of 
operators -3C/5,y Hence H is conjugate with the first group of the theorem 
below. 

Let next {B^2a) ^ ^^^ self-conjugate in H, which, therefore, contains an 
operator S=^{a^) with aig, Ojg, a,j not all zero (§3). We simplify S by trans- 
forming it by operators if, Bi^s,p and J?3,i.p, each commutative with (58,»,i)» ^^^ 
by multiplying it on the right br left by ^s^i^p- Now, any (a^) transforms J?s,j,i 
into 

^/ = £i + a«>7, (i=l, 2,3), (7) 

where >/ is the function by which (a^)~^ replaces ^j. 

(i). Let oL^s^O. Transforming S by JbT^-,^,^.^,, we may set 0^3= 1. Trans- 
forming by -Bi,8,-«i,, ^® h^ye oj, =0. Then SB^^^^^^^ has o^ = 1 , a^ = ai8= 0. 
Then (7) becomes 

f 1 = £1, li = onfi + ?s — aiifs. ^s = ^81 (^u, 0,1 not both 0). (8) 

If an = 0, we reach J?2,i,i, whereas the order of JSTis not divisible by j?*. Hence 
an=#=0, and -Bg^i^-ona-i transforms (8) into 5,^3, _.y. Hence ^T contains all 

binary transformations B of determinant unity on £2* ^s- 

(ii). Let 023 = 0, ai8 =#= 0. Transforming by if«,p,y and ^j^i^ p, we may set 
ai, = 1 , 033 = 0. Then (7) becomes 

For ogi = 0, Si and J?8^ 2^1 generate a (7^. For o^i =#= 0, 

^^ -^^^^2,1^ Si 5s, 2, p = ^1, 2,-p-fl • 

But this and Si generate a G^t, 

(iii). Let ags = ai, = 0, ou :;^ 0, whence 033 :;^ 0. Then (7) becomes 

Si = ll> « = Igf 63 = ^1 O^aS 61 H" 0^11 0^88 « + Is* 

But this and B^ ^ j generate a Gj,t. 

It remains only to discuss the groups of case (i). Suppose that H contains 
(/?</) with ^12 > ^iBf Pzii i^a i^ot all zero. 



-1 
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If ^j3 = ^j, = 0, we apply a i? on the right and make also fin^^ i^» = Of 
^„ = 1, whence /?» = ^i7^. ^^^21 = 0, so that ^^si :#= 0, 

and ^contains a Gp*. The case i?ei n^ is excluded by (iii). 

Hence ^^ and ^13 are not both zero. Applying a £ on the left, we may 
set /:^i2 = 1 , ^u = . Applying next a i? on the right, we may set also ^,3=0, 
^88= 1. The case ^ti^O is excluded by (iii). Hence ^,1=0, P& = Pn 
Applying J?,^ j^_^ on the left, we may set also ^3^ = 0. Then 

(/?,)-^iK;7*%(/8«)Jf,.,,,= (o 

is of period j:> and is commutative with £3,2,1, so that the two generate a 0,». 
We have now proved the 

Theorem. — According as a subgroup of order a multiple of p but not of p^ 
contains {B^ 2, 1) self-conjugately or not, it is conjugate within O unih a group of pg 
products -Bg^j, p Ma^p^a'^p-^j 9 « divisor of {p — 1)^, or mth the group of order 
pf{p^ — 1) given by the extension of the binary group of determinant u/nity on ^j^, ^^ 
6y if.,^i,i,o/ = l {mod p.) 

9. Finally, let £r be a subgroup of order pN, normalized within G to contain 
1^. By section 3, any operator ^T commutative with J« may be expressed as the 
product of if., ,, ,^ f"* = 1 , by 


1 
/3 tap p/ \/3 — ita*p Op/ \l^' <« 

where Sa is the general operator of Ji and Sa = /Si*. The quotient group 
Q-=,{T) I Ji may be taken concretely as the group of the dp (p — 1) products 
M,^,^, ^A-M,P ^3,i,Y- Hence Q contains p groups conjugate with {M,^i^,^,^) 
p being a primitive root of^, no two of them have common operators other than 
M^ = M^^,^,. The remaining dp operators of Q lie in (JbT,, ^s,!,^)- Within Q 
every subgroup of order prime to J? is, therefore, conjugate with a subgroup of 

Let first J^ be self-conjugate in n. Then jH'is conjugate with a group of 
efp products M, iC-M.^ ^s,i,x. 
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Let next J^ be not self-conjugate in H. It suffices to consider the case < = 1 , 
since ifi.i,<-i transforms J^ into Ji, and JSTinto a subgroup of G; the final list 
of the groups with Ji must be transformed by the inverse M^^i^^. Hence let H 
contain J^ and an operator S=^ (a^) with c^, ais, o^s ^^^ ^^^ ^^^^ (^^ ^^^^ /S shall 
not transform Ji into a subgroup of Opt). 

(i) Let ais =#= 0. Multiplying S on the left by an /SI, i we may set ai8 = 0. 
If then 0,1 = 0, S^^ has alg = 0, a^ = ou o^ =^ 0, case (ii). Let now Oa, =^ 0» 
Then /S/S^a has 013:= 0132= 0. Transforming by B^i^,f which is commutative 
with Sa, we reach a transformation X with aj^ = o^ = Oss = 0, — (3ii8 <3c,i o^ = 1 • 
The transform of /Sia by 2 is 

(1 + (M?sf^vfh\ — <^itfHi — aotis (^ + i ooagais) \ 

oolgagi 1 — ^^aggOsiaiB — (^Da^ — oaJjOia — | a'aijOisajs I , (9) 

1 / 

where i>= aiicx^ — oLifl^v l^f D^O, we can determine a to make ai^^^^O, 
a/a = 0, case (ii). If 2) = 0, the transform of 2""^ by -Bg^i,.^.-! is of the form 2 

with D' = — Oss; then i)' = requires o^s = 0,1 = 0. In the latter case, (9) 
becomes TFl if we take a = — (%'ailS and set a = — (%'• 

(1 a Ja\ /O f* \ 

1 1 I , V= I 2a-^ (a — 1) — 1 1 — a I . 
1/ \2a-* 0/ 

Applying the method by which S was reduced to 2, we compute /SLgTTa/SLg 
and transform it by J?8.i,<ri where <t = 2 (1 — a)a"^ There results F, which 
is of the form 2 with D = 1 — a. We are thus led to case (ii) unless a = 1. 
For a = 1 , F becomes T, which transforms S^ into E^: 

/O i\ /I -ia ia«\ 

T=l0 —1 0), ^a=(0 1 -ia). 

\2 0/ \0 1/ 

For brevity set i\^ = ifp,i,^. We have the relations 

K = Bt, Sa = S,-, 8aN, = N,S^^^, E,N, = N^^, (10) 

r = identity, T8^ = E^T, TN, — N^^T, (11) 

E,S, = N^8^,^E^,, (a = g^il^, c:#:0, 6+4")' ^^^^ 

E,S,^ = N,^^,T, {c^O). (la) 
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Every aperator of the group K generated by 8i and T can be expressed in one 
of the two forms 



T^ 



O-t)' -10-4) *«•*-' 






N^S,T= (- 



hV — 1 ) . (15) 

2A? 




First, Si times either reduces at once to one of these forms by (10). Next, by (11), 

T. N^S,Ea = iVUE'A T, T. N^S, T= N^t . 

For a = 0, N^^T= iVi_JVi»-«'S'_6^_«-., of the form (14), the equality following 
from (13) upon transforming its members by T. For a^O, 

N^.E,S,T= N^, . iyr..,4^_.^_4^., by (13), 
= Nk-t^nE_ a + bafftS- to-' » by ( 1 0)4 , 

p and hence is of one of the forms (14), (16), in view of (12) and (13). Hence the 

group K is composed of the ^p (^ — 1) distinct operators (14) and (15). These 
may be combined into the simple form, with the invariant ^ — 2|j^, : 

2a/y aS + Py ^8 J, oi — ^y=l. (16) 

Indeed, (14) is obtained by setting 

while (15) is obtained by setting a = — J 6A;, ^ = — k"^^ A. = X;, 5 = 0. Now 
a, ^, Xf 8 and their negatives give the same operator (16). Further, there are 
exactly jp(p^ — 1) sets of solutions of a5 — ^y = 1 (mod p). Hence K is simply 
isomorphic with the group V of all unary linear fractional substitutions of deter- 
minant unity modulo p.* 

* Since S^ is not oonjagate with BM,t,v there foUowe the known theorem that r is not repreaentable 
as ft binary homogeneous group of determinant 1. 
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If )/ be a particular not-square, N^ extends K to 2k group E! of order 
p (jp* — 1), composed of all ternary transformations of determinant unity leaving 
S — 2^1 ?8 absolutely invariant. Indeed, N^ transforms Si and T into S^ and 
N^T^ respectively. 

Consider a group H* which contains K' and a further operator S = (ct^). 
Now /S, T8, ST, TST do not all have ois = 0. We, therefore, assume that 
a^^ m S. By choice of 6, p, a, Si^SNJSa = R has aj, = 028 = 0, ajs = 1. 
Then 












If otgiOa =#= 0, a suitable product /SiiV'^SA^li gives F: 

(1 0\ /I 

Y 01), F-Wr^FJV;=(y(p-^-p) p 

5—1 0/ \3(p-«_p-i) p 

We may take p^=^l. Then (§3) the latter operator transforms Ji into 

another subgroup of ffp., so that H! would be of order a multiple of jj^. The 
same is true for 2 if Oai = 0. If 0,1 = 0, 2 =5, i^t, h^=^2a^ia^ — ^no^sfh^. If 
h^Q, we obtain a Q^. Hence Aj = 0. Now anOttOss — asiocts = 1 = | aS'] . 
Hence oss = , and 

Ojj, I , OjB (oiiOaB — Osi) = 1 • 
an / 

If o^ = 0, N^TST can be given the form TT with h ^ 0: 

\ / a(i 

a ), ^= 1 

a- 7 \— 4a{3 

Then N^^W-^N,W = B^ ^ „ Z = 5 (1 — p-^). Hence ogi ^^ 0. Then S^'NJST 
gives ^, where 

ail = ««8 (p^M — ifWi) I ai8 = i p""^auaasa8i — pagssota- 
If Oss =^ 0, we take p = J aala5^ whence an = 0, a^ = J. Then 7!^ is of the 
form W with a = — 1 and hence transforms J^ into another subgroup of G^. 
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Hence Og, = 0. If a^ ^ 0, N^TST is of the form S with 0,1 =#= 0, Ogs =#= 0, 
previously excluded. Hence an = 033 = in S. Then 

STN^ = Ma^^,aTi\l. 

If ag'i ^ 1, this transforms Ji into another subgroup of Op». We thus reach the 
extender if.., .^i=if.^, .if, i.«^ ^ = 1. Now if..,,, occurs in B? if, and only if, 
e = 1 . Hence S' is of order dp (p' — 1) and leaves £| — 2 ^1 £, relatively 
invariant. 

We now pass from case (i) to the study of the group H with an operator 
4S = (ay), ai3 = 0, ai2 and ogj not both zero. These properties of /S' are not 
altered when we make the normalization as at the beginning of the section, in 
view of which the largest subgroup Gp^^ of H commutative with t/i is composed 
of the products M,^,^, -ATp/SI,, p"* = 1, e* = 1, e = 1 or d. We defer to §10 the 
case w=z 1, assuming w^l here. 

(ii) ai3= 0, a]2=^ 0. Transforming 5^ by N^Jf we may set ai^ = 1 in S. 
Replacing /S^ by a suitable product SaSSi,, we may set an = ai3 = Ogg = 0, 
ai2 = 1 . Then S~^N^SN;r^ becomes 

iir^ — 9)^i^^h» p ^Ofjasi — pojiiaas (p — P ^)(hi(h3] - (17) 

If p may take the value — 1, (17) multiplies fi and fg by — 1 and replaces if, 
by la — 2a8s|i. Hence it transforms /Si into an operator :#: /S^ of G^,, whereas 
the order of if is not a multiple of p^. Let then p^ =#= 1. If asio^, 4^ 0, (17) 
falls under case (iii). Ifa28 = 0, so that \S\ = — ogiaj, = 1, (17) is commu- 
tative with Ji if, and only if, (§3) p* = 1 , asi = 0; when these hold, tr = 3, so 
that asi = (p — 1) aaa i^ (17) is zero. In view of S^ we may set Ogj = g, e* = 1 . 
Then 

/O 1 0\ /— 6* 

iS'=(€ 0), S^..S''S..SN..S^,S=l 

2£» 



(0 1 0\ /— 6* 

€ ) , S^..S''S..SN..S^,S= I a 
0—6^/ \— € 2^ 




while the latter transforms Ji into a different subgroup of Gp» (§3). The remain- 
ing case o^i = may be excluded in a similar way. 

(iii) ai, = ai3 = 0, a^s^^O. Transforming H by N, we may set ogg = 1. 
Multiplying right and left by the Sa, we may set also asgs = a88 = 0, whence 
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a„a„ = 1 . Then S-'N,SN-' = i is 



(} ;-. 0°) ^=(f- 



— p) Ogiaag t 
P*)asiaa2 . 



If either ^3 ^^ or p^=fz 1, Z leads to a G^,, (§3). Let, then, /?= 0, p»= 1, p^^ 1 
whence agi = 0. Then Nj^LN^jT^ = ^a, i,m < = y (1 — P'O » l^ads to a G>. unless 
y = 0. Hence we may set also a8i = 0. In view of /S^, we may set o^zzzb^ 
e^= 1, whence an = — c*. Then S and S^iS^^S, iSS^i are, respectively, 




0\ /I 0\ 

l), (-2 l). 

0/ \ 1 —1 0/ 



The latter, taken as S, leads to an L with fi ^0. 

1 0. It remains to consider the case in which Ji is commutative only with its 
operators and the M,^ .^ . , with €* = 1 , 6 = 1 or 3 . Denote the order of H by 
pern. We pass to the quotient-group ^ of G by (JbT,^,^,). Prom H^ we obtain 
Hi of order pm. Hence Hi contains exactly m operators of order prime to jp. 

By the canonical form theory, Q contains cyclic subgroups of order -=- {l^+p+ 1) 

each commutative with just -i- {p^ +i^ + 1) operators. Let (i be the order of 

the largest subgroup C of one of these cyclic groups which lies in Hi. Then G 

is one of pm-r-fiX conjugates within 5i, where A, = 1 or 3, and no two of them 
have a common operator 4^ I. Hence they contain at least pm (ji — 1) -r- 3/£ 
operators ^ L But if ^>>3, this number exceeds m if (i^l, and hence 
^>3. Hence, for J? > 3 , there occur no operators ^^ /whose periods divide 

— (j>* + jp + 1). The same is true for p = 3, since then d= 1, /li = 13, % = 3, 

so that there are exactly 7w/13 Gi^ in ^i* But in= 2*. 13, i < 4, contrary to 
Sylow's theorem. Next, Hi contains no operators of period t, a divisor of 

--^(jp^ — l)butnotof --T^ (^ — 1). Indeed, the cyclic (7^ would be one of 

pm-T-tx conjugates, where x= 1 or 2. Let G^ have t operators of periods 

dividing -r- (i> — 1), r > 2<. Then there are at least r — t operators in any G^ 
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occurring in none of its conjugates. But {t — t)pm "=" tx > | pmjx >^ iw if jp > 3. 
The case ^ = 3 is immediately treated since the group of order 3 . 2^ 1 < i < 4 
has 2^ conjugate C^ and a self-conjugate (72i, whence t= 2 or 4. If i= 2 and 
the O^ is cyclic, there occurs a self-conjugate operator O2 and hence an Oe. For 
» = 4, Gi^ must contain an Os, since 16 is the highest power of 2 dividing the 

order of G^= Q, which contains operators of period -7- {]^ — 1) = 8. But for 

r = 8 , ^ = 2, the general argument gives 6 . 3 . m -r- 8x, or more than m, distinct 
operators of periods 4 and 8 . 

We have shown that Hi contains no operator of period a divisor ]> 1 of 

q= —(fp +P+ 1), or a divisor of r= -^{]f — 1) but not of 5= -r- (i> — 1). 

The order of Q is q{p + '^){p — 1)^2>^ Now q is relatively prime to j? + 1 
Also {p — 1)* — ^5 = — 3p, while q is not divisible by 3 ; hence q and Cp — 1)* 
are relatively prime. Hence the order of E^ divides {p + l)(p — ^Yp- -^.ny 
factor other than 2 or 4 of 2> + 1 is prime to (j? — 1)^ and hence to s. Hence 
the order of H^ divides u)=^{p—\fp, h=2 if p=4l + l,k = 4 if 
p = 47 + 3. The order must divide w/ 2 ; otherwise Hi would contain a group 
of order the highest power of 2 dividing the order of Q, and hence an operator 
of period a power of 2 dividing r but not s. Hence the order J3i divides 
v=zx{p — l)^Pf * = 1 or 2 according as jp = 4Z d= 1 . But the only divisors 
= 1 (mod p) of 2{p — 1)* are 1, (p — l)*i and if p = 7 also 8 . But Cp is to be 
commutative with no further operators of Hi. Ifp = 7 and Mi is of order 66, 
there would occur an abelian subgroup Gsof type (1, 1, 1), whereas a simple 
discussion shows that no such G^ lies in LF {Sy 7). Hence Hi is of order 
pip — 1)^- N^w {P — ^y bas no factor = 1 (mod p) other than itself and unity. 
Moreover, Gp is not self-conjugate. Hence* {p — 1)* does not have two distinct 
prime factors. Hence p — 1 = 2*. Then d=l, i(2>+l)is odd. Hence Hi 

contains a O^^ self-conjugate in a subgroup Gfp^i of order the highest power of 2 
in LF{Z, p). The latter has operators of period p^ — 1, and hence operators of 
period 2*"*'^ Hence G^ has operators of period 2". But no operator of period 
p transforms into itself a cyclic G^ {i < a) , since there is no ternary group of 
order p2' containing Jj. Hence there are at least p distinct conjugates C^^ in Hi 

* Frobenius, Berliner SitzuDgsberichte, 1902, p. 459. 
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and hence at least ^2*^ distinct 0<. But 

a 

j>22*'^=i>(2*— 1) = 2^— 1. 

Hence Hi contains exactly p conjugate G^i for i := 1, . . . . , a. If two of the 
C^ had a common subgroup C^, 6 ]>0, all the jp G^ would contain (7,j, which 
would then be self-conjugate in j5i, contrary to the above. Hence all the oper- 
ators of Gfi^aWe in p conjugate O^a. Suppose that exactly 2^ operators trans- 
form each of the2> cyclic G^ into itself. Then there would be a self-conjugate 
G^ in Hi. Hence, by above, c= 2a, so that G^ is abelian of type (aja). 
Hence there are only 3 operators of period 2, whence 2> = 3. For j? = 3, Ei = H 
is simply isomorphic with the alternating group on 4 letters. Its four-group may 
be taken, by applying a suitable ternary trausformation, to be generated by 
-^1,-1, 1 ^^^ ^+> where 

±1 0\ / an ± an a^A _ 

I , G=l^aii —an ± ajg j , 4anai3a8i = 1 . 

— 1/ \ aai q=a8i / 

We find that any ternary operator of determinant 1 which transforms id,«-i,i 
into B^j and the latter into 5:^, must be of the form G. Every such G is of 
period 3 and leaves absolutely invariant 

a + fg- £1=^ - 2 (^a + |,)(li-e,), (mod 3). 

The resulting ff^j generated by M^i^^i^ i. B^, and any (7, is, therefore, conjugate 
within G with the group of the operators (16). 

The Univbrsitt of Chicaqo, October, 1904. 
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Deduction of the Poiver Series Representing a Function 

from Special Valties of the Latter. 



By G. W. Hill. 



I have already treated this matter in another place,* but the exposition 
there is by illustration only and quite incomplete. The subject needs a more 
general presentation, which will be the endeavor here. 

The treatment of the question is much facilitated or, in many cases, even 
rendered possible, by the application of two principles. The first is the isolation 
of groups in the assemblage of linear equations through the attribution of zero 
values to some of the parameters involved. The second is the disintegration of 
the equations by comparison when corresponding positive and negative values 
are given to one or more of the parameters. 

Here it is expedient to adopt a peculiar notation. Let F denote the func- 
tion to be treated and x the general parameter. The formulsd to be written in 
what follows will be limited to the case where there are four parameters ; the 
modifications to be made when there are more or less will be obvious. We use 
{ for the general integral exponent always not negative, and A for the general 
coefficient. There is here no necessity for the employment of accents or sub- 
scripts to distinguish quantities of the same kind. The parameters will be 
known as the first, second, third and fourth. In designating any one of these 
all must be written ; thus, the third parameter is af^x^xaP. Accordingly, we write 
the equation 

F=XA7fx'x'x\ 



* Astronomical Journal, No. 667. 
28 
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where the t's are not necessarily the same. Let subscripts attached to F denote 
the special values of the function correspondent to special values of the parame- 
ters ; and, as we have to distinguish between significant and zero values for the 
latter, let us suppose that i always denotes a positive integer ; consequently, the 
value { = is excluded from the summations 2. The function ^must undergo 
a sort of differencing in reference to zero values for the parameter ; a differencing 
which is more general than the ordinary, since it often involves more than one 
variable. This mode of operating is, for the adopted case, depicted in the fol- 
lowing system of equations : 

f 

1 

1 

1 

2 . Aa^aPx*x^ = i^oo»o — ^oooo = ^wm* 

1 
2 . AaPx^aPx* = Fqq^ — -Fqooo = ^ooo» » 

It 2 

2 . Ax*x^af^x^ = J^^,oo — -^«ooo — -^orto — ^oooo = -^««oo » 

11 2 

2 . Ax*x^x'x^ = -F-rtteo — -PLooo — -faw)— -^oooo = ^»(m* 

^ 11 2 

2 . Ax X Vx* = ^,pO0« — -^iKMO ^OOto — -'^OOOO = ^Mx > 

1 1 2 

2 . AaPx^X^aP = i^oaaO — ^O^O -^OOrO — -^0000 = ^QxxOi 

11 2 

2 . Aafix'aPx* = Fq,^ — F^^ — i^ooo* — -'^oooo = -^o»ai » 

11 2 

2 . -4xPxVx* = JPote* — F(XM — -^ooo* — -'^oooo = ^00»»» 

2 3 2 11 

2 . -4x Vx*X® = FjcxjiO -^mOO — ^-(W) -^ftwO — -^«000 — -^OiOO 

1 8 

2 2 2 11 

2. -4X*X*XV = F^^ — F^oo i^aKWkr — -^ftrOkr " ^^.000 ^(MO 

1 S 

2 2 2 11 

2 . Ax*aPx*af = -FaKkr* ^setM — -'^•OOa; — ^(fOmm — ^«000 — ^Om 

1 8 

112 11 

2 . -4x^x*xV = i^ojp,^ — F(^g^ — Fq^ — ^oo»* — ^(tooo — ^oo»o 

1 8 

-^OOOi -^0000 ^ ^(DM» 1 
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9 9 8 8 8 2 

8 2 2 2 1 

Jp Tp Jp 1^ Jp 

111 4 

yp TCf Tp jp _^, jp 



The number of these equations is 16 = 2\ and, generally, if there are Jc 



parameters, the number is 2*. It will be readily perceived that J^is the term 

of the series independent of the parameters ; that the F are functions of the 
single significant parameter appearing in their subscripts, without a term inde- 

2 

pendent of that parameter ; that the F are functions of the two significant 
parameters appearing in their subscripts, without any terms independent of one 

8 

or both parameters ; that the F are functions of the three significant parameters 
appearing in their subscripts, without any terms independent of one, two or all 

4 

of these parameters ; and, finely, that JP is a function of all four parameters, 
but without any terms independent of one, two, three or all of the parameters. 
Thus each F of a definite superscript involves no terms included in the F of 
smaller superscripts. By this device we have broken the system of linear equa- 
tions for the determination of the coefficients into 1 6 groups, each of which can 
be treated independently of the others. 

It is not necessary that the computations should be made by the equations 
just written. The last involves no less than 1 6 terms, and labor will be saved 
by eliminating some of the F. The 6 equations at the beginning remaining 
unmodified, it will be perceived the following system is equivalent to the 
former : 

r 9 1 

2 1 

2 1 

2 1 

-^OboO ^^ -^OrbO "^ -MMbjO -MteOO* 

2 1 

2 1 
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r 8 2 

8 2 

8 2 

8 2 

4 8 8 2 

^ Ttxxx — -^xasMc"" -^arararO -^^a-xOar -^aaOO -'^leOara? -*^ftrajar i -''ooajaj* 

2 

These formulaB are not the unique ones of their type, but the ^ admit two 

8 4 

different forms, the F three and F six. All are obtained by making certain 
transpositions between the x and of the subscripts. They need not be given 
here, as their employment has no advantage over those just written. 

Each of the -Fis evidently divisible by the product of the significant param- 
eters in its subscript. The functions thus obtained may be considered as one 
step nearer the result of elimination. We may use O to denote them. Thus : 

1 1 ^ 1 ^ 

1 ^ 1 8 2 4 



We come now to the application of the second principle. In the first place 
consider ^ when involving only a single significant parameter as ^xoooi and let 
-^+000 aod i'Looo denote the values of i^^ooofor corresponc^ng positive and neg- 
ative values of x ; then it is plain we shall have 

2^ (x»)' xVxP = i [F^^ + F_^-\, 
xafaPaP 1.A (a?y aPxV = * [-P+ ooo — i^- ooo] . 

where the A of the first equation are distinct from the A of the second, and 
where it is now necessary to allow i to assume the value 0. 

Next, supposing F involves two significant parameters as F^xnt then we 
shall have the four equations 

2^(x«)'xxV = i [F^^ + F_^-], 
xaf'^TPlA (a*)* xx»x« = i [^+ ^ - i?L ^] , 

XAx(:>?y xV = \ IF^^oo + F,^] , 
x»xxV2^ (x«)' a^x" = 4 [F, +00 = K -00] • 
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By taking half the sum and half the difference of certain of these, we obtain the 
four equations 



where the coefficients A are distinct for each. The second, third and fourth are 
divisible severally by xsfix^aP, tPxxPoP and xxjPaf^. By making these divisions we 
shall be a step nearer the result of elimination. The rule of the signs connect- 
ing the form F in the group of four equations may seem a little obscure, but a 
consideration of the successive operations of taking half the sum and difference 
shows that the sign of each F is given by raising the signs in the subscripts to 
the same powers as the corresponding parameters have in the left members of 
the equations. As her6, the even integer 2i may be dropped out of the expo- 
nents, we perceive that the signs in question are given by the expressions 

(+)'(+)". (+)»(-)". i-n+r. (-)"(-)". 






(+)H-n 

(+)*(-y. 



i-Yi+y, 



(-y(-n 
i-n-y. 
(-)H-y. 



In case F involves three significant parameters, as ^a:^^, we have entirely 
analogous equations which, for brevity, we write as follows : 



Silx^a^a^x" 


=^s{±n±y 


i^fF^^^,, 


2 Ja*' + ^x^a^a!" 


=hs{±y{±r 


(=*=)" -^±±±0. 


2 /Isr^a* +»»»*«" 


:=is{±n±y 


(=by^±±±o. 


Sila^^x^x^ + V 


=hsi±n±f 


(zbyjf'ii^o. 


S^ar^+'x^+^a^a^ 


= ^^(=by(±)» 


{±TF^^^,. 


2Ja»'+»a!«'x«'+V 


=^S{±yi±f{ 


:±)^^±±±o. 


S^a^a^ + 'a^ + V 


= hS{±f{±y( 


[±yi^±±±o, 


2ila* + ^ai" + V+ V»= iJi /S'(±y (±)» 1 


(±VJ^±±±.. 
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The coDDection of the ambiguous signs in these equations will be readily 
understood. 

In case F has all its parameters significant, there are 1 6 equations analo- 
gous to the preceding ; we need write but one as a type of all : 

Thus, by the application of the two principles of zero values and of pairs of 
values of opposite signs, we succeed in breaking the system of linear equations 
to be solved into several subordinate systems entirely independent of each other. 
When the number of parameters is 2, it is evident that the number of these 
subordinate systems is 

1.1 + 2. 2 + 4.1 = 9 = 3«; 

where there are 3 parameters this number is 

1.1 + 2.3 + 4.3 + 8.1 = 27 = 3»; 

and when the number of parameters is 4 (the case we have been treating) the 
number is 

Kl + 2. 4 + 4. 6 + 8. 4 + 16. 1=81 = 3*; 

hence, in the general case, where there are k parameters, the number of inde- 
pendent subordinate systems is 3^. 

After having shown the applicability of zero and parity values of the param- 
eters for breaking the system of linear equations into detached portions, it 
remains to show what principles should guide us in selecting the values of the 
parameters for which the special values of the function are to be computed. As 
in the former memoir we suppose that the values of each parameter are taken 
from an arithmetical progression of which one term is zero. Let d denote the 
common difference in this progression which, although it may be different for 
each parameter, we designate by the same letter, just as before we employed x 
and i. Then, in the first instance, the power series will be derived in the form 



^= ^^ (0(f )*(l)*a)' 
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As it is necessary to cut off the power series at some limit, it is desirable 
to choose the d in such a way that the neglected terms should vitiate as little as 
possible the derived values of the A. The smaller are the d the smaller is this 
vitiation; but practical considerations set a limit to this diminution. Suppose 
we are going to quantities of the 10^ order of smallness in the x, and decide to 
halve the d] then, as 2^® = 1024, it will be necessary to add 3 more decimals in 
our computations; and if the d are diminished to a tenth, 10 decimals must be 
added, which procedure could not generally be entertained. Thus nice judgment 
is required in deciding on the magnitude of the d. As good a rule for the choice 
as can be given is to divide the range over which the parameter is supposed to 
play by the number of significant exponents it is to receive in the power series. 
Then the selection of the values of the parameters should be such that, in a 
graphical exhibition, they would be arranged as nearly as possible in a symmet- 
rical manner about the origin ; and, in a space of k dimensions if k is the number of 
parameters, they should be contained within the ellipsoid whose axes are the 
several ranges. 

As the computation of special values of the function constitutes much the 
larger part of the labor incident to the method, it is desirable to insist on the 
limitation that no more special values are to be computed than terms are to be 
retained. But some restrictions must be put on the employment of the two 
principles given for the purpose of disintegrating the system of linear equations, 
and on the selection of values of the parameters for which the special values of 
the function are to be computed. 

If J^is computed for x = u2, a? = k2, a; = id!, x = u2, we shall call tm the 
argument of the value of J^. Here t is integral, but may be zero or negative. 
Then, in each group of linear equations obtained by the application of the first 
principle, it is plain that the zeros of the arguments used must fall in the same 
place as the zero exponents of the parameters; thus, when we are treating the 
group whose type is [tOOt], the arguments of the special values used must be of 
the type lOOi, where, however, t can be negative. The first principle can always 
be used, but it is desirable to limit the selection of arguments in the following 
manner: — Dividing the terms into Division I, where all the exponents are zeros, 
Division II, when all but one are zeros, and III where all but two are zeros, and 
so on; if we have used an argument such as mO in Division IV, it is necessary 
to use the arguments uOO, iOiO, OnO in the preceding or here Division III, 



210 Hliiii : Deduction of the Power Scries Repreeentmg 

understandiDg that that the i in the second case are identical with those standing 
in the same place in the first. Hence the proper method of selecting the argu- 
ments to he used seems to be to commence at Division I, for which, in the case 
we exhibit, the argument is 0000, and get the arguments for Division II by sub- 
stituting for one of the zeros an integer positive or negative. Then the argu- 
ments for Division III are got from these by substituting for one of the remaining 
zeros positive or negative integers, and so on to the end. These integers should 
constitute in each case an arithmetical progression having zero near the middle 
of it. 

With regard to the application of the second principle, that of parity values 
it often cannot be employed without introducing non-independent equations. 
The remedy for this state of things is to cut down the operations to a half 
stage or even to a quarter stage, and, in some cases, not to employ it at all. 

These matters cannot be well set forth without the help of an example. 
We adopt that of the preceding memoir. It is characterized by saying that it 
involves four parameters, two of which are regarded as of the first, and two of 
the second order of smallness ; and all terms above the eighth order are to be 
neglected. This demands the presence of 176 terms in the power series. How 
they are disintegrated into 81 subgroups by the application of our two principles 
is shown in the following table. As each term is sufficiently characterized by 
the exponents of the four parameters, nothing else is set down, and the terms 
of each subgroup are connected by the sign -|** ^^ addition, the exponents of 
the first term are set down as they are, but the following terms of the line are 
divided by the first term, as the quotients are more useful than the terms them- 
selves. 
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1 

S 
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I 


0000 
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1000 
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(i (( (i 


II 


3 
4 
5 


4 
5 

6 

7 


0200 
0100 
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II II II 


0020 
0010 


+0020 
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8 
9 
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+ 0002 

II 




6 

7 
8 
9 


10 
11 
12 
13 

14 
16 
16 
17 


2200 
1200 
2100 
1100 


+ 2000+0200 + 4000+2200 + 0400 

II II II «« « 

a a i$ a u 

+ " " " « +6000 + 4200+2400 + 0600 




2020 
1020 
2010 
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•c 

CI 

" +0020 •• 

a a (( 


III 


18 
19 
20 
21 


2002 
1002 
2001 
1001 


II 

II 

•• +0002 •• 
« II « 




22 
23 
24 
26 


0220 
0120 
0210 
0110 


+0200 

II 

•« +0020+0400 

II II <« 




10 


26 
27 
28 
29 


0202 
0102 
0201 
0101 


II 

II 

" +0002 

II II (< 




11 


30 
31 
32 
83 


0022 
0012 
0021 
0011 


+ 0020 ' 



29 
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1 


1 


6. 
p 

S M 

34 


• 


Quotient. 




2220 








35 


1220 


- 






36 


2120 






12 


37 


2210 


+ 2000+0200 




X «f 


38 


1120 


f< <( 






39 


1210 


(( n 






40 


2110 


It It 






41 
42 


1110 


** +0020 + 4000 + 2200+0400 




2202 








43 


1202 








44 


2102 






13 


45 


2201 


« It 




46 


1102 


i< M 






47 


1201 


« it 


IV 




48 


2101 


tt (1 






49 
52 


1101 


** " +0002 ** •' " 




2012 


• 






53 


2021 






14 


54 


1012 






55 


1021 








56 


2011 


u 






57 
60 


1011 


tt 




0212 








61 


0221 






15 


62 


0112 






63 


0121 








64 


0211 


+0200 






65 
76 


0111 


(( 




2211 








77 


2111 




V 


16 


78 
79 
80 


1211 
1121 
1112 








81 


1111 


+ 2000 
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The 16 groups in the table are the result of the application of the first 
principle ; the 81 sub-groups result from the further application of the second 
principle. It will be noticed that 14 out of the 81 sub-groups do not appear in 
the table; this is because their terms are all above the 8^^ order. The success 
of the application of the two principles is well shown by the table. Out of 8 1 
sub-groups there is only one (the 13^) which consists of as many as 10 equations 
and 10 unknowns; two groups have 7, and three have 6; and 23 groups consist 
of a single equation giving the value of one coefficient each. 

The following table shows a selection of arguments which may be employed 
in our illustrative example. The ambiguous signs must be taken in every possible 
combination ; thus three in one argument denote eight different arguments. 



o 



p( 



o 



ArgnmentB. 



II 



III 



IV 







2 
8 

4 
5 



d=l 
Od=l 
0d=l 01 
0d=l 



6 
7 
8 
9 
10 
11 



drl=bl Q^ 
±1 0±1 
±1 Odbl 
0d=l±l 
0=bl Od=l 
Od=ld=l 



19 
18 
14 
16 



ilildrl rt 
±1±1 Oil 
d=l 0±1 1 
Od=l:i:l 1 



16 



±1±1 1 1 



dr2 
Odrd 
0d=9 
0dr2 



dr8 
Od=8 



di2±l 
0d=2 0d=l 

±2 0=b1 
0=b2d=l 01 
0d=2 Od=l 
2 1 



±2d=l 1 

d=2d:l 1 

±1 1—1 

Orfcl 1-1 



1 1-1 1 



d=ld=2 

0^d=l 2 

dbl 

0:^1 2 01 

0:tl 2 

1 21 



0d=ld:2 1 

±1^=2 1 

d=2 1 1 

0d=2 1 1 



1 1 1—1 



d=4 
0d=4 



2 1—1 
2 1 0—1 



2 111 



d=2d=2 0|=b8d=l OldildbS 

Od=8 1 Oj 

2=b8 1 

OdbS 1 01 

0d=8 1 



1 2—1 
1 2 0—1 



12 11 



1400280082004 100 



2 2 1 08 
2 2 1 



110 
8101 



1810 
180 



11 



1 120 
102 



It will be seen from this table that the second principle has not in every 
case been pushed to its limit. Thus in Div. IV, Group 12, if we employ the 8 
arguments ±ld=ldbl Owe get as many independent relations between the sought 
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coeflScientB; but, if we annex the 8 augments ±.2±ldtl 0, we do not get 8 
additional relations but only 5. This is explained by the fact (consult the arrange- 
ment of terms in Group 1 2 in the first table) that the first 8 give the values of 3 
coefficients, and the second 8 also give them. 




<s> 



<3> 





We will catalogue all the deviations from a complete parity treatment in 
the foregoing table. In Group 6, the parity treatment, here involving two steps, 
has been applied only in six cases, while four arguments are without it ; to have 
applied it to the latter would have introduced superfluous relations. In Groups 
7-10 we have two instances of parity treatment to two steps, and two to one 
step. In Group 11 one instance of this treatment to two steps and two argu- 
ments without it. In Groups 12 and 13 one instance to three steps, two to two 
and six arguments without it. In Groups 14 and 16 one instance to two steps 
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and two to one. In fine, in Group 16 one instance to two steps and four argu- 
ments without it.* 

But it is much easier to comprehend the principles which should be fol- 
lowed in the choice of the arguments through a graphical exhibition. The 176 
arguments in our example, since they are to four elements, can be represented 
in a space of four dimensions. By drawing in this space 3.5 = 16 planes properly 
chosen, the points representing the arguments will all lie in these planes. We 
adopt here for the coordinates the notation of the first memoir, viz., xxfyy'. In 
the adjacent diagram the upper oblique square with its two adjacent points 
constitutes a table of contents or index to the graphs of the 16 planes shown 
below ; it bears on the coordinates y and y' or the third and fourth constituents 
of the argument. These graphs are placed relatively to each other as the points 
of the index which belong to them. By this device we are enabled to represent 
on a plane, sufficiently for our purposes, a space of four dimensions. Moreover, 
the graphs are placed so as not to interfere with each other, the coordinates x 
and od being measured from the central point of the oblique squares. The intro- 
duction of the latter into the diagram has no other object than to enable the eye 
to grasp quickly the law of distribution of the points. 

It will be perceived that 6 of the graphs reduce to a single point ; they may 
be called oblique squares to side 0. Next 4 graphs consist of oblique squares to 
side 1 and they all have one point exterior to the square. Again there are 3 
graphs to side 2 with 2 exterior points. Next 2 graphs to side 3 with 3 exterior 
points; and finally, a single graph to side 4 with 4 exterior points. With regard 
to these exterior points, it must be explained that the positions they have in the 
diagram are not unique. Let us suppose that the positions lying nearest the 
perimeter of an oblique square and exterior to it are called the adjacent points; 
they are in number four times the number expressing the side of the square, and 
they can be joined by straight lines so as to form rectangles. Then the exterior 
points must be distributed in such a way that each rectangle shall receive one 
and but one point at some one of its angles. It is not necessary that a similar 
arrangement should be adopted for all or for some of the graphs ; it may be 
varied at will. In the diagram the exterior points are, in all cases, placed to the 

*The choice of arguments made here for the 175 special Talaes of ^ is not quite the same as that 
in the first memoir. If, in the 8 arguments numbered 130-138, 143-146, 1 is substituted for 3 in the first 
constituent, we have the present selection. 
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upper and right side of the square. As to the arrangemeut of the squares in 
reference to the magnitude of their sides, it will be perceived that on the one 
hand the limit is a square of the side 0» and on the other a square of side 1; and, 
as we pass inwards towards the centre, at every step the side augments by 2; 
but when we arrive at the middle column, it is only a half-step on the right 
hand, while it is a whole step on the left This is for an even number of param- 
eters ; for an odd number, the half steps do not exist. 

The number of points in each graph is shown by the following scheme : 

1.1 

1.1 + 2.3 

1.1 + 2.3 + 3.6 

1.1 + 2.3+ 3.6 + 4.7 

1.1 + 2.3+ 3.6 + 4.7 + 6. 9J 



= 176. 



The regularity apparent in the diagram is due to the tabulation of the points 
under the headings of two of the parameters. However, after the diagram is 
formed, it will not be difficult to distribute the arguments under the headings of 
the groups. It will be noticed that the exterior points are each a half-unit distant 
from the perimeters of the squares. As we have placed them they may be inclu- 
ded in a rectangle having one more column in one direction than in the other. 

When we have the arguments of the special values which determine the 
coefficients of a sub-group, it is easy to write, with the assistance of the first 
table, the determinant belonging to the solution. Thus, in Sub-group 13 of 
our example the determinant is 



1M« 


1».1» 


1«.1« 


!«.!• 


1».1» 


l».l* 


1M« 


1M« 


IM* 


1M« 


2».1» 


2».1« 


2».1« 


2*.1<» 


2».1» 


2».l* 


2«.1« 


2*. 1« 


2».l* 


2». 1* 


1«.2» 


1«.2» 


1«.2« 


1*.2» 


1».2» 


1«.2* 


1*.2» 


1*.2» 


1».2* 


1».2« 


2«.2» 


2». 2» 


2'.2» 


2*.2» 


2».2» 


2».2* 


2«.2» 


2*.2» 


2«.2» 


2». 2* 


3M» 


3M» 


3«.1» 


s*.v 


3M» 


3M* 


3M» 


3M« 


3M* 


3«.1« 


1».3» 


1».3« 


1«.3* 


1*.3» 


1*.3« 


1«.3* 


1«.3» 


1*.3» 


1».3* 


1«.3* 


4«.1« 


4M» 


4».1» 


4*.1« 


4M« 


4M* 


4M« 


4M» 


4».l* 


4M« 


3«.2» 


3*.2» 


3«.2« 


3*.2» 


3«.2» 


3».2* 


3«.2» 


3*.2» 


3».2* 


3«.2« 


2».3» 


2«.3« 


2».3» 


2*.3« 


2».3» 


2».3* 


2».3» 


2*.3« 


2*. 3* 


2».3« 


1».4« 


1».4» 


1«.4» 


1«.4« 


1».4« 


1».4* 


1«.4» 


1*.4« 


1».4* 


1«.4« 



There is no need of proving that these determinants are non-vanishing, as they 
are all met with in the problem of drawing a parabolic curve through a definite 
number of distinct points in a space of two or more dimensions. 



On the Definition of Mediicible Hypercomplex Number 

Systems.* 

Bt Saul Epstebn and Heman Burr Leonard. 



§1. — PreUminary Bemarka. 

A hypercomplex number system is said to be reduciblef when, by a proper 
choice of the units 

E=Ej Et = €i ««6^+i 6^, with the relations e^^e^ = ^riii,i.^k. 

the following conditions are fulfilled : 
Oi) , Ej forms a system by itself, 

St 

O2) I Ej, forms a system by itself, 

Ojk)f «A = 0, y=l, ,m, (y^^=0); 

Ciy), ejfij = 0, X; = m + 1, ,n, (y^, = 0). 

The system E is supposed to be associative. We add moreover conditions 
concerning division. 

A)f associativity; 

Gr) » right-hand division possible and unique, that is, not every J is a right- 
hand divisor of zero ; 

Oi)j left-hand division possible and unique, that is, not every Xis a left-hand 
divisor of zero. 

*R6ad before the Chicago Section of the American MAthemAticAl Society, April 2, 1904. 
tBenJ. Peirce, Americui Journal of MatheiiiAtice, toL 4 (1A81), p. 100; Scheffen, MAthenifttiiehe Amiftleii, 
Tol. 89 (1891), p. 817. 
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In the previous paper of the same title* it was shown that the conditions 
Oi and G2 are consequences of 

(1) A, Cji,, Ci^, Gr, or of 

(2) A, Gjici Gjcji Gi. 

In (1) and (2) the asBumptiona Ay (7^, Gi are characterized hy the fad (hat 
they refer to the system E as a whole. 

Adopting suggestions of Professor E. H. Moore the associativity condition A 
is separated into eight parts and the conditions Gq^ and G^ are each separated 
into two parts. 

N 

The general number -X), = 2 ^i^A ^^ *^® system E is the sum of two corn- 



el =1 



ponents 






The condition A: {X^X^) X^^=z X^iX^X^ is equivalent to the following 
eight: 

A,), {K,K,)K, = K,{K,K,)i 

A,), {J,K,)K, =J,{K,K,)i 

A), {JiJ^i)J, =c7i(2r,J,); 
A.), {K,J,)K, =K,{J,K,)i 

In general Ji -ffi = Vi + -ffi. The condition G^jc says that ] ^ IT a [ simul- 
taneously. Thus it is seen that G^^^ is equivalent to the two conditions: 

In general K^^ = /^ + K^. Similarly then, 0,^ says that ] ^ H ^ [ 



* EpiteeD, TrftniActionB of the American MAthemAtieAl Society, toI. 6 (1904), p. 106. 
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Bimultaneously ; and thus G^i is equivalent to the two conditions : 

The condition for right-hand division may be expressed thus: 

Gr), not every Xis a right-hand divisor of zero; hence, an X exists such that 

X^X = 0, only if Xj = 0. 

The condition for left-hand division may be expressed thus: 

Gi), not every X is a left-hand divisor of zero; hence, an X exists such that 

Xri = 0, only ifZi= 0. 

When the condition Gi is not true, then there are at least two numbers of 
the set of units Ej, namely Ji and /|, such that their product 

J,J, = J, + K, {I^s^O). 

And likewise if G^ is not true, there are at least two numbers Ki and K^ of the 
set of units Eu, such that their product 

The condition 01 which is employed in this paper means that 
0^), not every J is a right-hand divisor of zero in the set Ej; hence, a / 
exists such that 

Ji/= 0, only if /i = . 

Similarly G{ means that 

(70 > not every J is a left-hand divisor of zero in the set Ej; hence, a /exists 
such that 

JJ^ = 0, only if Jj = . 

From the preceding the meaaing of O^ and Gi is evident, 
30 
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We have, therefore, to consider in this paper the following twenty conditions: 

A), {KJi)J, = K,{J,J,); 

A), {JiK,)j, = j,{K,j,y, 

A), {s:,j,)K,^ KM^^)) 

A,), {K,K,)J,= Ky{K,J,); 

Ci), E^ is closed under multiplication, that is J^J^ = J^ ; 
G^, E^. is closed under multiplication, that is KiK^ = K^; 

Oik). JiK, = K, {J2 = 0) 

q^), JiK, = j, (ir, = o) 

Gii), Kyj, = j, (zr, = o) 

Or)% not every Xis a right-hand divisor of zero; 
Ci), not every X is a left-hand divisor of zero ; 
C?), not every /is a right-hand divisor of zero in E^ ; 
0\), not every /ia a left-hand divisor of zero in E^\ 
Or)y not every ^is a right-hand divisor of zero in^j^; 
Oi)j not every ^is a left-hand divisor of zero in E^ . 

§2. — Dependencies. 

We prove the following dependencies: 

Di). The condition Cj says that JiJ^ = J^. Suppose that 

JyJ^ = /g + iTg . (8) 

Multiplying both sides on the right by K 

By A^, O^ki Oft, this becomes 

= K^K. (4) 

By q^, Gt^ = K^. 

Adding we obtain = JTs (/ + iT) = K^ . 

Hence by 0^ -ffg = . 

The product JyJ^ being equal to J^ proves the condition Gi. 
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TABLE I. 



Notation. 


AflsumptioiiB. 


CoDsequence. 


A 


-^7» ^*» ^^1 Cl^» G^i (^r 




Ox 


A 


-^8> ^ik> ^;*> (Ail (^kji (^l 




A 


A 


-^7» ^> (^jkj Of 




A 


A 


^. a. ^. ot 






A 


^%i Y?*! ^i*» 05y, Gj^j, Cf. 




A 


A 


-^1 ^*f ^ik» Ojtjy Ofcjf Gi 




A 


A 


-^8» 0J^» Gij ct 




G, 


A 


A. Oik. 0%, o\ 




A 


A 


-^61 0{^i O/ejt CPr 


^* 




Ao 


-4f 1 0\^i Oij, Gi 


Ojk 




Ai 


-^ei t^*» Cj^jfc, C/^ 


O/y 




2>u 


^5. (^, Cfk, C{ 


01, 





Dg). Instead of multiplying (3) on the right by £^and adding jKJ/ = , we 
multiply it on the left by jGTand add JK^ = 0. In this way it is easily seen that 
Ci is a consequence of -iji ^*i ^» ^iii ^i» ^.nd OJ. 

J9s) • From equation (4) and C^ it follows that jGTi = . Hence Ci is a 
consequence of ^7, (7j^, C^, (7*. 

JOJ . From the equation KK^ = 0, which arises in the proof of 2),, it follows 
from Ci that jBTj = 0. Hence Gi is a consequence of -4.8» ^» ^i» ^t- 
D^ . This follows by interchanging y and A; in 2>i . 
/>i). This follows by interchanging y and A; in J9, • 
D^). This follows by interchanging y and & in 2>, . 
D^). This follows by interchanging y and kin D^. 
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D^). The condition Gj,^ says that JiKi = K^ . Suppose that 

J,K, = J,+ K,. (6) 

Multiplying both sides on the right by / 

By ^5, t^j, Gjlj this becomes 

= J^. (6) 

By 01 we see that /, = 0. Therefore C^j^ is & consequence of ^, Oj^, C^, and 01 . 

2>io). Instead of multiplying (6) on the right by /, we multiply it on the left 
hy K. In this way it is readily seen that 6|j^ is a consequence of ul|, CS^, Oj^^ 
and Of . 

Dii) . This follows by interchanging/ and kin D^. 

2>ii) . This follows by interchanging ji and k in Dy^ . 

The conditions C7i , G^, Oj^tf 0%^ O^^ 0%^ cannot be derived from any set 
of conditions other than the above • 

§3. — Definitione of Bedudbility hy Independent AjBsumptione. 

From Table I. it can be seen that there are seventy-eight different ways of 
defining the reducibility of a hypercomplex number system. 

I. — ^The following eight definitions of reducibility are the only ones in which 
the division assumptions are on the set ^ as a whole.* 



* AU tha daflnitioni of this p^per contain ona or mora dlTliion Minmptioni. Thara ii only one daflnltlon, 
iha cUiticftl ona of Palrca-Schaffari, thftt doai not contain % dlylilon Msnmptlon. 
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TABLE U. 



(1) 

NoU- 
tion. 



Ri 



R, 



B, 



R* 



R, 



R, 



B, 



R, 



(«) 

From 

Tkble 

I. 



A 
A 

A 



A 
A 

A 
A 

A 



(8) 
▲■somptioiu. 



•^» (^fkt (^fict (^t Ckjt 
•^8f f^flf (^Jki dj^t t7jy, 

•^41 ^» ^ifc» Cjj, Cjy, 
■^f Gjkf C'Jkt (n^t ^iyi 

•^4> ^» ^i*> ^» t7;y, 



^ 



D, 



8 



• • * • 



A 



-4^» t^, Cjjt, C/Jt^, C/jy, 
-^8» ^*> ^ifc» ^f ^*j/f 

-^1 C'iki Cfjkf CJj^f C'jy, 
-4.7, Cjjti ^i*> C5j,» C/jy, 






Cr 



Cx 



Cr 



c, 






-^si ^iifct ^i*i vibj» ^jyi C'y 

-^> ^iA» ^i*» C^> ^;y> Ci 

-^f ^*> Yi** Qtjy ^iy> W 

a 



ProT«d by (S) 



(4) 



(6) 



C. 



Gr 



o. 



(«) 

PtOTCd 

by 

(8) and (4). 



Ci 



o. 



o. 



^1 



Gt 



Gx 



G, 



G, 



A 
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II. — The following thirty-eight definitions of reducibility are definitions in 
which the division assumptions are solely on the subsets Ej, Ej^ . 









TABLE m. 






• 


(1) 


(8) 

From 

Table 

I. 

A. 




(8) 
AiwumptionB. 


ProTed by (8) 


(«) 


Nota- 
tion. 


(4) 


(6) 


ProTed 

by 
(8) And (4). 




-^» ^;*f ^i*> 


C{ 


Ci, 








Dn 


-^6f ^J*> Yi*» 


c* 


Cfe 






R* 


A 


•^> Vjf*> Q*> 


C{ 




c, 






A 


^, 


Cf 


U (< 




^i 




^» 


^Hf (^fiti Yi*f 


c! 


Ci, 






xitn 


A, 


-^6» ^ik» Y/*» 


c? 


C'a^ 






^■'lU 


A 


-^4» ^i*» ^i*> 


o{ 




c. 






A 

• 


-^1 yJ*> C^> 


0? 




Ci 






^» 


-^» Vjfci Cyfc, 


a 


Ci, 






^11 


^u 


-^6» ^jf*f ^j*» 


c; 


0% 








A 


-^4, ^*, Cjici 


o{ 




c, 






■ • • • 


. 


a 










2>u, 


-^6> Q*» ^ifc» 


(H 


Oi, 






-^w 


i>u 


-df, C^fe, c7^, 


c* 


Otsf 








A 


A. 


- c^ . 


it n 




c. 




A 


A. 


cf 


<< IC 




•IF 

Ci 




^M 


-^9 y?fc> y/*> 


0{ 


a 




■ 


•^11 


2>u 


-^«> Y?fc» C!jk9 


c* 


^i^ 






X9 


A 


A, 


^r 


<( CI 




c, 




A 


-^1> Y?fci Cjjfc, 


c 




Ci 
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TABLE ni.— Oontinaed. 



(1) 


(«) 


Nota- 
tion. 


From 

TMn 

L 




D„ 


-Bl4 


Dn 




A 

• • • • 




As 


Rii 


Ai 

• • • • 




• • • • 


Rl9 


A 
A 

• • • ■ 




A, 


At 


A 

• • • • 

• • • • 




i>M 


-^18 


A 

• • • • 

• • • • 




Dm 


Ri. 


• • • • 

• • . ■ 

• . • • 




Ai 


Bto 


A 
A 

• • • • 



(«) 

AssamptionB. 
























^i*> ^i*> 



'jk 



Jkf 



-^1 CfjkJ (^Jki 



-^f» ^>*f ^i*i 
-^41 ^i*» ^i*i 
-^7» ^|*> ^ik} 



a 



2 



Ci 



a 



G^ 



in 



Cf 



v 



Cx 



^^ 



C, 



rik 

^kj 



a 



c» 



G^i 




(H 



Or' 



Gl 



C* 






c* 






c{ 



G^r 



C{ 



0* 



C{ 



Ci 



a 



v 



Gu, 



» 



% 



C5y 



% 



c^ 



^ 



a 



G% 



G, 



C, 



8 



G, 



A 



C7i 



a 



^1 



(«) 

ProTed 
by 

(8) and (4). 
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TABLE ni.-X>>iitinaed. 



(1) 


(3) 

From 

Table 

I. 


{«) 




ProTed by (8) 




Nota- 
tion. 


Aasumptioiu. 




(4) 


(6) 


ProTed 

(8) Mid(4). 




■'le* ^*» Vitt 


^ 


G% 






-Rgi 


• • • • 

■ • • . 


•^«» C'jkl Cjt, 


c? 




A 






^u 


-^» Cjfc, C^jfc, 


G'r 


^ 






-Rgg 


2>, 

• • • • 

• • • • 


-^> Cja:, C/^A;i 

C4 


C^ 




^1 




i2» 


Ai 

• • . • 

• ■ • • 

• ■ • • 


-^«i ^j*i ^j*» 





G'^ 








Ao 


-^» C'i^j Gkii 


c 


(^% 






St^A 


A 


-^5, Cj^, C/jy, 


a 


G}, 






m% 


A 


A. 


C{ 


11 CI 




A 




A 


-^a* ^1 ^*ii 


G\ 




^1 






Ao 


-^6> ^i» ^h^^ 


Gi 


^* 






R^ 


A 


-^5, C>5^, Cjy, 


Gt 


c?* 








A 


^4. 


CI 


i( II 




A 




A 


^T. 


c^ 


C( u 




A 




Ao 


-o-ji Cij, viyi 


G^ 


CJfc 






Rn 


A 
A 






c?* 


A 






A 


-4s> ^y> ^iy» 


Cf 




A 
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TABLE III.— Continued. 



(1) 


(3) 


Note 
tion. 


From 

Table 

I. 




Ao 


iZgr 


A 
A 




A 




Ac 


iZgs 


A 

A 

. . . • 




Ao 


JB29 


A 
A 

• • ■ • 




Ao 


-Rw 


A 

• ■ a • 

• • . . 




Ao 


^Sl 


A 
A 

.... 




A. 


-^82 


A 

• • . • 




• • . ■ 



A. 
A. 

A. 
A, 

A, 



A. 

-^8» 



a. 



i* 



C7J. 



Ik 



(3) 
ABBnmptions. 









c, 



G 



2 



<71 



G 



2 






Cz 



0*, 






ot 



c? 



c? 



a 



c? 



c? 



^ 



c* 



C7f 



Of 



oi 



ai 



Of 



Proved by (8) 



(4) 



C7* 



■jk 



% 



tt H 



nk 



^* 



Ojk 



q. 



(^k 



c% 



fik 



a* 



Jk 



(8) 



(«) 

Proved 
by 

(8)Mid(4). 



a 



a 



2 



G, 



a 



2 



Ci 



a 



c, 



31 
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TABLE in.— Continued. 



(1) 

Nota- 
tion. 



From 

Table 

I. 



R 



88 



A 



■ ■ • 



D 



10 



E 



M 



^ 



A 
A 
A 



D 







iiJ 



36 



A 



iJ 



37 



A 
A 



D 



9 



/? 



88 



^89 



A 



(8) 
Assumptions. 



-^8> 



C?. 






i* 



a 



8 



-^6» 



Cj, 



a Hi* ^iy> 



ci 



c; 



-^6> 
-^8> 
-^8» 

-4-8, 






^A 









Gi 



A, 



C^A 






G 



8 



-^6> 



C* 



^At^f ^Aj/i 



J* 



C7i 



a 



8 



-^4 » ^jki ^Jkf 






a 



a 



Gi 



Gt 



Gf 



ProTed by (8) 



(4) 






G^. 



Jk 



Cf 



Gi^ 



(^Jk 



Qk 



a 



3* 



a 



3* 



Gi 



(6) 



(«) 

ProT«d 
by 

(8) And (4). 



C?i 



a 



c7i 



a 



G, 



G, 



G, 
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TABLE in.— Continued. 



(1) 

NoU- 
tion. 



(2) 

From 

Table 

I. 



R 



40 



■ • • « 



z>, 



8 



B 



(«) 

Assumptions. 



-^4» ^i*» ^i*» 
-^» ^i*> ^i*» 



% 



^kd 



-^4» ^i*> y!^** 



• a « • 



41 



ii 



tt 



A 



i2 



4S 



A 



D, 



C% 



a 



V 



O, 






0,u 






^jfc 



ii 



44 



A 

xC^K . . • • 



A 



B 



40 



• « ■ • 



• • ■ • 






(7i 



^. 



^* 



^i/> ^A^> 






o{ 



^ 



o{ 



c? 



C7f 



C? 



C? 



G{ 



Of: 



c. 



-^f ^iifcj ^jkt 



a 



C7J: 






Ci 



ProTod by (8) 



(4) 



(6) 



a 



^1 



(«) 

Proved 
by 

(8) ud (4). 



a 



2 



C, 



^1 



a 



A 



a 



^1 



A 



230 



Epsteen and Leonard: On the Definition of 



III.— The following thirty-two diflTerent ways of defining reducibility are 
based on assumptions concerning division in the set E and its subsets, E^^ Ej^^ 
simultaneously. 



TABLE iv.» 



(1) 


(2) 

From 

Table 

I. 


(8) 
Astumptions. 


Proved by (8) 


(«) 


Nota- 
tion. 


(4) 


(5) 


Proved 
by 

(8) and (4). 




■^» ^^*i ^*» 


C{ 


Oki 






-R47 


A, 


■^» Qtt y!(*» 


CJ 


0% 






^ ■ 


A 


•^4» V?*! ^>k» 


C| 




^, 






A 


-^«» C^fc> ^:f*» 


Gt 


<( U 




c. 




A* 


■^» C51;, C^t, 


Gi 


a 






i2« 


Ai 


■^6» YM:> ^ikt 


G\ 


rik 








A 


A^, Cjfci Gfict 


C{ 




^ 






A 


■^> f^jkt "jki 


Gr 


n n 




c. 




A« 


■^8> y/*' ^>*» 


G{ 


Gi, 






v^ 


Ai 


■^» CJot, Cy*, 


G) 


G% 


» 




-«4« 


A 


^, 


Or 


l( (1 




Q 




A 


-^8> (^Jk9 (^jkf 


Gx 


(( u 




c. 




i>B 


-^5» ^*» ^i*> 


G{ 


a 






-Hui 


Ai 


-^» C^jFAi CjA:» 


O} 


Ckj 






ou 


A 


A. 


*C{ 


1% « 




G^ 




A 


-^1 (^Jki ^jkt 


Gr 


(( (( 




c. 




A, 


-^1 ^J*> ^i*i 


G{ 


% 






■w-v 


A. 


-^61 YiifcJ ^^*» 


c* 


G% 






■"w 


A 


-^4» Y>*> yi*» 


G^ 


It « 




c. 




A 


■^at 


*o? 


t( it 




c. 



* A condition marked with a star is dependent on the other asBumptions in the particular defini- 
tion in which it appears. Thus ^Q, is dependent upon the other assumptions of B50 (§$4-6). 
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TABLE iy.--Goiitiiiued. 



(1) 


(«) 




(8) 


ProTed bj (8) 


(«) 


Nota- 
tion. 


From 

Tbble 

I. 




Aflsumptions. 


(4) 


(6) 


Prorad 

by 

(8) ud (4). 




-^J ^*t Gik9 


^ 


a 






Y'% 


A, 


-^•f ^*» ^iikf 


C 


^ 






itjjj 


A 


-^i ^*» ^iAt 


a 


« M 




Ci 




A 


-^1 vl^Arf Q*f 


^? 




a 






A, 


-^6» ^#*» ^i*t 


c^ 


a 






B^ 


Ai 
A 


-^1 ^*i ^i*t 
-^4» ^ik> ^**f 


c? 
a 






c» 


« 


A 


-^8t Ojfc, Cjffc, 


Cx 


II IC 




Cx 




i>u 


-^1 ^i*> ^i*» 


a 


a 






Bii 


Ai 
A 


-^6t Cjfc, CT^jk, 
-^l> ^*» f^jkf 








c, 




A 


-^1f C^*f ^i*» 


Cr 


• 




Cy 




A, 


-'Ijf (^jki f^jkf 


(H 


a 






B^ 


Ai 
A 


-^«» C'^fci C'^fci 
-^8> ^*f Y^Jki 


Or 


CI << 




Ct 




A 


A, 


Cf 


CI « 




Cy 




2>„ 


-^5» ^*> yi*f 


^ 


a 






Bu 


Ai 
A 


-^81 y!^*! ^#*t 

-^8> ^*f y!^*f 




II « 




c. 




A 


-^> C^Ar* ^jki 


^? 




Ox 
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TABLE IV.— Contiiiaed. 



(1) 


(«) 

From 
I. 


(8) 
1 AssumptionB. 


Provod by (8) 


(•) 


Nota- 
tion. 


(4) 


(6) 


Proved 

by 

(8) and (4). 




-^B» y!^*» ^^*» 


^ 




a 






Ji« 


Du 


-^» ^^*> Y^^jfci 


^f 




c% 






A 


-^81 Y^*f yi*f 


Cr 




n cc 




A 




A 


-^s> y>*» y!f*f 


Cx 




«l <( 




A 




A. 


-^5f y?*» ^*» 


C{ 




a 






R^ 


Ai 


-^6» ^*» y1^*> 


C'r 




c% 






A 


-^8i ^i*» Y>*» 


Cr 




«l « 




Q 




A 


-^T* ^A;> ^i*t 


Cr 




II II 


• 


A 




A. 


-Ae» ^iy» C'jy, 


■ 


Ci 


Cf. 




» 


R^ 


A 
A 


^4. 


*C{ 




cu 

II II 




c. 




A 


-4-1 > C'j^t C^Aj^» 


Cx 




II II 




a 




i>10 


-a^» C'jy, c^, 




Ci 


c% 






-Bjo 


A 
A 




Ci 
Ci 




II <l 




A 




A 


-^» ^i^> ^^» 


Cr 




II II 




A 




A« 


-««» C5y, C/;y, 




a 


c& 






i2« 


A 


•^» C'jy, C/jy, 


Ci 




a 






Ai'ti 


A 


-^81 ^iy» ^Aj^i 


Ci 




- 


o. 






A 


-4j, C^, t/;yi 


Cx 




11 cl 




Ct 
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TABLE IV.— OoDtiDaed. 



(1) 


(«) 

From 

Table 

L 


(«) 

Aflsomptions. 


Prored by (8) 


(«) 


Nota- 
tion. 


(4) 


(6) 


Proved 

by 

(8) ud (4). 




^. 


► ^A[^» Gk$i 




Ci 


c% 






•^ei 


A 


A, 


^Aj/f C'jy, 


^, 




CU 








A 


•"8t 


» ^iy> C^^f 


c? 






c. 






A 


A. 


^iy» ^iy» 


Or 




<l 11 




Ci 




Ao 


A. 


» ^Ae^> ^a^» 




c\ 


fik 






^6S 


A 


^6 


1 C'j^i C'jyt 


C{ 




Ci, 








A 


A. 


^jy» ^^> 


(\ 




u n 




Q 




A 


-^8i 


C^iy* C7;y, 




Ci 




c. 






Ao 


-^8i 


^iy» ^jy» 




Ci 


fik 

^jk 






-^64 


A 


A 


} C^ > C^j^i 


Ci 




CI, 




• 




A 


A, 


► f^kjf Ghjf 


c. 




u «< 




Q 




A 


A- 






Ci 


<C <l 




c. 




^10 


•^61 


' ^A;^! ^Jy> 




Ci 








^flB 


A 


^, 


f ^Aj/» ^A^» 


C{ 




CU 






A 


^. 


» C'jyj Oj^, 


c. 




II II 




c. 




A 


■"gi 


^fei vlyi 


a 




II II 




Ct 




A. 


A,, 


• C'^y, C/jy, 




Ci 


^Jk 






1^ 


A 


A,, 


C^/yi t/jy, 


CI 




cu 






-^w 


A 


A. 


C'i^i C/jy, 


c. 




II II 




c. 


■ 


A 


A. 


• C5y, C/jy, 


Cr 




II II 




Cy 
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TABLE iy.~€k>iiiiiiii6d. 



(1) 


(») 

From 

Tkble 

I. 


(8) 
Assamptfoiit. 


ProTed by (8) 


(«) 


Nota- 
tion. 


(4) 


(6) 


Proved 

by 

(S) and (4). 




A, 


C%9 Ci^t 




Ci 


c^ 






^ 


A 


^. 


C^^f C'jyi 


a 




Ciu 






vt 


A 


^. 


C^l Gl09 


Or 




<C «l 




c, 




A 


-^81 


Gjaff Gkjf 




ct 




c, 






I>l. 


^. 


Gi^t (^k^f 




ct 


vi* 






Urn 


A 
A 




C%9 Cf^9 


Cr 




Clu 




a 




A 


^T. 




*C* 




«c << 




Ci 




l>» 


A. 


Cv» ^jy» 




ct 


Gju 






JRm 


A 


^. 


C%9 C'jyi 


ct 




CU 








A 


^. 


^V, ^iy» 


Cr 




it <c 




a 




A 


-^81 


Qjf ^v» 


(k 




it If 




Ci 




A, 


^. 


C'^^f C'lj^, 




ct 


^A 






Rl9 


A 
A 


A, 




Ct 

Cr 




11 it 




a 




A 


A. 


C^i C'jy, 


Cr 




<i If 




Q 


R^i 


A 
A 


-^8> ^>*f 


Gjkf 

f^Jkf (^%ft (^kifi 


*C{ 

c, 






Cn 
Cr 




^n 


A 


-^4> YMsi 


f^Jki 


C{ 






Ct 






A 


-^» Cjk, 


Cjk% C{^i Ci^, 


Cr 






Cx 
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TABLE lY.— Continiied. 



(1) 


(8) 


Nota- 


From 


tion. 


Tkble 




L 




A 


A» 


A 


Ru 


A 




A 


Rn 


A 




A 


Rn 


A 




A 


At 


A 




A 


A» 


A 




A 



(8) 
Atramptiona. 






A 



^1 C'iyi 

Y?k» YJ^*» C{^, Cjy, 

y?k> y!f*i C5y» ^> 
^f C[^*f C5^i C^^i 

Vi** ^Ski ^> C^ij^J 

Q*» Q*i Qy» viy> 

^» Q*i 05y, Cjy, 






Cr 



a 



a 



c; 



c; 



*Cf 



c* 



Q' 



♦^* 



c? 



PrOTed by (8) 



(*) 



(5) 



(•) 
ProTed 

by 

(8) uid (4). 



a 



c. 



(k 



Cx 



(k 



(k 



(k 



(k 



Ct 



Cx 



Ct 



(k 



82 
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§4, — Independence Proofs. 

The sets of conditions R^, R^, , R^^ yield reducibility. It can be seen, 

however, that there are not enough conditions in any one of these sets to prove 
the associativity A of the system E. In each case it is necessary to add the 
conditions A^, J.|. The set Ri with the conditions A^^ A^, adjoined, we designate 
by Ri^ to indicate that the latter conditions yield both reducibility and associa- 
tivity. Similarly 5g^ = [R^, A^^ A^] ; R(^= [^e, Ay, -4,]. 

Table V. contains proofs of the independence of the conditions in each of 

the sets Ri^ , R^^, with the exception of eight — R^, R^i, R^, R^t Rnt Rut 

^75 1 ^78 — in which the subset division assumptions will be shown later to be 
redundant. 

To prove these independencies we employ the following multiplication tables, 
for which the borders have been omitted: 

I. II. III. 



«! 








«i + e2 





«! 





<1 





«! 








«» 





«! 











et 












«8 



j^ = Ci.eg; J&* = e8- -^ = «i; ■^* = ««- -^ = «ii ^a". ■^* = «« 



IV. V. VL 





«! 








«! 


«1 








«1 


«» 





«1 


«8 


ei 


«« 








«8 













VII. VIII. IX. 



«1 





es 


«i 




















«2 





«B 








«1 


«» 








es 











«8 








«8 



Ej = ey] Ef, = e2, eg. Ej — e^,e^\ Ej,'=e^. Ej=ei, e^] Ef,=^e^. 
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i 

* 
* 
* 
* 
* 
* 
* 
* 

* 

* 
* 

* 
* 
* 
* 
* 


* 

* 
* 

* 
* 

* 
* 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 


A 

* 

* 

* 
* 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 


A 

* 
* 

• 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 


A 

* 

* 
* 

* 

•■■ 

* 
* 
* 
* 

* 
* 
* 

* 
* 

* 


A 

* 
* 

* 
* 

• 

* 

* 

* 
* 
* 
* 

* 
* 


1' 
* 
* 

L 
* 

* 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 


A 

* 

* 

* 

* 
* 

* 

* 
* 

* 

* 

* 

* 

* 

* 

* 

* 


0, 

* 
* 

* 
* 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 


0, 

* 

* 
* 

* 
* 
* 
* 

* 
* 

* 
* 
* 
* 
* 
* 


•k 
* 
* 
* 

* 
* 

* 

* 
* 
* 
* 
* 
* 
* 


C5 

* 

* 
* 
* 

■k 

* 
* 
• 
•i 
h 
■k 
* 
* 
* 
* 
* 


* 
* 

* 
* 
•> 

* 
* 
•> 

* 

* 
•i 

* 
* 
* 

* 
* 


* 
* 
* 
* 
* 
* 

•i 

* 
* 

* 
* 

* 
* 

* 


* 
* 
* 
* 
* 
* 

* 
* 

* 
* 
* 
* 
«i 

* 
* 












3 
IS 


* 
* 
* 
* 
* 
k 
k 
k 
k 
k 
k 
* 
* 
* 

* 
i, 


* 
* 
* 
* 

* 
* 
* 
* 
* 
* 
* 
* 
h 
k 
H 
* 
k 
* 


* * 

* * 

* * 

* * 

* * 


* 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 

* 
* 
* 


II. 

laterchaagej, k in (S). 

in. 

IV. 

V. 

VI. 

Iiiterob«ng»i,fciii(»). 

vn. 
vm. 

IX. 
Int«rcli«ng«>, fc in ( 17). 



According to iZj' the system E is reducible and associative under the asBump- 
tiona Ai, A, A. A. O^it, G%, C%. C%, C(. 

That ^1 is independent of the other conditions in Ri^ is shown in row 1 of 
Table V. 

The independence of A is shown in row 2. 

Similarly tbe independence of any one of the conditions of the others can 
be seen by looking down its column in Table V. for the square marked i. In 
some cases, as in column A^, the letter t occurs in both row 6 and row 6. In 
order to prove A independent of the other conditions in R^^ we use row 6; but 
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to prove J.5 independent gS tke other conditions in R\^, row 6 must be used. 
Likewise there can be no conf^iisiop. ii^ i^il^ilaji^ eases — such {qt example as in row 
7 and row 8, 

^6.—Dq>endenoe proofai {M^, fti, i2„, R^, Jt^^, R^^, R^, jB„). 

1. In R^* the assumptions are qot independent. l^Te proceed to prove 
that 0{%$ a consequence of the othfita^ which are mutually independent. 

We know by Table h, D^^, B^, tl^at C% and G^^ are consequences of the 
assumptions of R^^ ( Ci bei^g omitted). Tab)e I. D^ , D^ show that 0^ and (7, are 
consequen,ces of A^^ ^si ^> ^V Qii^ C%» ^r» l^i^d, therefore, can be derived from 
the above-mentioned independent conditions of R^. According to the condition 
Or J there exist a J and a JTsuch that 

(c/i + K^){J + K)=0, only if Ji =0 = K^. 

Multiplying out, we have in view of 6^^, C^, C^, C7j^, that there exist a / and a 

K such that 

JiJ+ KiK^ 0, only if /j = = JS;. 

By Gi, O2 this may be written Jg + ^8= 0. Multiplying the last equation on 
the left by J^ it appears that there exist a J and a K such that 

JfJ^ + J^JTg = 0, only if j; = = K^. 

Since cT^JE^ = (by ^j^, 6^) we conclude there exists a /such that 

//, = /(JiJ) =: 0, only if /i = 0. 

From G{ it follows that there exists a / such that 

JiJ=0,only ifJi = 0. 

2. That Gi is dependent upon the remaining assumptions of R^i can be 
shown in a similar manner.f 

3. That G{ is dependent upon the remaining assumptions of R^ is seen by 
interchanging k Bndj in 2 (i. e. in R^i). 

4. That G^ is dependent upon the remaining assumptions of R^ is seen by 
interchanging/ and A; in 1 (i. e. in R^). 



♦Also in ij;,. 

f The following proofs for 2, 8, 4 may also be employed. In J^,, change left to right, obtaining thns J^,^. 
In B^^ interchange J and k, obtaining thnt J^,,. 
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6. In £yi, G{ is dependent upon the remaining assumptions. For, (Table I.) 
2>2, Z>c show that Gi and C^are consequences of A^, A^, Oji,, G^j,, G{^, Cj^, Ci 
(cf. Bi). Ci means that there exist a / and a K such that 

(/+ £r){J^ + K^) = 0, only if Ji = o = K^. 

Multiplying out, we have in view of CJjfc, CJ^, C5^, C^, that 

Jt/i + KK^ = 0, only if /i = = K^. 

Multiplying on the left by /^ in view of A^, Gji,, Cj^, it appears that there exists 
a / such that 

J^(/Ji) = 0, only if j; = 0, 

(or, only itJJ^ = 0). This is Gl 

6. That Gl is dependent upon the remaining assumptions of Rj^ (cf. B^) 
is seen by changing left to right in B^. 

7. That Gi is dependent upon the remaining assumptions of 22,, is seen by 
interchanging j and k in Rji (cf. ^i) . 

8. That Gr is dependent upon the remaining assumptions of i2n is seen by 
interchanging y and k in Rj^ (cf. B^). 

§6. — SemireducibUity. 

An associative hypercomplex number system E, containing a modulus, is 
said to be semiredvcihJe of the first kind (Transactions^ vol. 4 (October , 1 903), 
pp. 437-444) when the following conditions are fulfilled : 

^f (^kf (Hj* ^l» ^l» ^ri Oi. (7) 

In this body of conditions, each one is independent of all the others.* In 

* At tbe time this deflnltloii was framed I was not aware that a more general case had been studied by 

Molien in the Mathematische Annalen, yoI. 41 (1898), pp. 92-98. When £ Batisfies the above conditions with 

(7i omitted, it has according to Molien an aeeompawying fystem. Professor E. H. Moore hat recently pointed 

ont to me that when the conditions 

^»<%, ^„<7,,<7, (7a) 

are satisfied, the group O of the system B will be reducible and will take the form 

(/= 1 m; k = m i-1 n). 

The abore-mentioned definition of Molien is the special case obtained when y^^ = ((^J. My definition 

of semireducibility of the first kind is the special case obtained from Molien' s *tnicht ursprungliche *' Systems 

when y^j, = (C^), Since the conditions (7) are mutually independent, the Molien conditions, which are 

obtained by omitting C^ from (7) must be independent and the conditions (7a) which are obtained from 

Molien' s by omitting (^ must evidently be independent also. 

Saul Epstsbx 
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order to make the independence proofs we add the following systems to those 
of §4. 

X. XI. 

Ci eg Cg 
eg ei ^8 
eg — eij 

E^ = ei] ^jfc = e2, e^. 



«1 


«2 


<% 


«8 


«8 





<8 









Jgf^ = ei, ^; ^* = ^- 



.1 


• 


• 






Cr 




Proof. 
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VII. interchanging y and k. 
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X. 
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XI. 
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IX. 
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• 
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• 


• 


• 


• 


VIII. 



§7. 

It was shown in §1 that a hypercomplex number system is reducible when 
by a proper choice of the units it can be brought to the form 

IL = £!^H = ei . . . . e^e^ ^i .... e„, 

where the following conditions are fulfilled: 

A)t associativity; 

Ojk)f ^fik — 0, i. e. every y^j^ = 0; 

Cjy). ^ifij = 0, i. e. every y^^^ = 0; 

Cr)f right-hand division possible; or 

Gi), left-hand division possible. 



Reducible Hypercomplex Number Systems. 241 

In other words, the conditions 

it 

are both consequences of A , Gj/^, O^^, Or (or Ci). 

Suppose now that Qj^i (^kj ^^^ fulfilled, but Q and Cr are not; in this case 
we have no reason to conclude that every yj^^c ^^^ every yj^ i^ zero.* Never- 
theless it can be demonstrated that there exist two hypercomplex number 
systems 

J^J =yi ' ' ' ' Jmf -'^A: = /w + 1 » • • • • »/n » 



such that 



h At 



In particular, when either Gx on G^ is fulfilled, we obtain / = «< (i = 1, ,n). 

In proof we have from the associativity condition 

n 

Ui'hfJi = 1> • • • • > w*; tj = 1, . . . . , n). 

By tjjfc and CJy (7) becomes 

m 

i«-l 
0\*j\^j\ = 1» , wi; t, = 1, ,n). 



* Ab an example of this poBsibility consider the syBtem 6| + e, 

0. It can easily be Teiifled that the 

conditions A, C^^^ C,^ are fnlfilled, bnt clearly Xm = 1 (4: 0). 
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The nfn equations (8) include the m^ equations 

m 

and this shows that there exists a system in m units 

Fj =/i . . . . /m such that^;5. = ^ y^j/i.- 

By interchanging y and k it follows that there exists a system in m — n units 

-^* =/m+i /» each that/*/*^ = ^ y*!*,*^*,- 

Thb UmTUUDTT OF Ghioaoo, June, 1904. 



Quintic Curves for which P — 1.* 



By Peter Field. 



The general equation of a quintic curve with five fixed double points contains 
five arbitrary constants. If, therefore, the curve is required to pass through five 
additional points, it will be completely determined. 

Let ^0 c^<l ^1 he two conies through the points 1, 2, 3, 4, 27o and Ui nodal 
cubics through the same four points and having a node at a point 6. Then the 
equation ^q^o — ^i^i = 0, where % is an arbitrary constant, represents a 
quintic curve having nodes at the five given points. Moreover this equation is 
general. For, suppose /S'= to be the equation of any quintic curve having 
the five given double points. The curve S=0 intersects the conic ^o= ^ ^i^ ^ 
pair of points (aside tcom the nodal points). Take Ui through these points. 
Similarly pass Uq through the two points of intersection (i. e. the two points which 
are not nodal points on S) ofS and ^^ and determine X so that the coordinates 

of an additional point on S=^0 satisfy the equation ^o^o — ^i^i = 0- ^^^ 
only restriction in the selection of this last point is that it must not be the twenty- 
fifth point of intersection of two quintic curves having 1,2,3,4,6 as nodal 
points and the four points of S^q and S^i , which are ordinary points on /S, as 
ordinary points. The equation ^o^o — ^i^i == must then be identical with 
the equation S^= 0. 

Just as in the case of the unicursal curves, if X is small, the curve is very 
nearly of the form of^U^ with the exception of two breaks at the two intersec- 
tions which do not lie on the curve. Four combinations of these two breaks are 
possible, and it is easily seen that all of them are permissible; for (Fig. 1) the way 
in which the break is made at 6 can be changed by simply changing the sign of 

* For a partial list of the forma of the non-aingular quintic cnrTes, eee Bancroft, American Jonmal of 
Mathematics, Vol. X. 

88 
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% . Suppose now that the generating point moves from 6 toward 7 following 
very closely to ^o • The way in which the break at 7 is made will depend on 
which side of ^o ^^^ generating point approaches 7, but this is arbitrary as the 
quintic crosses ^o> aside from the nodal points, only at the two remaining points 
of intersection of Ui and ^o, and these are arbitrary. The equation might 
equally well have been put in a variety of other forms. 

As in the case of the unicursals, a few additional forms are given by con- 
sidering also the case of a quartic and a straight line, and for the same reason, 
viz. that while the equation ^^Uq — Jl^i?7, = is general, we obtain only the 
forms for small values of % and do not obtain the transitional forms. This case, 




Fig. 1. 

however, differs from the case of the unicursals in that there is no difficulty in 
writing the equation in the form ao?7i — JlaiCTi = where the a's are linear and 
the TPb quartic functions in the variables. 

The method that has been used for determining the forms of quintic curves 
having five crunodes may by a slight modification, be used for determining the 
forms of curves having one or more cusps. For one cusp^o^) ^^^ he taken with 
two consecutive intersections and one of the breaks made at one of these points. 
For two cusps ^qUq can be taken with an additional pair of consecutive intersec- 
tions and the second break made at this point; for three cusps the preceding 
only needs to be modified by taking Uq a cuspidal cubic. In case four cusps are 
desired, Uq can be taken a cuspidal cubic and ^o^o with three consecutive inter- 
sections at one point and two at another, the breaks now being made at the 
second of the three consecutive points and at one of the two consecutive points. 
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If 27^ is a cuspidal cubic and Uq and ^o have three consecutive intersections at 
two different points and the breaks are made in each case at the second of the 
three points, a quintic curve with five cusps is obtained. Two pairs of these 
cusps have their vertices approaching coincidence, while the above curve, with 
four cusps, has one such pair. In each case the breaks are, of course, sup- 
posed to be made in such a way as to give cusps.* 

The equation of a quintic curve having four cusps, can be written down at 
once as follows: Let a, ai be the lines and ^^ ^i the conies represented in the 
accompanying figure, then the equation a^^ — ^i^i = represents a quintic 




Fig. 3. 



curve having cusps at the four points ^i . The equation also contains a sufiS- 
cient number of constants to fix another double point. Each of the conies 
passes through the four cuspidal points and, in additibn, is tangent to the quintic 
at two of these points. The above equation, therefore, does not represent the 
general quintic curve with four cusps, as no such conies can be drawn in the 
general case. 

The acnodal forms might also have been examined as in every case where 
a cusp is admissible; an acnode is also possible .f 

Since the curves are not all unipartite, the sequence of the double points 
can not be used as a basis of classification | in the same way as was done for the 

« The justification for making a break at a specified one of the consecntive points, rests on making the 
break while the points are distinct, and then considering them as neighboring points. 

tSee R. Gentry, On the Forms of Plane Qnartic Curyes, pp. 27, dissertation, Bryn Mawr, 1896. 

X For an explanation of this method, see Meyer, Anwendnngen der Topologie anf die Gestalten der Alge. 
braischen Gurren, Mnenchen, 1878; or Tait, Edinbnrg Transactions, 1876-77. 
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unicursals,'*' but this scheme will be modified as follows: curves which are uni- 
partite or which have all the nodes on one circuit, will be regarded as similar 
in case they have the same sequence of double points. In other cases, they will 
be regarded as similar in case the two branches of one curve have the same 
sequence of double points as those of another, as for instance 2a and 2c. In case 
curves, which are classed the same, differ considerably in appearance, several 
figures will be given. 

Fig. 33 is worthy of special notice, it being the only form which permits 
five cusps. It has twenty real bitangents and five real inflexions. In case the 
loops are replaced by cusps, it has no bitangents, but it still has five real inflex- 




Fig. 8. 

ions. The equation of such a curve can be written down at once. Let ^oi ^oi ^ 
be the curves designated in the figure ; also, let ^i be a conic through the points 
1, 2, 3, 4, 6 and % a small constant, then the equation ^o^t — ^^i = repre- 
sents a curve of the form given in Fig. 33. The sign of % must be taken so that 
the breaks occur in the way indicated in the figure. 

A table giving the sequence of the double points for the various forms is 
added. In case the curve is bipartite, the sequence of the double points for the 
two parts is separated by a dash. 



* American Journal of Mathematics, Vol. XXVI (1004). 
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Forms 41-46 have two imaginary double points ; 46 has four. 



1 ahcdeahedc. 

2' ahcdea — hcde. 

3 aabcdecdeb. 

4 abcdec — abed. 

5 adbcddebce, 

6 abcdeabcde. 

7 abcabcde — de. 

8 aabcdb — eecd. 

9 aahcdbedce. 

10 aabccd — eebd. 

1 1 aabcddoe — eb. 

1 2 aabcdeeb — cd. 

1 3 aabcdecbed. 

1 4 aabbcd — eecd. 

1 5 aabcdbcdee. 

16 abccbade — dc. 

1 7 abcedc — abed. 

18 abcdbadc — ee. 

19 aabcdeedcb. 

20 aabcddeecb. 

2 1 aa&cc5c2e6c2. 

2 2 aabcdbcd — ce. 

23 ahcabc — ddee. 



24 


aahcddcb — ee. 


26 


aabccb — ddee-. 


26 


adbccbdd — ee. 


27 


aabbcc — ddee. 


28 


aahcdeebcd. 


29 


aabbccdeed. 


30 


aabhcdec — de. 


31 


aabccddbee. 


32 


aabccdebde. 


33 


aahbecddee. 


34 


aoAhodde — ce. 


35 


aahcdecd — he. 


36 


bedeed — aabc. 


37 


ahcdeadc — eb. 


38 


abcadoedbe. 


39 


aahcdbed — ce. 


40 


abodecdabe. 


41 


ahcabc. 


42 


aabccb. 


43 


aabbcc. 


44 


aabc — be. 


45 


aabb — cc. 


46 


aa. 



Unitibbitt of Michigan, Oetobevj 1908. 



Classification of the Surfaces of Singularities of the 

Quadratic Spherical Complex. 

By C. L. E. Moore. 



In Vol. 1, page 381, of the Transactions of the American Mathematical 
Society, Professor P. F. Smith has discussed the surface of singularities of the 
general quadratic spherical complex. It is the aim of this paper to complete 
the classification of these surfaces as Weiler* has done for the quadratic line 
complex. Since spheres as well as lines can be represented by six homogeneous 
coordinates, Weiler's symbols and notations for the fundamental complexes 
are used, but no further use is made of line geometry. The properties of those 
surfaces which can be obtained from cyclides are investigated by means of the 
transformation used by Smith, and his transformation notation is adopted. 

(I)- 

FixBt Ganonical Form. [l 111 11] 

1. n= xj+ a|+ a^+ x5+ aH- a^ = 0, 

F = Oiof + a^^ + a^ + «4^ + «5«l + d^t = 0. 

This is the surface discussed by Smith. He showed that the surface has six 
double sphero-quartics. The 32 minimum lines are also double, for (A) ={DID) 
and (D) transforms a minimum line on a surface into two double minimum lines 
on the transformed surface.f (/) leaves the lines double. Hence the 1 6 mini- 
mum lines of the cyclide by (A) transform into 32 double lines of the trans- 
formed surface. 

* Math. Ann., Vol. VII, page 145. 

t See Roberts, *« On Parallel Surfaces," Proceedings of the London Mathematical Society, Vol. IV, 
page 288. 
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These lines are arranged so that each line g is cut by six others, for a mini- 
mum line on the cyclido transforms into two intersecting lines on the trans- 
formed surface, and two intersecting minimum lines transform into two pairs of 
intersecting lines. Hence g and the five lines of the cyclide which cut it trans- 
form into two intersecting lines and five other lines cutting each one. 

Snyder* has shown that the surface of singularities of F is also the surface 
of singularities for the <x>' complexes obtained by giving JTall real values in 

^ -j- ^ -|- ^ . ^ -|^ ^ -|- ^ — 0^ 



k+ ai k^ Uf k + a^ k + a^ k + a^ k + a^ 
and that, consequently, the surface belongs to the congruences 

x»=0, S _^=0, %:pk. 

^ «« — a* 

2. [(11)1111]. 

g? + aj ^ gj ^ «4 ^ ^ I ^ _o 
k + ai k + Oq k + a^ k + a^ k + a^ 

In 1, if Xi = is the complex of points, the surface 111111 becomes the 
general cyclide.f The generators which belong to x^ = have double contact 

with the surface. Hence [(11) 11 11] becomes the points of a:t = which have 
double contact with the surface, i. e. the focal line (general sphero-quartic, c^) 
which lies on the fundamental sphere of 0^2 = 0. 

By a general transformation {A)^ the complex Xi = inverts into a general 
complex and the focal line c^ inverts into the surface of singularities of the sur- 
face [(11) 1111]. C4 lies on a non-directed sphere s, therefore, its points invert 
into spheres which touch the two director spheres into which s inverts ; further- 
more, C4 cuts each generator of s in two points which invert into spheres having 
a line in common with one of the directrices. Hence, the surface has two dovble 
directrices. It is of order and class 16, psisses 8 times through JT, the imaginary 
circle at infinity, the locus of centers is a quartic curve. The lines of curvature^ 
are spherical curves of order 16. There are two special ones of order 8 which 

* Balletin of the American Mathematical Society, Vol. 4, page 153. 

t See Loria, ** Ricerche intro alia Geometria Delia Sfera,** Memorie di Torino, Vol. 86, ser. 3, 1884. 
page 75. 

\ Snyder, «* Lines of Curyature,*^ etc., American Journal, Vol. XXII, page 96. 
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are the locus of the points of contact of the generators with each of the direc- 
trices. From (2) we see that the surface may be generated in four ways as 
the envelope of oo* spheres, hence it has four developables of bitangent planes, 
and for the generation as the envelope of <x>^ spheres, the developable degrades 
into four planes, c^ cuts the fundamental sphere of A in four points, hence the 
transformed surface has four nodes which lie on a circle. 

The complex A may be so chosen that the director spheres may be, (1) two 
spheres, (2) two points, (3) point and sphere, (4) point and plane, (6) plane and 
sphere, (6) two planes. In the last case, the lines of curvature and locus of cen- 
ters are plane curves. The directrices cannot have united position. 

If C4 lies on the sphere ^, whose points invert into planes by (A), the surface 
becomes a developable circumscribed to a sphere along a sphero-quartic. In this 
case, the special complex which has a^ for fundamental sphere, transforms into 
the complex of planes, i. e. one of the special complexes belonging to the con- 
gruence Xi + Jex^ = 0, is the complex of planes, and since x^t x^, x^, Xq are in 
involution with it, they are plane complexes (fundamental sphere is a plane). 
The surface then belongs to that class of surfaces discussed by Smith in the 
Annals,* which we shall call Lagverre swrfaxie8.\ It is the Laguerre transform of 
the quadric cone as may be seen by transforming x^ into the complex of points. 
The fundamental complexes become 

ai + w:s=i'i; »! — ia'2 = /iii; X3, »4, scj, a;6= I. >7> f. ^> 

and the surface is seen to be a cone. % 

By a general {E) , the cone becomes the surface described above. It is of 
order 8, class 4, the characteristics of the cuspidal curve are m = 12, r = 8, 
n = 4, (i = 0, etc. The surface does not contain K. Spheres concentric with the 
director sphere cut the surface in lines of curvature,§ hence the lines of curva- 
ture are of order 16. 

The cone has three planes of symmetry, therefore, it is sibireciprocal under 

* Annals of MathematlcB, ser. 2, Vol. 1, page 158. 

t Lagnerre aiirf aces may be defined as the envelope of planes belonging to a quadratic spherical complex. 
They may be derived from the qnadric surfaces by means of an Inyersion in a plane complex. 

X The coordinates ^, 9, (,y\ fi^v are those used by Snyder in *^ Criteria for Nodes In Dapin's Cyclides," 
Annals of Mathematics, Vol. 3, June, 1897. 

% Snyder, ** Lines of Caryatnre on Annular Surfaces.^* etc., American Journal of Mathematics, Vol. XXII, 
page 96. 
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three inversions and also X (the complex of points), hence the transformed sur- 
face is sibireciprocal under four inversions, and, consequently, has four double 
conies. This is the complete double curve of the developable. 

3. [(11)(11)11]. ai = a,, as = a,, 

a^ +a| _|_ aj + a^ ^ oj _|_ gg _ q 
fc + o, k + a^ k + a^ k + a^ 

In 2, if sTg = is the complex of points, the surface becomes the binodal 
cyclide, then [(ll)(ll)ll] is the focal line on the fundamental sphere of x^ 
which, in this case, breaks up into two circles. By a transformation (J.), the 
surface becomes two Dupin cyclides. They have in common two spheres of 
each generation, viz. the transform of the non-directed sphere on which the 
circles lie and the transform of their common points. The cyclides are so related 
that two nodes of one and two nodes of the corresponding generation of the 
other lie on a circle. 

If the sphere on which the circles lie is the sphere whose points transform 
into planes, the surface becomes two cones of revolution which have two com- 
mon tangent planes. 

4. [(11)(11)(11)]. 

01 = 02, Os = 04, Ob = ae • 

In 3, if Xi = is the complex of points, the focal line on the fundamental 
sphere of xg breaks up into four minimum lines, therefore, the general surface 
consists of two Dupin cyclides which degrade into two skew quadrilaterals so 
related that each line of the first cuts one line of the second. These lines can 
be arranged into two groups of four non-intersecting lines such that any line of 
one cuts three lines of the other. 

For the Laguerre surface, each cyclide becomes two finite minimum lines 
and* the line at infinity in their plane counted twice. 

5. [(111)111]. ai= 02 = 08. 

4+_^±^ . a^ ^ ^l . 4 — 
k + Qi k+ a^ k + a^ A; + Oe 



* By finite xninimum line is meant a minimum line not lying in plane at infinity. 

34 
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Ifk = — Oi , we have 

x, = x^ = xs = 0, -^ +-^ +-^?_=o. 

^4 — ^1 ^ ^1 ^6 ^ 

Hence the surface belongs to the series Xi = X2= x^=^ 0, but the spheres of this 
series also belong to the series a;^ = Xg = a*e = and the spheres of the latter 
series are double, therefore, the surface of singularities consists of a Dupin 
cyclide counted twice. 

If Xi = is the complex of points, the surface of singularities is a circle 
counted twice. Bj {A) this becomes a Dupin cyclide counted twice. 

The Laguerre surface is a cone of revolution counted twice. 

The complex [(111) 111] belongs to a series of five, the others being 
[(111)(11)1], [(111)12], [(111)(12)], [(111)3], which are formed by aid of an 
involution [2] between the spheres on a Dupin cyclide. We find the four 
special cases. 

1. Two double elements coincide. 

2. Three double elements coincide. 

3. Four double elements coincide. 

4. Two pairs of double elements coincide. 

We shall now show that the complex [(111) 111] consists of spheres which 
touch the corresponding spheres of a Dupin cyclide in an involution [2] . 

The complex may be written 

diixi + a^xl +• aex| = 0. 

Any sphere of this complex is, therefore, given by 

Va^x^ : s^ai^x^ : VagXa = fi^ ~ 1 : i{(i^ + l) : 2fi, 

which divide the complex into a singly infinite number of linear congruences. 
Also, any sphere of the cyclide xj = a^ = X3 = is given by 

X4 : X5 : x« = p^ — 1 : i (p^ + 1) : 2p. 

All spheres of such a linear congruence touch spheres of the cyclide for values 
of p given by 

(^»_l)(p»-l) _ (^8 + l)(p» + 1) ^ 4(ip ^Q 
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If pi and p2 ft^e the roots of this quadratic we have 



where 



^= 4 . c=-i J-, z>=^+ ' 



\/flr« • iv/Og Va* ' \/a5 V'^i 



Hence, between p^ and p^, the following equation exists: 

(Pl + p,)' = (^ _ 2)g)2 (^- ^Plp2)(<7pl(>2 - ^). 

which defines the general involution [2] . 

The complex is, therefore, obtained by establishing a general involution 
between the spheres of a Dupin cyclide and taking all the spheres which touch 
each pair of corresponding spheres. 

In the case [(111)(11) 1] a4==a5 and, therefore, c = and the involution 
becomes 

(pl + PiY = -p- pip8 , 

and, therefore, has two pairs of coincident roots, two zero and two infinite. 
This is a cubic involution. 

6. [(111)(11) 1]. ai = a2==a8: a^znag. 

The surface of singularities in this case belongs to 

(a54 + ix^){x4^ — ix^) = «« = 0, 

It is a Dupin cyclide counted twice. The singular spheres of the complex 
are the spheres common to 

«4 (x! +^4) + ««a^= 0, al {x\ + of) + aea5 = 0, 

hence they form the congruences 

x^ + ix^=^X(i = : x^ — ix^ =2x^ = 0. 

The double spheres consist of one generation of the Dupin cyclide together with 
the two spheres common to 

Xi=2X2^=Xq^=^X^=2 0. 
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7. [(111)(111)] =01 = 02 = 08 : a^ = a5 = ae. 

-^ — j = for all values of x, which satisfy i^= 0, the complex con- 
sists of the tangent pencils of spheres tangent to a Dupin cyclide,* 

IL 

Second Canonical Form. [11112] 

1. n = a:f + a| + a:i + ajl + 2x,x, = , 

i^= Oixf + a^ + a^^ + o^a^ + 2a^Q(^x^ + a^ = 0, 



A;+ai' A; + 02 A; + cf8A; + 04 






+ __±^6!!^6 ^^ ;^B =0. 



The surface of singularities is the transform of the nodal cyclide, it is of order 
and class 20 and passes 10 times through K. It can be generated in five ways 
as the envelope of oo ^ spheres, one of which is special, i. e. the linear complex of 
the congruence is a special complex. For this generation, the developable of 
bitangent planes becomes extraordinary (simple tangent planes). The transform 
of the conical point of the cyclide is a double sphere of the transformed surface. 
If 3-5 = is the complex of planes, the surface is the Laguerre surface dis- 
cussed by Smith.f That it is the Laguerre transform of the central quadric 

can be seen by making 

Xxy x^, x^, x^, ar6>a;e = f, >7i K^ ^» l^u '^i- 
Then put A; = — 04 and we have 

% — O4 Og — a^ O3 — O4 O5 — O4 (O5 — 04) 

Eliminating iiiVi by means of 11 and dividing by v, we have the point equation 
of a central quadric. By an (J?), this quadric transforms into the surface dis- 
cussed by Smith in the Annals. 

* Snyder, Balletin of the American Mathematical Soc, Vol. 4, page 146. 

t Annals of Mathematics, ser. 2, Vol. 1, page 158. This surface was also discussed hy E. Miiller, Monats- 
hefte der Math. n. Physik, 1898, Vol. 9, ** Die Geometrie orientierter Kngeln nach Grassmannschen Metho- 
den,'' cf. 7, page 394 ff. 
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2. [(11)112]. ai = a2. 

In 1, if Xi = is the complex of points, the surface is a nodal cy elide, and 
the focal line on the fundamental sphere of x^ has a double point. [(11) 112] 
is then this focal line which, by {A), transforms into an annular surface with 
two double directrices and a double generator. It is of order and class 12, has 
two general developables of bitangent planes, one extraordinary one and finally 
one which degenerates into four planes. The locus of centers is a quartic with 
a double point. The surface can be generated in three ways as the envelope 
of 00^ spheres, one of which is special, and in one way as the envelope of oo^ 
spheres. This surface is also the transform of the central conic since 11112 is a 
quadric if cci = Jl, a^ =: vj. 

If the focal line lies on the sphere whose points transform into planes, the 
surface becomes the developable of order 6, circumscribed to a sphere along a 
nodal sphero- quartic. This is the Laguerre transform of a cone with a minimum 
tangent plane. The surface has two double conies, its lines of curvature are of 
order 12. 

If a:^ = is the complex of planes, the surface is the Laguerre transform of 
the central quadric of revolution. It is an annular surface of order 8, class 4, 
has two plane directrices and, consequently, the lines of curvature are plane 
curves of order 8. It has two finite conies and K for double lines. If Xi = is 
the complex of points, then the surface reduces to a conic. By an (E) the latter 
becomes the same surface as the transform of the quadric of revolution. 

It is to be noted here that there are two entirely distinct Laguerre surfaces 
corresponding to the same symbol [(11) 112], If the complex of planes is one 
of the special complexes belonging to the congruence Xx = 0, a:^ = ^i ^^^ surface 
is enveloped by oo ^ planes. By no Laguerre transformation can one be trans- 
formed into the other. 

3. [111(12)]. a4 = a5. 

The general nodal cyclide has a focal line on the point sphere x^. If ar4 be 
the complex of points, the cyclide reduces to this focal line. In this case, c^ cuts 
each generator of the cone in two points, and the spheres on which 04 lies coincide 
in the point sphere 0%. By (A), c^ transforms into a surface with coincident 
double directrices. It is of order and class 16, passes 8 times through K. It can 
be generated in three ways as the envelope of 00 ^ spheres, it has two general 
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developables of bitangent planes and one which degrades. The double curves 
are three sphero-quartics and the circle of contact with the directrix which is 
tacnodal. 

Since the focal line lies on a point sphere, the developable cannot be gene- 
rated as in the preceding cases, for (/) would be the only transformation that 
could be used and this would transform c^ into a minimum developable. By an 
(/) with center at x^y the cy elide [ill (12)] transforms into a quadric cylinder 
which by an (E) transforms into a developable of order 8. 

In this case the directrices coincide in the plane at infinity. The develop- 
able has three finite double conies, and since parallel tangent planes of a cylinder 
transform into parallel planes, through a line at infinity, which is tangent to the 
surface, pass two planes of the developable and, consequently, the curve at infinity 
must be double ; as the total double curve is of order 8, that in the plane at 
infinity must be a conic. 

If X4 = is the complex of points and Xg = the complex of planes, the 
Laguerre surface [11112] is a general quadric. Consider the quadric as gene- 
rated by its tangent planes, then [ill (12)] will be the point planes which cir- 
cumscribe the quadric, i. e. the minimum planes which are tangent to the 
quadric. Hence, the surface [ill (12)], when cc^ = is complex of points, is the 
focal developable of the general quadric. It is of order 8, class 4, has three 
finite conies and K for double lines. This is the minimum developable into 
which (/) transforms the focal line on the point sphere x^. 

4. [(11)(11)2]. ai = <hf <h = a,. 

The cyclide [(11) 112) has a focal line on x^ which breaks up into a circle 
and two minimum lines. Therefore, the surface of singularities of the general 
complex [(11)(11) 2] consists of a Dupin cyclide and a skew quadrilateral of 
minimum lines. 

The developable Laguerre surface consists of a cone of revolution and two 
finite minimum lines and the infinite line in their plane counted twice. 

When X5 = is the complex of planes, we obtain immediately from the 
equations that the Laguerre surface consists of a cone of revolution and a quadri- 
lateral inscribed in K. 
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6. [1(11)(12)]. a, = 08, 04 = 05. 

The cyclide [ill (l2)] has two tangent circles for focal line on the sphere 
9^8 > therefore, the surface of singularities of the complex [l (11)(12)] consists of 
two Dupin cyclides which have two consecutive spheres and, consequently, a 
circle in common. 

When the complex of planes belongs to the congruence cc2 = 0, ar8= 0, the 
Laguerre surface consists of two cones of revolution, tangent along a generator. 

When scs ^ is the complex of planes, the surface consists of two cylinders 
of revolution. 

If a;^ = is complex of points and X5 = complex of planes, the surface be- 
comes the focal developable of the general quadric of revolution. It consists 
of two minimum cones having their vertices at the foci of a meridian section. 

6. [(111)12]. Oi = 08=08. 

The spheres of the series CC4 = X5 = Xg = are double for the surface, there- 
fore, the surface of singularities is a Dupin cyclide counted twice. 
The Laguerre surface is a cone of revolution counted twice. 
The complex may be written 

«4«4 + 205055X8 + a:| =0 . 
It is seen that any sphere of the complex is given by 



X4 : Xj : Xe = ^<h {^(^ — *) • ^«4«6 : — 2/i^\/a4 (f^VOg — i), 

giving 00^ linear congruences; the sphere (0, 0, 0, 2p, 2, p^) is any sphere of the 
cyclide Xi =: ic^ = a;8 ^ and is touched by the spheres of the preceding con- 
gruence, provided that 

Vo^o^^ + Wlxili il^^a^ — i) — ^pV(h (2/i^Vo5 — i) = 0. 

This equation defines an involution [2] , which has two coincident double ele- 
ments. 

7. [(111)(12)]. Oi = 02 = o„ 04 = 05. 

In this case the involution is defined by 

which has all its double elements coincident. 
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8. [11(112)]. as = a^=za^, 

F=a^a?, + a^ + 4 = 0. 

The singular spheres are those which belong to jF" = and satisfy 

ala?i + alf4 = 0. 

Thus the singular surface consists of the Dupin eyelid e sci = o^ = 2:5 = 0, which 
degrades into a skew quadrilateral of minimum lines. The Laguerre surface 
consists of a quadrilateral inscribed in K. The complex is composed of the 00^ 
congruences 

x^ + ix2 — 2pa5, sci — iiCg = 2ax^, 

where p and a are connected by the relation 

<h{p + oy-a,{p-ay+ 1=0. 

Hence the complex is composed of spheres which touch corresponding spheres 
of two pencils which are in (2, 2) correspondence. The correspondence has two 
of its four double elements in coincidence 

9. [(11)(112)]. ai = a2, a^z=:a^=ia^. 

This complex consists of the singly infinite number of congruences 
2^/a^ (xi + txg) = fix^, 1s/a^ (»! — io^ = x^. 

The directrices of these congruences form a tangent pencil of spheres and are in 
(1,1) correspondence. Therefore, the complex consists of those spheres which 
touch corresponding spheres of two projective tangent pencils. The surface of 
singularities is same as [11 (112)]. 

III. 

Third Canonical Form, 
1. [1113] 

F=i ajarf + a^ + a^T^ + ^^(a^ + ^x^Xq) + 2x^x^ = 0, 
n=ic5 + a| + aH-aH- 2x^Xq = 0. 

"^ ~ k + ai k -^ a^^ k + a^^ k + a^ {k+ a^f (fc + a^f 
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The surface [1113] is the transform of the cyclide with a general biplanar 
point The biplanar point transforms into a cuspidal sphere, as may be seen by 
considering the transform of every plane section through this point. They 
will all have the transform of this point for cuspidal sphere and will envelope the 
surface. It is of order and class 18, can be generated in four ways as the 
envelope of a doubly infinite number of spheres, one of which is special. The 
surface is the envelope of those spheres of the complex which touch a fixed 
sphere of the complex ; it has three general developables of bitangent planes 
and one extraordinary. 

If ^4 = is the complex of planes, the surface is the Laguerre transform of 
the paraboloid, as can be seen by transforming one of the fundamental com- 
plexes Xi = 0, say, into the complex of points. Then the surface becomes the 
envelope of 



a — a a — a (a — a)* (a — a)' 
Or, using ^, 97, ^, X, (i, y, the points of the complex envelope, the paraboloid 

^ + y' - ^ , + _J_,=0 

Og — a Os — ai {a^— a^* («4— «i? 

Since the paraboloid has two planes of symmetry, the surface is sibireciprocal 
under three inversions and, therefore, has three double conies. Since the para- 
boloid is tangent to the plane at infinity, the transformed surface will have K 
for simple line. It is of order 10, class 4. 

2. [(11)13]. ai = a2. 

The cyclide [1113] has for focal line on the fundamental sphere of .Tg— 0, 
a quartic 04 with a cusp, then the general surface [(11) 13] will be an annular 
surface which has two double spherical directrices and a cuspidal generator. It 
is of order and class 10, can be generated in two ways as the envelope of 00^ 
spheres, one of which is special and in one way as the envelope of 00^ 
spheres, it has one general developable of bitangent planes, one extraordinary, 
and one which degrades. The locus of centers is a skew quartic with a cusp. 

If the quartic lies on the sphere whose points transform into planes, the 
surface becomes the developable of order 5, touching a sphere along a sphero- 
36 
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quartic with a cusp. It has one double conic. The cuspidal edge is a quartic 
having a cusp. 

If X4 = is the complex of planes, the surface is the Laguerre transform of 
the paraboloid of revolution or of the parabola. It is of order 4, class 6, contains 
one double conic. 

3- [11(13)]. a, = a4. 

The cyclide [1113] has a focal line on the point sphere x^ (minimum cone 
having x^ for vertex), which has a double point at the vertex. Each generator 
of the cone cuts the quartic in but one point aside from the vertex. Then the 
general surface [11 (13)] will be an annular surface with a single directrix, 
which is also a double generator. . It is of order and class 12. 

If 074 = is the complex of planes, the surface is the Laguerre transform of 
the parabolic cylinder. It is of order 6, class 4, has two doube conies. The 
director sphere coincides with the plane at infinity. 

If X4 = is the complex of planes and Xg = complex of points, the surface 
is the focal developable of the paraboloid. It is of order 6, class 4, han two 
finite double conies; JTis simple line on the surface. 

4. [1(113)]. 02 = 03 = 04. 

F= ai^i + 2X4SC5 = 0. 

The singular spheres satisfy ^=0 and 

a?a^ + aj = 0. 



Thus the surface of singularities consists of the Dupin cyclide Xi = X4 z= Xj = 0, 
which degrades into a skew quadrilateral of minimum lines. 

The spheres of the complex belong to the single infinite number of linear 
congruences, 

Oi (5C5 + i^i) + ^fjtx^{a^ — i) = 0, 
Oi (ic,— txi) + 2(1X4^ {a^ + f ) z= . 

The directrices of these congruences form two pencils in (2, 2) correspondence. 
Thus the complex is made up of spheres which touch corresponding spheres of 
two tangent pencils in (2, 2) correspondence. 



J 
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6. [(11)(13)]. «i = ««i a8 = «4- 

The focal line of the cyclide [11 (13)] on the sphere arg breaks up into a 
circle and two minimum lines which intersect on it, therefore, the general sur- 
face [(ll)(13)] consists of a Dupin cyclide and skew quadrilateral of minimum 
lines lying on one of its generating spheres. 

The Laguerre surface consists of a cone of revolution and two minimum 
lines lying in one of its generating planes. 

If 2:3 = is the complex of points, the surface is the focal developable of 
the paraboloid of revolution. It is a minimum cone with focus as vertex. 

6. [(111)3] ai = a2 = a, 

The surface of singularities is a Dupin cyclide counted twice. 
The singular spheres form the special congruences x^ = x^ = 0, together 
with a general linear congruence. 

The spheres of the complex are given by the equations 

x^:x^: x^=^a\: ifia^ : — 2(i (l—fi^a^), 

forming 00^ linear congruences; the spheres of sucli a congruence touch the sphere 
(0, 0, 0, 2p^, 2p, — 1) of the cyclide ari = Xg = ajg = 0, provided that 

ififp (1 + fjt^a^) — ^(la^p + aj = 0. 

If the roots of this equation are pi, p^* ^^ ^^ ^^^^ ^^^^ 



(pi — pg)^ + — pip2 (pi + pg) = 

4 



this is an involution [2], in which three double elements coincide. The La- 
guerre surface is a cone of revolution counted twice. 

IV. 

Fourth Canonical Form. [1122] 

1. F= aiJcf + a^ + 2a^x^t + 2a^x^t + a^ + aJ = 0, 
n = 0^ + a| + 2«^i -\- 2x^t = 0, 



f A ■ a| . 2a!i,g« aig 

' A: + a, "^ A; + a, ^ A + «, (& + Ogf 



2x^ a| _ 
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The surface of singularities is the transform of the non-annular binodal 
cy elide, therefore, it has two double spheres which touch each other. It is of 
order and class 16, can be generated in four ways as the envelope of qo* spheres, 
two of which are special; it has two general developables of bitangent planes and 
two extraordinary. 

If Xi = is the complex of points and a*8 = the complex of planes, the 
surface reduces to a quadric, which is tangent to K at one point, then by a La- 
guerre transformation this quadric inverts into a surface having a double plane. 
It is of order 10, class 4, has ^for double line and has two finite double conies. 

2. [(12)12]. a^=at. 

The cyclide [1212] has on the point sphere x^ a focal line which has a 
double point, not at the vertex of the minimum cone. Therefore, the general 
surface is an annular surface which has coincident directrices and a double gene- 
rator. It is of order and class 1 2, can be generated in two ways as the envelope 
of 00* spheres, one of which is special; there are two developables of bitangent 
planes, one of which is extraordinary. The developable corresponding to the 
generation as the envelope of oo^ spheres degrades into planes. 

If a:^^ is the complex of planes and a^^ = the complex of points, the 
surface is a quadric cylinder which is tangent to K in one point. By a Laguerre 
transformation this inverts into a developable of order 6, class 4, has one finite 
double conic and one in the plane at infinity. 

If a^ji = is complex of points the surface is the focal developable of a 
quadric which touches K. It is of order 6, class 4, has one finite conic and K 
for double curve. 

If ^5 = is the complex of planes and a:^ = the complex of points, the 
surface becomes a quadric of revolution such that the two points of contact with 
K coincide. By a Laguerre transformation this inverts into an annular surface 
with coincident plane directrices, it is of order 8, class 4, contains K as double 
line and has one finite double conic. 

3. [(12)(12)]. ai=a,,a3 = a4. 

The cyclide [12 (12)] has a focal line on the point sphere x^ consisting of 
two tangent circles. Therefore, the surface of singularities of the general com- 
plex [(12)(12)] consists of two Dupin cyclides which touch along a circle (since 
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they have consecutive generating spheres in common), and as the two directrices 
coincide, they must intersect along a circle of the second system, i. e. the cyclides 
have a circle of each system in common. 

If X3 = is the complex of planes, the surface is given by 

which is two lines lying in a minimum plane. By a Laguerre transformation, 
these transform into two cones of revolution having a generating sphere and one 
generating plane in common. 

4. [(11)22]. <h=a^. 

The cy elide [1122] has a focal line on the sphere oc^ which degrades into a 
cubic and a double secant. Therefore, the general surface has a single and a 
double directrix. It consists of an annular surface of order and class 8, and two 
minimum lines, one on each directrix, which belong to two non-consecutive 
generators of the annular surface. 

If the sphere x^ is the sphere whose points transform into planes, the cubic 
inverts into a developable of order 4, class 3, and the line inverts into a minimum 
line which lies on the directrix sphere of the developable. 

If o^i = is the complex of points and Xg = the complex of planes, the 
surface becomes a conic passing through one of the circle points. By a Laguerre 
transformation this becomes an annular surface of order 6, class 4. 

5. [11(22)]. 03 = a^. 

The cyclide [11 (22)] is ruled and has a double minimum line. By a trans- 
formation {A), the minimum line d transforms into two lines cP^ d!\ and a line 
cutting d transforms into two lines, one cutting d* and one cutting d'^ and the 
pair of lines, cutting d in the same point, transform into two pairs of lines, one 
pair intersecting on each line d' and d'K Two lines intersecting on K invert 
into two pairs of lines, each intersecting on K and one line of the pair cuts 1I 
and the other d", therefore, there is a (2, 2) correspondence between d^ and K 
and between d" and K. Hence, the surface of the singularities consist of two 
ruled cyclides. 
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If ara = is the complex of planes and Xi = the complex of points, the 
surface is a cone with vertex on JT, and by an (E), it transforms into two such 
cones. 

The equation of the complex is 

«iaf + a,a| + a| + a| = , 
and, therefore, can be broken up into the congruences 



— (iVoia^i — in^a^a^ + (f^Vai ( V^i + ^/a^ + \/«i — \/<h) ^ 

+ i {ti^s/ai^a^ + ^/a^ — ^/a^, + ^/a^ x^ — 0, 
liVa^a^i + ifi VoiOgOg + ((i^Vai ( V^i — Va^) + ^/a^ + s/a^) x^ 

+ i {y?^/a^ W<^\ — ^o^ — V^i — ^(h) x^—O. 

The directrices of these congruences form two ruled cyclides which are pro- 
jective with each other. Therefore, the complex consists of those spheres which 
touch corresponding spheres of two ruled cyclides which are projective with 
each other. 

6. [(112)2]. 01 = 02 = 08. 

The surface of singularities belongs to the series xg = x^ = arg = , and, 
therefore, consists of a skew quadrilateral of minimum lines counted twice. 

If X5 = is complex of planes, the Laguerre surface is a quadrilateral 
inscribed in iT. If x, = is complex of planes, the Laguerre surface is two finite 
minimum lines which intersect and the line at infinity in their plane counted 

twice. 

The complex is formed of spheres which belong to the congruence 

tiXz + x^ = 0, 2/i£0,a;4—(/i^*+ 1)0:5=0, 

and is, therefore, formed of spheres which touch paired spheres of two pencils in 
(1,2) correspondence, which have a common self-corresponding element. 

7. [1(122)]. a, = a,^a,. 

The singular spheres belong to the series xi = 0:3 = X5 = 0, and the surface 
is two minimum lines, each counted four times. 

If 0!^ = is the complex of planes, the surface becomes a finite minimum 
line and a line in the plane at infinity cutting it, each counted four times. 
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8. [(11)(22)]. ai=:a„a,==a4. 

In the cyclide [11 (22)] there is a focal line on the sphere a^ consisting of 
two skew lines and one of their secants counted twice. Therefore, the surface 
of singularities of the general complex [(11)(22)] consists of two skew quadri^* 
laterals of minimum lines having two common sides. The complex is formed of 
spheres which belong to the complexes 

<^l^ {xi + ix^i) + Oa + *»6 = Oi 
«i (^1 — ix^) — (i (xa — i^i) — 0- 

The directrices of these congruences form two projective tangent pencils of 
spheres so related that one of the minimum lines enveloped by the first pencil 
cuts one of the minimum lines enveloped by the second pencil. 



V. 

Fifth Ganmical Form. [114] 

1. -F, = aixf + a^ + 208 (a^a^e + ^i^t) + ^^^^ + a^ = 0, 
n =xj + a|+ 20^6 + 2x^0^=0, 

. 2g8a^4 4_ —0 

^(A^ + Os)' (A+^*~"' 

The surface of singularities is the transform of the cyclide with a special 
biplanar point. It is, therefore, of order and class 16. The biplanar point 
inverts into a sphere analogous to a tacnode, as we shall see in the case [(11) 4]. 
The surface can be generated in three ways as the envelope of oo' spheres, one 
of which is special ; it has two general developables of bitangent planes and one 
extraordinary. The surface is the envelope of spheres which touch a singular 
sphere of a quadratic complex (obtained by putting A; = — as). 

If xi = is the complex of points and Xg = the complex of planes, the 
surface reduces to a paraboloid, which is tangent to the plane at infinity at a 
point of K. By a Laguerre transformation, this inverts into a surface of order 9, 
class 4, containing K as simple line ; it has two double conies. 
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2. [(11)4]. ai=a^. 

The cyclide [114] has a focal line on the sphere x^ consisting of a twisted 
cubic and a minimum line tangent to it. Therefore, the general surface consists 
of an annular surface of order 8, and two minimum lines lying on two consecu- 
tive generating spheres. The surface can be generated in one way as the envel- 
ope of oo' spheres ; it has no general developable of bitangent planes, but has 
one extraordinary and one which degrades. 

If the cubic and tangent lie on the sphere whose points transform into 
planes, the surface becomes a developable of order 4 and a minimum line. 

If X3 = is the complex of planes and jti = is the complex of points, the 
surface becomes a parabola tangent to the line at infinity in one of the circle 
points. By a Laguerre transformation this inverts into a surface of order 6, 
containing K as simple line. 

3. [1(14)]. a, = a,. 

The cyclide [114] has on the point sphere x^ a focal line having a cusp at 
the vertex of the minimum cone. Therefore, the general surface [1 (14)] is an 
annular surface with a single directrix which is also a cuspidal generator, it is 
of order and class 10. 

If Xs = is the complex of planes and a^i = the complex of points, the 
surface becomes a parabolic cylinder whose generator in the plane at infinity is 
tangent to ^. By a Laguerre transformation this becomes a developable of 
order 6, class 4, having one double conic. The cuspidal edge is a quartic having 
a cusp. 

If 0^2 = is the complex of points, the surface is the focal developable of a 
paraboloid which is tangent to the plane at infinity in a point of K. It is of 
order 5, class 4, has one double conic and contains JTas simple line. 

4. [(114)]. ai = a2 = ag. 

The surface of singularities belongs to x, = 3:4 = a^e = and, therefore, con- 
sists of a skew quadrilateral of minimum lines counted twice. 

If 3*8 = is the complex of planes, the surface is a quadrilateral inscribed 
in K. 

The complex consists of the singly infinite number of congruences 

2x8 — f^4 = 0, 203 — ^^05 = 0. 
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The directrices of these special congruences form two tangent pencils in 
(2, 1) correspondence having a self-corresponding element. The involution 
formed by the pair of elements of the first pencil corresponding to the elements 
of the second pencil, has the common self-corresponding element for double 
element. The complex is, therefore, composed of those spheres which touch cor- 
responding spheres of two tangent pencils in (2, 1) correspondence having a self- 
corresponding element. 

VI. 

Sixth Ganmical Form. [1^3] 

1. F = aixf + ^(W^ + 3^ + 08 (2x4X5 + »l) + 2x4X5 = , 
n = xj -h 2x2X3 + 2x4Xe -f a^ = , 



/ =_M_ -L 2x2X8 aj 2x4X5 + aj 

•^ k + a^'^ Jc + a^ (A + Ogf Ic + a^ 



^i^^ +.. f'.s = 0. 



{k + a^f ' {k + a^y 

The surface is the transform of the cyclide, which has a conical and a 
general biplanar point ; it, therefore, has a double and cuspidal sphere which 
touch. It is of order and class 14, can be generated in three ways as the envel- 
ope of 00' spheres, two of which are special, and has one general developable of 
bitangent planes and two extraordinary ones. 

If Xs = is the complex of planes and Xi = the complex of points, the 
surface becomes a quadric which has three points contact with K. By a Laguerre 
transformation, this becomes a surface of order 9, class 4, has a cuspidal plane, 
has K and a finite conic for double curves. 

If X4 = is the complex of planes the surface becomes a parabaloid tangent 
to iT. By a Laguerre transformation, this becomes a surface of order 8, class 4, 
containing K as simple line. It has one double conic and one double plane. 

2. [(12)3]. a, = a,. 

The cyclide [123] has a focal line on the point sphere X2 which has a cusp 
not at the vertex of the minimum cone. Therefore, the general surface [(12)3] 
is an annular surface which has coincident directrices and a cuspidal generator. 
It IS of order and class 10. 
36 
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If ar^ = is the complex of planes, and aj^ = the complex of points, the 
surface becomes a general parabola lying in a minimum plane; by a Laguerre 
transformation this becomes an annular surface with coincident plane direc- 
trices. It is of order 6, class 4, and contains K as simple line. 

If x^ is on the fundamental sphere of (A) the surface becomes one with a 
five-fold point at x^. By a transformation by reciprocal radii, this inverts into 
a developable of order 5 (the Laguerre surface if x^ = is complex of planes). 

3. [(13) 2]. ai = ttg. 

The cyclide [123] has a focal line on x^ consisting of a cubic and a secant. 
The general surface is the same as [(11) 22] except that the directrices coincide. 

If x^ = is the complex of planes, the developable is of order 4. 

If a-i = is the complex of points, the developable becomes the focal devel- 
opable of a paraboloid tangent to K. It is of order 4, class 3, has K for simple 
line. 

If «, = is the complex of planes, the annular surface is of order 6. For 
if Xjj is on the fundamental sphere of (-4), the transformed surface will have in 
0C2 a four-fold point arising from the union of two conical points, but the minimum 
line goes through this point, therefore, the annular surface has this point for 
conical point, and by an (/) with centre at X2» the surface inverts into an annular 
surface of order 6. 

4. [1(23)]. a^=a,. 

The cyclide [l (23)] is ruled, and for same reason as [11 (22)], the general 
surface consists of two such cyclides. The double line in this cyclide is simple 
directrix and simple generator. 

The Laguerre surface, as in [11 (22)], consists of two parabolic cylinders 
with vertex on K. 

6. [(1 23)]. ai = Og = 03 , 

F= X2— 2x^x^= 0, 

The surface of singularities belongs to the series 0:2 = X4 = X5 = and since A* 

* See Snyder, « Criteria for Nodes,*' etc., Annals of Math., 1897. 
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and its first minors vanish, the quadrilateral becomes two intersecting minimum 
lines counted four times. 

If a;^ = or x^ = is the complex of planes, the surface is a line at infinity 
counted four times. 

VII. 

Seventh Ganonical Farm, [15] 

1. n = ajf + 2ar|Xe + ^x^ + xf _ q ^ 

F = aiorf + Og {2x^f^ + 2x8^5 + a^) + ^^%^h + ^^^i = 0, 

/ _ A I 23:^X0 + 2x^ + A _ 2x^3:5 + 2x 3X4 
•^ A + ai"^' A; + 02 C^ + Ogf 

, 2^ 2X4 + a^ _ 2a^8 a| _ ^ 

The surface of singularities is the inverse of the cyclide, which has a special 
biplanar point. The surface is of order and class 14; it can be generated in 
two ways as the envelope of 00^ spheres, one of which is special, therefore, it has 
one general developable of bitangent planes and one extraordinary one. 

If Xi = is complex of points and X2 = the complex of planes, the surface 
becomes a paraboloid, which is tangent to the plane at infinity in a point of K^ 
and one of the lines in the plane at infinity is tangent to K. By a Laguerre 
transformation, this transforms into a surface of order 8, class 4, having one 
double conic and having ^for simple line. 

2. [(15)]. aj = a2. 

The cyclide [15] has a focal line on the point sphere x^ consisting of a 
twisted cubic and a minimum line tangent to it. The general surface consists of 
an annular surface as in [(11)4] except that the directrices coincide. 

The Laguerre surface is a developable of order 4, and a minimum line. 
This diflfers from [(21) 4] in having the director sphere coincide with the plane 
at infinity. 

If Xi = is the complex of points and x^ = the complex of planes, the 
Laguerre surface becomes the focal developable circumscribed to the paraboloid 
[15]. It is of order 4, contains K ds simple line. 
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VIII 
Eighth Canonical Form. [222] 

1. F= 2aiZiX^ + 2a^fc^ + 2afc^x^ + a1 + a| + a| = 0, 
n = XiX^ + x^i H- ajXe = 0. 

If a^s = is the complex of planes the surface is the Laguerre surface hav- 
ing two double planes, and as the Laguerre surfaces are of class 4, two double 
planes will reduce the order of the surface to 8. The minimum line common to 
Xj = ;z;3 = ^5 = is also a part of the surface, since these spheres are all singular 
spheres. The presence of this line does not reduce the order nor class of the 
residual surface. 

By an (/), this inverts into the general surface of singularities, which is, 
therefore, of order and class 12, passes six times through K. The minimum line 
enveloped by a^i = 0^3 = ars = is also a part of this surface. The surface can 
be generated in three ways as the envelope of 00^ spheres, two of which are 
special. It has three double spheres which have a minimum line in common. 

2. [2(22)]. (h = <h^ 
F= 2aiXiX^ + iri + xi + a| = 0, 

Since xg = 0, Xj = 0, we have at once from 11 either Xj = or «, = . In 
the first case, spheres which belong to Xi = X3 = X5 = and /, from two tangent 
pencils of spheres which have a sphere in common. In the second case, spheres 
which belong to x^ = x, = X5 = and /, form a ruled cyclide. Hence, the surface 
of singularities consists of two tangent pencils of spheres and a ruled cyclide. 

The complex may be broken up into the congruences 

^i — iiXs — ii4x^ = 0, 

2ai/i^a:2 + (l +fi^)x^ — i(l —fi^)x^ = 0, 

the directrices of these congruences are 

/y = (0, 1, 0,—(i,o,—i(i), 

S={2aii, 0, 0, 1 +|tl^ 0, -t(l —fi')). 

The spheres S' form a tangent pencil. The spheres S form a ruled cyclide. 
Therefore, the complex consists of spheres which touch paired spheres {S^, S). 
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The pencils and the cyclide have a self-corresponding sphere. If the sign of % 
be changed, i. e. if the congruences be found in another way, we get the same 
ruled cyclide but a different pencil. The two pencils have a sphere in common, 
thus the complex can be generated in two ways as above. 

3. [(222)]. ai = 0,8 = 08. 

jr=a:f + a| + a| = 0, 



n© = o- 



Every sphere of the complex is singular, and as Xi , x^^ x^ are special and in 
involution, the surface is generated by spheres which have a minimum line in 
common and which satisfy a quadratic complex. This is the ruled cyclide. 
For, if Si, S^^ S^ be three such spheres, then any sphere can be represented by 

Sx = x^i + X^8^ + £^5 = 0, 
n = 0510^2 + a^i + x^x^ = 0. 

The spheres Si belong to aji = Xg = Xj = and, therefore, the envelope subject 
to the quadratic relation is 

which is a ruled cyclide, since «i, «8> ^s bave a minimum line in common. 

IX. 

Ninth Canonical Form. [33] 

1. F= Oj {2xiX^ + al) + 2a5iaj8 + a^{2x^Xfi + a^) + 2a;4a;5 = , 

n = 2xix^ + A+ 20:40% + «|= 0, 

f _ 2a^a;8 + a| "JXiOC^ , A . ^x^Xf^ + aj 

^~ k+a {k + aif^ {k + aif^ k+a^ 

^4^ _i_ «!_ _o. 



(k + a^y ' {k+a,y 

If ^4 = is the complex of planes, the surface is a Laguerre surface having 
a cuspidal plane. The surface [1113] is of order 10, and as a cuspidal plane 
reduces the order of the surface three, the order of the surface [33] is 7. 

By an (/), this inverts into the general surface of singularities, therefore, 
the general surface of singularities is of order and class 12, passes six times 
through K. It has two cuspidal spheres which touch each other. 
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a. [(83)]. Oi = 02, 

F=z XiXi + x^x^ — 0. 

The complex may be decomposed into the congruences 
»! + ^i 2/^ =0, Xi — x^— 2i(ix^ = 0, 1x2 = xi + ixi, xi = arg — ix^]. 

The directrices of the congruences are 

/^ = (0,0, 1, 0, 2fi, 1), 

aS, = (0, —2ifi, 1,0,0,-1), 

and form two tangent pencils of spheres in (l, 1) correspondence such that 
the sphere Ti =(0, 0, 1, 0, 0, — 1) touch all the spheres Si, and the sphere 
7s (0, 0, 1, 0, 0, 1) touch all the spheres S2. 
If the congruences were 

Xi + (1x^ = 0, #£05, — 3:5 = 0, 

the directrices all coincide in the pencil. aS^=(0, 0, 1, 0, 0, (i). The two 
minimum lines enveloped by this pencil are such one belongs to Si and the other 
to Si. Therefore, in the surface of singularities, these lines count as triple line 
and the other two as simple lines. 

X. 

Tenth Canonical Form. [24] 

1. F= 2aiXiX2 + iXn+<h {^J^9^t + 2x4X5) + 2x3X5 + xj = , 
n = XjX, + XjXg + X4X5 = 0. 

In this case there are two Laguerre surfaces according as Xi or Xg is the 
complex of planes. The first is a surface with a tacnodal plane, and, therefore, of 
orders, it has -ff' for double line. The second differs from [114] by having a 
double plane and, therefore, is of order 7, and has K for simple line. 

By an (/), these invert into the general surface which is, therefore, of order 
and class 12; has one double and one tacnodal sphere. In this case, as in the 
case [222], a minimum line forms part of the surface. 

2. [(24)]. ai = a,, 

F=a^i + 2x3X6 + 0^ = 0, 
/ =a^ + 2x4Xa + x|= 0, Xi = 0, Xj = 0. 
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Either a;^ = or a^s = 0. In the first case spheres common to o^i = a^ = x^ 
and / envelope two tangent pencils; in the second case, spheres common to 
ajj = 0^3 = ajg and / form a ruled cyclide. 

The complex consists of the congruences 

2^, — Xi — ix^ = , i(iXi — 2jti^aJ3 -f- 3:5 = . 

The directrices of these special congruences are 

ASi = (0, — 1,0, 0,— i, 2^), 
-S'2 = (0, 2/1/, 0,1, 0,-2/). 

The spheres Si form a tangent pencil and the spheres S^ form a ruled cjclide. 
Si has one sphere in common with S^^ viz. (0,0,0,0,0,2) and the sphere of Si 
touch no other sphere of S^. The congruences might also have been 

2jtia:, — a?! + ix^ = 0, i^ixi — 2(i?x^ + arj = 0. 

The directrices in this case are 

S[ = {0,- 1, 0,0, t, 2|i£), 
/S'2=(0, 2^, 0, 1, 0,- 2/). 

The ruled cjclide is the same in each case, and S'l and Si have the same 
sphere in common with the cyclide. The spheres Si touch all the spheres S[y 
i.e. the two pencils have a minimum line in common. 

The complex can be generated in two ways by spheres which touch cor- 
responding spheres of a tangent pencil and a cyclide projectively related. The 
cyclide and the two tangent pencils form the surface of singularities. 

XL 

Eleventh Canonical Form. [6] 

1. n = XiX^ + x^f, + x^4^ = , 

F= 2ai (xi^fl + x^x^ + 3^4) + 2a:ia;5 + 2x23:4 + a^ = 0, 
- _ 2 (gia-Q + ayrg + ^^i) 2 Xix^ + 2 a^4 + aj 2x1X4 + 2x ^^ 
^~~ h^ai (*+air "^ (* + «!)' 

_ 2xiX8 + aj 2x^X2 _^_ — A 

(* + oi)* ^ (* + Oif ~ (* + aO« - "' 

It was seen that the surface [1122] becomes the surface [114] when the 
two double spheres become consecutive, in a similar manner the surface [222] 
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becomes [24] when two of the double spheres become consecutive. Thus the 
surface [6] has three consecutive double spheres which have a minimum line in 
common ; it is of order 1 2 and can be generated in one (special way as the envel- 
ope of 00^ spheres. The minimum line enveloped by Xi = a^ = »% = ^ is a part 
of the surface. 

The Laguerre surface is of order 8, class 4. 



XII. 

The following table contains a complete list of those surfaces which appear 
as surfaces of singularities of the quadratic complex. The cyclide and sphero- 
quartic are not included here, since they have been classified by Loria in the 
paper referred to. 

The following symbols are used: 

vi = complex of planes. 
n = plane at infinity. 
(B)=: Laguerre transform. 
S^ = central quadric. 
S2 = paraboloid. 



% = complex of points, 
quad. = skew quadrilateral of mini- 
mum lines. 
C?4 = Dupin cyclide. 
C2 ^ cone of revolution. 



NON-ANNULAR SURFACES. 



General. 

mill. General surface, 
11112. One double sphere, 
1113. One cuspidal sphere, 
114. One tacnodle sphere, 



Order. Class. 

24 24 

20 20 

18 18 

16 16 



15. Singularsphe re arises from 
union of double and cuspi- 
dal sphere, 14 14 
1 1 22. Two double spheres, 16 16 
1 23. One double, one cuspidal 

sphere, 14 14 



33. Two cuspidal spheres, 12 12 



Laguerre. 

No Laguerre surface. 

General Laguerre surface, 12 

(^)0fiS'2, 10 

(E) of /S,, touching fl in point 
of K, 9 

(E) of S2, touching 11 in point 
of K ; one generator in 11 
tangent to ^, 8 

(^ of /^ touching ^, 10 

If 0:4 = V, (E) of aS,, touching 
K, ^ 8 

If iCg z= 1; , {E) of aS's having 
three point contact with -ff, 9 

One cuspidal plane, 7 



Order. Class. 



4 
4 



4 
4 



4 
4 
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SURFACES WHICH CONTAIN A MINIMUM LINE AS PART OP THE ENVELOPE. 



General. Order. CIms. 

222. Three double spheres, 12 12 
24. One double, one tacnodal 

sphere 12 12 



6. Three coincident double 

spheres, 12 12 

ANNULAR SURFACES. 

(11)1111. Two distinct double 

directrices, 16 16 

111(12). Coincident double 
directrices, 16 16 



11(13). Single directrix which 
is also a double generator, 12 12 



1 (14). Single directrix which 
is cuspidal generator, 10 10 



(11)11 2. Two double directrices 

and double generator, 12 12 



(11)13. Two double directrices 

and cuspidal generator, 10 10 



Lagnerre. 

Two double planes, 



Order. Class. 

8 4 



If jca = V, one double plane. 
If 0^1 = 1/ , one tacnodal 
plane. 



8 



DEVELOPABLES. 
{E) of quadric cone, 8 

If ar5 = r , (E) of cylinder, 8 

If ajg z=z r , aj^ = ;i, focal devel- 
opable of central quadric, 8 
(B) of parabolic cylinder, 6 

If Xs = %, focal developable of 
paraboloid, 6 

(E) of parabolic cylinder in 
which line in 11 touches K, 5 

If a:, = % focal developable of 
S2 touching n in point of K^ 6 

If scj = 1;, {E) of S2 of revolu- 
tion,* 8 

If a^i + iaj, = V, (E) of cone 
with minimum plane, 6 

If ar^ = V, {E) of /Sj , of revolu- 
tion,* ^ 6 

If a^i -f ixfi = V , (E) of cone 
having three point contact 
with K, 6 



4 
4 



^ . . ■ ' . '^ 



'J.- 1 . - 1 . g ■ ■ ■ ■ " ■ ■ J. t ' 



^ »H - » "1 . ■ - <■ ' I- 



* These larfftces are uiiialar, 

37 
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General. Order. CUfts. 

12(12). Coincident double di- 
rectrices and double gene- 
rator, 12 12 



(12)3. Coincident double di- 
rectrices and cuspidal gene- 
rator, 10 10 



Lagnerre. Order. CIms. 

If a;5= V, (E) of cylinder which 

touches K, 6 4 

lfxs = v,{E) of /S; of revolu- 
tion with minimum axis,* 8 4 

If jcj = r , Oji = X, focal devel- 
opable of Si which touches 
JT, 6 4 

If Xjj = v, arj = ;i, focal devel- 
opable of S^ having three 
point contact with K, 5 4 

If ir, = r , (E)j}f above,* 6 4 

If a'4 = i;, (E) of parabola 
which lies in minimum 
plane,* 6 4 



PAOTOBABLB ANNULAR AND DEVELOPABLE SURFACES. 



(1 1) 22. One double, one single 
directrix, 8 



(1 1) 4. One double, one single 
directrix, 8 



2(13). Single directrix, 



8 



8 



8 



8 



If ^5 = 1/ , {E) of conic passing 
through one circle point, 6 

If sci -f txj = V , developable 
circumscribed to sphere 
along cubic, 4 

If arg=i;, (E) of parabola 
passing through a circle 
point, 5 

If xi = tX2 = r , developable 
circumscribed to a sphere 
along a cubic, 4 

If Xg = 1^ , annular, 6 

If a?! = V, developable, 4 

If cc^ = v, Xj = X, focal devel- 
opable of S2 tangent to K^ 4 



3 
3 
3 



'These enrfaceslareiAnnuUr. 
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General. 

(16). Single directrix, 



Order. Class. 

8 8 



Two G^, 
(11)(11)11. Two Ci having two spheres 

of each generation in common. 
1(11)(12). Two G^ touching along a 

circle. 



(12)(12) Two Ci touching along two 
circles. 



1 1 (22). Two ruled cyclides, the double 

line is double directrix. 
1 (23). Two ruled cyclides, the double 

line is single directrix and single 

generator. 

G^ and quad. 

(11)(11)2. The quad belongs to two 

non-consecutive generators of G^. 



(ll)(13). The quad lies on one gene- 
rator of G^. 



2(22). A ruled cyclide: the quadri- 
lateral becomes two lines and a line 
cutting them counted twice. 

(24). Same as above 



La(pienre. Order. Class. 

If Oj = V , «i = X , focal devel- 
opable of S2 touching 11 in 
point of K and one gene- 
rator in n tangent to ^, 4 3 

If Oj = V , (^) of above, 4 3 

Tkoo G^. 
Two G2 having two common planes. 

If x^ + tOg = v, two C?g tangent along 

an element. 
If X6 = V , two cylinders. 
If Xs = r , ^4 = %, focal developable of 

S^ of revolution, i. e. two minimum 

cones with foci of meridian section 

for vertices. 
If X5 = 1/, two G2 having an element 

in common. 
If a^j = r, icjj = ;i, focal developable of 

cylinder which touches K. 
Two cylinders with minimum axis. 

Two parabolic cylinders with mini- 
mum axis. 

G^ and quad. 
G2 and two finite minimum lines and 
line at infinity in their plane count- 
ed twice. 

If a;6 = ^> ^8 &i^d quadrilateral in- 
scribed in K. 

If Xi -f- fX8 = r, C7| and two minimum 
lines lying in same tangent plane. 

If x^ = 1/, xs = %, focal developable of 
the paraboloid of re volution. 

If X4 = r , C7| and line in 11. 

A cone with vertex od K. 



Same as above. 
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G^ Counted Twice. 
(111)111. The complex consists of 
spheres which meet paired spheres 
of G^ in an involution [2] . 

(lll)(ll)l. The complex consists of 
spheres which touch paired spheres 
of a C7 in an involution [2] having 
two pairs of double elements coin- 
cident. 

(111)(111). Complex consists of 
spheres which touch aDupincyclide. 

(111)(12). Same as (ill) 111 involu- 
tion has two coincident double ele- 
ments. 

(111)(12). As above, involution has 
all its double elements coincident. 

(111)3. Involution has three double 
elements coincident. 

(222). Complex consists of those 
spheres which touch a ruled cy- 
clide. 



G^ Gownted Tunce. 
The complex consists of those spheres 
which touch paired planes and of 
a cone of revolution in involution 

[2]. 
As above, the involution having two 

pairs of coincident elements. 



Complex consists of spheres which 

touch a cone of revolution. 
Same as (111) 111, involution has two 

coincident double elements. 

As above, the involution has all its 

double elements coincident. 
Involution has three double elements 

coincident. 
Complex consists of those spheres 

which touch a cylinder which haa a 

minimum axis. 



SURFACES WHICH DEGRADE INTO MINIMUM LINES. 



(11)(11)(11). Two skew quadrilater- 
als. 

11(112). A quadrilateral counted twice. 
Complex formed by spheres which 
meet corresponding spheres of two 
pencils in (2, 2) correspondence hav- 
ing a self-corresponding sphere. 



One finite quadrilateral and quadri- 
lateral inscribed in K. 

If a;5=)/, quadrilateral inscribed in 
K. 



1(113). As above, the (2, 2) corre^ 
spondence has three coincident 
double elements. 



If scj -f ixg = r , one of the lines be- 
comes tangent to K. 
As above. 
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(11)(112). As above, the pencils are 

in (1, 1) correspondence and have a 

self-corresponding sphere. 
(112)2. As above. The pencils are 

in (i, 2) correspondence. 
1(122). Two intersecting minimum 

lines each counted four times. 

(11)(22). Two skew quadrilaterals 

having two common sides. 
(114). Same as (112) 2. 
(123). Two intersecting minimum 

lines counted four times. 



As above. 



(33). Two minimum lines counted 
three times and two counted once. 



As above. 

A finite minimum line and a line at 
infinity which cuts it, each counted 
four times. 

Two minimum lines and one of their 
common secants counted twice. 

Same as (112) 2. 

If 0:2 = 1', quadrilateral in K counted 
twice. 

If ^4= Vy two finite intersecting mini- 
mum lines counted twice and line 
at infinity in their plane counted 
four times. 

One minimum line counted three times 
and one coimted once. 



CoBNiLL Umiyibbity, May 1, 1904. 



Subgroups of Order a Power ofp in the General and 

Special m-ary Linear Homogeneous 
Groups in the Gi^fj^"].* 

Bt Leonard Eugbne DicKSON.f 



1. It would seem that the most effective method of determining all the sub- 
groups of order a multiple otp of a linear group in the Galois field of order jp"" 
is that based upon a complete knowledge of the subgroups of order a power of 
p . This method has proved successful for the ternary groups;]; and, as I will 
show on another occasion, also for the quaternary groups. 

The present investigation proceeds far enough to give a clear insight into 
the nature of the simple laws pervading the subject. It is hoped that the 
results are capable of extension by induction to all powers of ^. To indicate 
the difficulty of this step, it may be remarked that its completion would give 
the means of deriving at once an explicit list of all groups of order a power of a 
prime, and simultaneously all the subgroups of each. 

A second aim of the paper was to furnish data for the problem of the 
determination of all m-ary groups for low values of m . 

Following Lie, I write (J., B) for the commutator A~^Br^AB. I employ 
the usual notation ^^« for the transformation which alters only ^o replacing 
it by ^i + a^j. We have the simple relation § 

(5«.> Bt,,) = B^.^,. ii>t>J), (1) 

by use of which computations are reduced to a minimum. 

* Presented before the American Mathematical Society at St. Louis, Sept. 16, 1904. Some special cases 
treated by other methods hsTe been given by the writer, Ball. A. M. S., Vol. 10 (1904), pp. 885-897; Quarterly 
Jour., VoL 86 (1905), pp. 878-884. 

t Research assistant to the Carnegie Institution of Washington. 

X American Journal of Mathematics, Vol. 27 (1905), pp. 189-202. 

S It follows from It that SLffim^ pn)^ tn > 2, Is a perfect group. 
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2. Let Q be either the general or special linear homogeneous group, 
GLH{m, />") or SLH{m^ p^). The highest power of/? dividing the order of O is 
^'*'', ^ = ^ m {m — 1). The totality of the transformations in the OF Qp**] 

[a^] : (ay) with every ay = {j > i), a« = 1 (2) 



forms a subgroup OpM* The law of composition is 



i-i 



*-i+i 



(3) 



Since every subgroup of order a power oi p oi O is conjugate with a sub- 
group of G^pM", it suffices to determine those of O^n, 

In case a subgroup of O^/^n can be defined by certain relations rj = 0, . . . . , 
rg = between the a^, we denote it {ri = , . . . . , r, = 0}. 

3. Let the (?i^ [/)•] be defined by an irreducible congruence 

p»=2r,p*, (mod|,). (4) 

i = 

Set **~^ """^ *"~^ 

fc=-0 iic=0 A=0 

Relations (3) in the GF[p^'\ are equivalent to a set of congruences (3') mod ^, 
including 

c«_iA = J<<^ifc + a«^i*, (i = 2, , m; *!=0, , n— 1). (6) 

If, for every pair of operators [a] and [j^] of a subgroup H of O^n^ 
^ (c) = ^ (J) + ^ (a) , we say that B is additive with respect to ^ (a) . Thus (7pMi» 
is additive with respect to every a^i-uk. 

If E is additive with respect to a^^, then [ap = [a'] has Oy^SO, and 
([a], [i^])= [5] has dy4 = 0. In particular, all the commutators of G^pMn have 
every d«_ifc = 0. 

4. Lemma« 7/" <Ae jp<A power of every operator of a group Ojjg belongs to 
its commutator subgroup O^e, there are exactly (/>^~* — l)/(p — *) ^ubgrouj^s of 
order p^"^ in Oj^. 
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Indeed, 0^9 /Opt is abelian of type (1,1 ,l)^_cand contains every 

H/OpC , H being a subgroup of order pf'"^. 

5. The commutator subgroup K of Oj^n is formed of the operators [5^] 
with every 5ii.i=0(§3) and every Sij{j<^i — 1) arbitrary in the G^[p'']. 
Indeed, in view of (1), -ff contains every B^{j<^ % — l) since each B^{j<^ i) 
belongs to Q^n. Then [a]^ belongs to K. Hence follows the 

Theorem. The (p^*"*^"— l)/(jp — 1) svhgroups of order p*^^"^ of O^^n 
are defined by a linear homogeneous relation betioeen a«_ifc(i = 2, . . . . , m; 
A: = 0, . . . . , w — 1). 

For n = 1 , we give to the subgroups the notation 






(7) 



6. Theorem. — Let H be a subgroup defined by r independent linear homo- 
geneous relations between the a„^^fc{k =0, 1, .... , n — 1). If r ^ n, the 
(pC**-!)*-*" — l)/(jp — 1) subgroups of index p under Hare given by annexing any 
linear homogeneous relation between the a«_i* (i = 2, . . . . , m ; A;= 0, . . . . , n — 1) 
independent of the r relations. If r^=^n^so that H = { a,^^! = } , and i^s^^imy 
the (p"*** — 1)/(P — 1) suhgroups of index p under H are given by annexing any 
liivear homogeneous relation between the a«_ijfc(i^«), a„_8fc, a, ^i,^^; while for 
s=z 2 or s=:m^the (2>^"*-i>" — ^)/{P — *) subgroups are obtained from the preceding 
by suppressing the a„_tfc or at^^^^^, respectively. 

i7 contains every -B^. (/< *) except certain jB„.|.. By (1), 

(Ai-Ui Si-li^Zfi) = ^«-»y, {^U^U^ ^i-%ffi) = ^ijy (* ~J > 3), (8) 

where y = — a/?. By (8) the commutator group K of H contains every 
-Bti-»y (*=#=«,«+ 1) and every jB<^ (♦ —j > 3) . Applying (9)i iN^^s and (9)^ 
if i = «, we find that JT contains every -Bii.gy. 

If r<w, J7 contains a -Bm-i«» a^ ^- By (8)i for i = s and ♦ = « + 1, K 
contains ^m -ty and £, ^. i,«iy , where y = — a^ is arbitrary since j3 is. Hence K 
contains every -B^a (i <C * — !)• 
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If r = n, 80 that the relations require a„ _i = 0, H \b additive with respect 
to a„_2 and a,^.i,_i by (3). Hence K is composed of the operators [5^] with 
every 5<t_i = 0,5j,_3=: 0, 5,^.i,_i= 0, and the remaining 5^^ {JK, i) *U arbitrary. 

7. Lemma. If H is a subgroup defined by certain relations R between the 
^ii-ik (i = «,... , s + t] k = 0, . . . . , 71 — 1) not requiring that a„.i =: t/ 
«>2, nx)r that a,+,g + <_i = if s + t<Cm, nor that a,4.,, + i = Oi/ < > 1, the 
commutator subgroup K of H contains every B^{j^i — 1) except possibly 

^ii-2a{i =« + 1, yS +t). 

H contains every B^^ (y < i) except B^_^^ {w = s, ,« + /); also, 

^«: li=^i + aii-i^i-i, (i =«,.... ,« + 0> (10) 

the a«_i being subject to relations R. The inverse of B^ is 

i-f + i 

(i = «, .... ,54-0' (11) 

In view of (8) and (9), £^ contains every 
^yy(*-y>3),5,,.^(i:#:5,....,^ + <+l),5«_ay(f=#=* + 2,....,« + 0- (12) 

If « > 2, (-B,_i,_jj,, if.) = -B„_2^, where a = Ta„-.i may be made arbitrary by 
choice of r. If s + t < m, 

Multiplying this on the right by JJ B^^^^j^^^^^j^j, which belongs to K, we 

obtain -B, + , ^ , , ^ ,_ i ;^ by suitably choosing the ^ ; here A, = — ra, + < , ^ i _ j may 
be made arbitrary. If < > 1 and s+ Ir^l'^s + t — 1, 

1-8-1 

/S ^ (— l/aj«jji_3 • • • • ^i-^-ii-^-f ?i-^-8* 
38 



> 
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In particular, C7g ^ i = 5, ^ 2 « - 1 « » where x = Ta, + 2 , + 1 may be made arbitrary. 
Then by choice of /Ij and X^ , 

where X is arbitrary. Next, by choice of /ixj, m, Vi, v^, 

where v is arbitrary. It follows in this way that K contains every 

^ii-»y {i = s+ 2, , 8 + t). But these with J5„_2,, 5,4.^+1, ^.^-ia and (12). 

give all stated in the lemma. 

8. Theorem. — Let K he the commutator mbgroup of 

j2^*^**-i= Ot»c.*0,c.^.,:#:0,<>l. (13) 

If t^='\, K is composed of the operators [i^], iii-i = 0, ^, + i,_i = 0, the re- 
maining Sfj (y<C » — 1) being arbitrary. If t:=^ 2, then 5i(«i = 0, fjohile the 
^if (y<C ♦ — 1) ^^^ subject only to the condition. 

cA + lf-l — Ca + A^.,, = 0. (14) 

Ift>3y then Sii_i = , while every S^ {j'^i — 1) w arbitrary. 

By §7, jff'containsevery 5^(y<[ i — 1) except JS^^ _ 2. (i = « + 1, »«+')• 

Next, ^contains 

(J5., 5,): e,' = ^,+ 2 *i^^^ (» = ^+ 1 . * + (16) 

where 

^ii-2 = Pii-lOt4-li-2 — tt-i^^iPi-M-g. (16) 

«+< f-i 
By choice of the p^ the product of (16) by JJ JJ B^^^ becomes 

£<'=fi + «ii-2^i-2 (i=^+l, .... ,« + <). (17) 

Hence jK' contains every operator (17) subject to (16). Set 

^j = ^i+i* ^J =^i+i8+i-l» ft = Hs+Jt+J-lf ^i= 0,4.^,4.^_8 (^ = 1, .... ,<). (18) 
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Then (16), (13), and 2c,^«.i = become, respectively,* 

i t 

«^=/?/i,-i — a^/?^.i(y=l, .... ,t).^cjaj—0,^CjPj=0. (19) 

Since Cq q/b 0,the last two equations serve to determine oq and /?o. Eliminating 

the latter from S^ we get 

t 

Hence ij = if < = 1 . For < > 1, ci^i — cii, equals 

t 

^ = 2 (^^< ~ /^i^iK- (20) 

Hence j = if f = 2, and we can make either 81 or Sz arbitrary, the other being 
determined by c^Si — c^g = 0, viz. (14). 

If < > 2, we proceed to show that SyS^f , ^t (&^^ hence Si j^, ,6^) 

can be made arbitrary by choice of the a^, ^{ (i = 1 , , <). Now 82% iS* — 1 

involve neither ^^ nor a«, while in S and 8^ the determinant of the coefficients of 
^1 and oi is — c^, where 

Hence it suffices to make A ^^ and ^, t ^t ~i arbitrary. 

For t II 2<r, T >* 1, it suffices to take 
i3i=0,i3,^_j=l(y=2,3, ,T),ai=l, a4,_i=l,a4, + , = 0(? = l,2, ). 

Then 

A=l, 08 = Pi, 0^ + 2= — ot^ + »i 04; + !=^ *^» 

^4j = Pij 0,4J (y > 0).^i^ + l = a4^ + 2 ^4j-\-%' 

For < = 2r + 1, T >1, it suffices to take 
/?i = 0, 04= 1,^,^= l(y=2, .... , T),a^ = 0(y>0), a^ + 2= 1. 



• The determinant of the coefficients of a^, o^, . . . , a« equals 



t-1 t 
(II^/)2c'^,-0. 
J=l i-o 
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Then 

A = 1, ^8 = ^2» ^4 = Os* ^1 = ^8 — <hP%j ^i^ = a^-i> 

Finally, for< = 3, A = 62. If ^ =i/^ 0, it suffices to take oi = 1 , ^1 = 0, ^, = j,. 
If ^2 = 0, d, q/b 0, it suffices to take 

/Ji = /Jg= 0, a,= l, /?8 = ^8i aiVi = ^- 
If ^2 = ^8 = 0, it suffices to take ^^ = ^^ = <3if = 0> 1^8 = Ii c^i^s = ^• 

9. For« = l, i. + i«-i = gives* /?. + ,.a„_i=a, + i^«,,i. Thus, ifj?>2, 
(13) is additive with respect to a, + ig_i — iotf + i/iw-i. Hence [«]'=[«] has 
every x^<_i = 0, ;e.4.i,_i = 0, and thus belongs to JT. jFbr^>2,n = l, ^ 
(p~-^ — l)/(p— 1) «i6grnmp« 0/ order jp''"* 0/ {c,a„.i + c. + ja^ + i, = Of , 
<5|,=#=0, c, + i:#=0,are 

|c,a„_i + c,_,.ia. + i« = 0, A^(a, + ig_i — ia. + i^„>i) + 2*^<^-i~ ^ [ • (21) 

*?! 

10. For < = 2, ^ ]> 2, group (13) is additive with respect to 

fa = ^gO^i + 1« - 1 ^« + «0^i + 8§ »C«Otf + 1«<*M - 1 + i^« +8Gt« + & + !<*• + !«• (22) 

Indeed, employing the values of 9^«_i, y, + i,_i, y.^.^^ from (3), we get 

/y — /• — A = K^A + 1« - 1 — Cf + A + as) = 0. 

Further, if [a]' be written [3], then each Sii^i= and (14) holds, so that it 
belongs to K. For < == 2, p>2,n= l.the (p~""^ — l)/(p — 1) subgroups of 
order p^^^ of (IS) are 

I 2 ^<<*«-i = 0, Ai/. + 2 *^<^-i = ^} ' (23) 

i + « 

11. 2^ar <>2, n = l, <Ac (p~~*— l)/(p — 1) subgroups of order jy*~* 
0/(13) are 

\^CipLn^i = 0, 2l*<^«-i~°(- (24) 



• Or directly from c^^_, + c,^,a. + u = ®' ^^— i + *^. + i ^.+u= ®» ^- *®»*^. + i*®- 
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12. Forn=l,j?> 2, all the subgroups of order p^'^of O^i^ have been 
determined in §§6, 9, 10, 11. The distinct ones are (21) and (23) for jfei= 1, and 






not all zero, (26) 



(a„_i = 0, 2 *ia«-i + *.aM-» + *ia. + i.-i= 0) , fc.,A^ not both 0, (26) 

where A|,agg_, is to be suppressed if « = 2, and Ajia8 4.i,_i if « = fn. 

13. If Ag.i = in (26), we transform by 

T«-i«.' f«-i = §8>?« = — ^«-i» (27) 

and get a group of the form (26) with 2;« = . If A;. . i q/b , the same result follows 
by transforming (26) by -Bg_ig^, p^=JeJk^_i. Consider (26) with i, = 0, 
&i = — 1, as we may set. If also kg^i = 0, ft, + ^ :#= 0, we transform by Bg_^f, , 
p = kf^ 1, and obtain a group ( 25). If fc, _ j = fc^ ^ ^ = 0, we transform by (27) and 
obtain a group (26). If fc^^i :#: 0, we may make A,_i = 1 by transforming by 

Then transforming by -Bg,_ip, p = A, + 1 , we obtain 

(««-! =0i a« + i«-i = 2 **<*«-il, ac,-i= 1. (28) 

If « = 2 , a, „ 1, « 2 ifl t^ ^® suppressed. If « = m , a, + 1, «. i is to be replaced by zero 
and the group falls under (26). 

In (21) or (23) with ki = l, we may make A, ^^=0 by transforming by 
J5t* - ip I so that /a is replaced by /. — pc^a, + 1, . 

14. Consider the commutator subgroup K of the group H defined by (28) 
for tf < m. E contains 5, + i^, B^-^%a (»=#=« + 1), B^ (y <; i _ 2), 

for t ::^ « — 1,8, 8+ 1. Hence K contains 
(B,,^^,B,^^t,)=B^{j<i'-6),{B,^^^,B^_^^^)=B,^^,,{i^8+l,8+3), 

(5«i-3a.^i-«-6^) = 5«-^(»=^«+4),(5«.2.,5,,«.5,) = J5^_5,(t:^* + l), 
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y = — aj3. By the last two, K contains every B^_^. Also 

\B» - 1«- Sp > ^a) =^ -^# + 1« - Sop » \B$ + fa + Ip > ^a) ^^ B» + d - 1 - ap^i + fa - 2«V > 

(A^,, 5i-ii-ap) = Ai-9y(t=^«— !,«.«+ l.«+ 2, tf + 4), 

(-^« -Sal ^U - 8^) = -^M - W> 
(-^8 + l«a > -^M -2^)^^-"8 + l«-2Y» ("b - fa - 4a » ^l) = -^8 - If - 4a > 

(^ + 4a, ^a + fa + l^)." iE'8 + 4 = £8 + 4— a/?£8 + l + Xa^/?^8-l, 

f8 + i=?8 + 8+«a/??8-ii 
Hence iT contains every -B<< _ 4^ , ^a-^y Also 

(5ia,A-ll)=^ii-2-a(*=#=^— 2,^—1, *,«+!), 

(-^8 -2a|-48-ai) = '"8-fa-4-a 

(CLf ^8-2i) = f8 + i = ^8 + i+ «a^8-8— «af8-8, ^8-1 = ^8-1 — a^f-i. 

Hence -ff' contains every J5<< _ gy (i q/b 5, « + l). But in every transformation [5^] 
of jK', 8n^i=^ , 3„ - 8 = , Sg _,. ig _ 1 = . We have shown that the remaining 
Sfj {j < i) may be chosen arbitrarily. Further, [ap belongs to K. Also, H is 
additive with respect to ai<-i, a„_,, a^ + ig.j. 

Theorem. jPbr n=l, 2<«<w, <Ae (i>*~^— l)/(p — 1) subgroups 
of index p of (28) arc given by annexmg a linear relation between agg_2, 

a«_|(i= 2, ,m; i^s). For s=i 2, t?te (p**-*— l)/(^ — 1) subgroups are 

given by annexing a linear relation between tTie an^i=^ (i^s). 

15. We may show similarly that the commutator subgroup of (23) with 
fcj =: 1, A^^i= (see end of §13) is composed of the [i^] with ^w^i = 0, and 
the 8ij{J<^i — 1) subject only to (14), and that it contains every [a]**. Hence, 
if w = 1 , there are (^* "■* — 1)/(jP — 1) subgroups of index p given by annexing 
a linear relation between the a^i . 1 . 

The commutator subgroup of (21) with A^= 1, kg^j=0 has j<^_i = 0, 
ig + ig _ 1 = and the remaining Sfj (^ <C » — 1) arbitrary. Hence, if n = 1 , there 
are {p^ " * — l)/(l> — 1) subgroups of index p given by annexing a linear relation 
between the a«_i. 

I have not completed the longer discussion necessary for (26). 
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16. In the general problem special treatment is necessary for 

{««,», -1 = 0, a.,,,. 1= 0, , a^^_i = 0} ,5i<tf, < <i8r. (29) 

The commutator group Kof (29) is formed of the operators [5^] with S^^.j = 0, 
Sjy_2 = 0, where/ ranges over the distinct numbers of the set 

5« _ 3 = (i := <Ji, . . • . , <Tp), where Cj, . . . . , <jp denote the distinct numbers such 
that both Ci and <j< — 2 belong to the set «i, • . . . , «,., while the remaining 3^ are 

arbitrary. In proof, (29) contains every B^{j < i) except B,^ _ia (i = 1 , , r). 

Then by (8), jS^contaiDs every B^ (/<* — 3) and every B^i^2y^ * ^ot in the 

set (30). By (9), jS' contains every -Bw-fy, * =#= <Ti, , <Tp. Moreover, (29) is 

additive with respect to the a^_8, J in (30), and the a«»3, i = (jj, . . . . , cr^. 
Hence jS'has the form given. It follows that, i/n = 1, the subgroups of index p 
o/(29) are obtained by annexing a linear relation betioeen theaii^i{i^8ij .... , «,.), 
the Ojy.a,/ in the set (30), and a^^^ii = (jj, . . . . , a^. 

Subgroups of order a power of p of SLH (3,/)") . 

17. We consider the subgroups oiQj^. The commutator 

([a] , I^]) = 53,,,a, h = /^sjogi — 038^,1. 

By §5, each of the (jp*" — 1)/(P — l) subgroups of order jp^~^ is defined by 

n — 1 



fc»0 



If w > 1, the commutator subgroup of any of these <7pa»-i is formed of thep" 
operators B^i^^. In proof, we show that h may be made arbitrary. If X< q/b 0, 
we take as^ = , a^^ = 1 1 J* being a particular subscript ^ i. Then a^^ in 
view of the irreducibility of (4). Hence we can choose ^^ to make 8 arbitrary 
and then determine ^^i *o make /i(6) = 0. If every ;i;fe = 0, we take j^si = 0, 
the a^^ such that ass^^ and fi{a) = 0, and determine j^gi to make 8 arbitrary. 
Hence^ ifn^l^ihe (p^~^— l)/(p = 1) subgroups of index p of Q^-\ are given by 

/i(a) = 0, /8(a) = 0. 
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Consider such a subgroup O^fin-z for n > 2. If the determinant of the coeflB- 
cients of t^u and a^i^ in fi(a) and /2(a) is not =0 (mod p), we take 033= 0, 
a2u= 1, Z being a particular subscript different from i s,ndj; then 0^1=^0 and 
we may determine ^^ to make S arbitrary in the GF\^p^], and b^gn and 6,y to 
make f (6) = , to /, (6) = . A similar result follows if the determinant of the 
coefficients of 031^ and a^s^ is not = (mod p). There remains the case 

(n—l n-l 1 

Now ^[ = 8"%, ^^ = <^8 transforms [a] into [a'] where 

Let 5 = 2«;fcP* , ttji = 2a2lfcp^ Thena^ji^isabi-linearformin^ifc, a,]fc(A:=0, 1, .. .,w — 1) 
of determinant* not = (mod p) . Hence we may choose s so that aii^^^ shall 
be identical with S/ljfca^iJb . Proceeding similarly with a^j the group becomes 
\ «jin-i = «8»n -1 = } . For the latter we take 0210= 1, a^vc = (A; > 0), 6^0= 0, 
6awi=li*8u = 0(*>l), 6«k = 0(fc>0). Then 

5 = J8J0— ^Ojjfcp' + l 

is arbitrary in the GF [^"] . Hence the commutator subgroup of Gp^ - « for n > 2 
is of order p*] the {p^ " * — ^)/{p — 1) subgroups of index p of G^^n - 2 are defined 
by three linear congruences f (a) = , /g (a) = , ^3 (^) = 0. 

Consider such a subgroup G^fln - » forn ]> 3 . If the determinant of the 
coefficients of a^i, o^^, a^i is not = (mod p) , we take ass = 0, ^sir = 1 • ^ being a 
particular subscript different from i,j\ ?; then ol^^^ 0^ and we can determine /?8s 
to make S arbitrary in the OF [p^"] and 6|h, b^, ftgi, to make f (6) = 0, /j (6) = , 
^ (6) = 0. If all such determinants are= (mod p) and likewise for the deter- 
minants of the coefficients of Og^, the three relations become 

n-l n-l 

As before we normalize by transformation and reach 

ja2i^_i = 0, 08,^-1=0, /,(«)= 2 ('^A^m + f^*«82*) = ( • 

* J. general theorem an cUgebraie numbere. Bull. Amer. Math. Soc, vol. 11 (1905), pp. 482-486. 
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We proceed to show that in h =Xdfcp'' the d/^. may be made arbitrary mod p. 
In view of the symmetry, we may assume that the /£* are not all zero. We first 
take Ott = 1 » i^a = p. Then 

The conditions /g (a) = , /, (6) = become, respectively, 

^^880 ^881 ^hsOi • • • • ^hs6m - 8 

^^ ^"T (In- ^dn - 1 









f^-8 



n -2 



— —^i — fiQ^—^fi^d^ 



fc=l 



They may be satisfied by choice of the o^ miless every 






= (f,y=o, 1, — , w — 3). 



(31) 



We next take ogj = 1, ^^ = P*- Then, applying (4), 

^D ^^^8B0 — ^a2n-8^0> ^1 =^ ^821 ^82ii-2^1> 

Conditions /, (a) = 0,/, (ft) = become, respectively , 



n 



2) 



Oan 



'■^Bl 



^hbt-i 



^h^-z 



f^ 



Ih 



f*! 



Ms 



• • • • 



/^-4 



f^»-« 



f^« - 2 — /*» - 8^n - 1 

n-2 



2/^*^^ 



ib = 



— •" '^) + /^ - 8^n - 1 



n-2 



= — ^— S/^*^*- 



*=0 



They may be satisfied by choice of the a^ unless every 



f^ + « f^j + t 



= 0, A = 



f^» - 2 f^n - 8^i» - 1 

n-8 






*=0 



= 0, 



(32) 



for t, y = 0, 1 , n — 4. Let, therefore, (31) and (32) all hold. If (1^=0, 

then fii=0 ,f£n_8 = by (31) and /«„_g = by i),_4 = 0, whereas not 

every /*» = by hypothesis. Hence (Iq^O. Then in /j (a) = , we may set 
l«o = 1. Then by (31), Ht^^i (A = 1, , n — 2). Then 

n-l 

A = 2 f*!**** — f*l"=0. 



k-0 



39 
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80 that (4) has the root p==^2» contrary to itfi irreducibility. Hence, if 
w>3, the commutator subgroup of G^jp»«-8 is of order p^. For w>S, the 
(jj^-t — l)/(p — 1) subgroups of index p of Oj^»^-t are obtained by annexing a 
fourth linear relation yi (a) S . 

I do not enter upon further details here of the proof of the theorem : Far 
r'^nj any subgroup of order p**"' of Op9n is defined by r independent linear homo- 
geneovs congruences between the Onj^, a^^ (A; = 0, 1 , . . . . , n — 1). 

18. I will here express my belief in the truth of the following general 
theorem: For r^n^ any subgroup of order p^""'' of Opi»» is defined by r inde- 
pendent linear homogeneous congruences between the a^i_ifc(i =2, . . . . , m\ 

2;zz=o, 1, ,n — 1). Such a theorem would include the results of §§6, 6, 

17, 20. 

19. We proceed to determine the subgroups of order j?' of 8LE{Zj]f). 
For (4) we take p' = fip + v (mod p). Set 5 = d + Dp. Then 

Any subgroup Q^j^ of (7/ is defined (§17) by two independent congruences 
/i (a) = , /s (a) = 0. If the determinant of the coefficients of a^^ and a^ xb^O, 
we get 

In the contrary case, we obtain one of the following: 

\a^ = Aflawi Ogu = la^^i + ^^^^aao} > {«aBi= ^«a»> «flo = •^i^aaoi » (34) 

]«aBO=Oi ««u = ^o+ ^woggif , {0880 = 0, aaio= ma^\ , ]aa8 = 0}. (35) 

For the five groups (33)- (36), d and D are respectively 

(A — lv){b^sg/i^ — OsBoftasji) ^rn — g — ?/i£)(iaBwOa8i — (hsAa) f (33)' 

(1 +hlv)/^,{h+l + %) Aoo ; hvA^ , (1 + hii)A^ ; (34/ 

IvAiQ , (1 + Zf£) Aio ; vAn , [lA^ ; , . (35)' 

The a's and Vs entering (33)'-(35)' are arbitrary. Now d and D are both iden- 
tically zero only for \a^:=0\ and for (33) with the two coefficients in (33)' 
vanishing so that (33) becomes 

\a^ = ra^\, r = g + phv'K (36) 
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The statement is evident except for (34)i . But if 1 -f Afo; = and A + Z + A^ = 0, 
then — hr ^ and — ?~ * are the roots of p' — /i£p — v = , contrary to the irreduci- 
bility of (4). The only commviative G^i are |agg=0} and ]a2i = Taa2J ; the 
commutator euhgroupa of the remaining (7^4 are of order p. 

lip > 2, every ternary [a] is of period p. The number of subgroups (r^s of 
each Gp4 now follows from §4. They may be obtained by employing (33')-(35)' . 

Ifp ]> 2, the subgroups OpS of the O^i given in the first column are obtained by 
annexing to the two relations defining the Opi an independent linear homogeneous rela- 
tion between the elements given in the same line of the second column : 



(33) = (36) 

(33) ^ (36) 

(34)i 

(34)8 
(35)i 
(35), 



«aBOi aaat «aio — ifl'^lw — J^<hsxflm — i{vg + f^) <48i» 

aau — ^«l» — (fl^ + ^) <Whm - 4(A + ^:' + (ig) < 
amf(Xm^{''^ — 9 — ¥)<hiQ — {f^ — vl)(hni — y<4so — va9^^ 

«aBO> «ao> {1+ h + Ihfi) 0^0 — (1 + hlv)a9^i + ^ (^ + V — ^^^) ^m 

«aBO» «m» (1 + V) «aio — ^v<hii — t^ (1 + V — ^M 4» 
«8iii (hioj (1 + ^/^) «8io — ^«8n — h^v(4n 

«a«i» «aii f^io— ^«8n + i^^<4n 

^»io> ^^1 ^o> ^i» 



where for the second group occur the abbreviations 

ti = ^^ (m — g — Ifi) — il{h — vl), V = mvl — hg — hlfi, 
w = ^mv {m — g — 1(1) — \{h — vl){h + mfi). 



Subgroups of order a power of p in SLH{4ifp^). 

20. Let the OF [j?*] be defined by the irreducible congruence p^ = fip + v 
(mod2>). The commutator of [a] and [jS] is [5], where i^.j = 0, 

^41 = ^48081 a48^81 + ^48081 a48^81 ^48 (^Sl + ^8l)- 



Set a^=a^ + pA^y ^(^ = ^<^ + p^<^- By §5, any subgroup of order p^ of 6rpi« is 
defined by a relation 

4 4 

2 ^<^«-i + 2 Mii-i = (mod p). (37) 



4=8 



4-8 



1 
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The commutator subgroup K of Gfpu contains J?4is, h arbitrary (§7). If c^ and 
h^ are not both zero, we can take aas =^ 0, osi = ais = 0, ^j^i and ^^ arbitrary, 
so that ^ and J42 c^^a be made arbitrary. To accomplish the latter when 
c, = %^=0, we can take a48=0, 031=^ 0, ^^^0, a^ and fi^ arbitrary; the 
determinant of the coefficients of the latter in ^ and ^42 is then 01^1^43^0, 
Hence K is of order jp*. The (/>* — l)/(jp — 1) subgroups of order p^^ of G^n are 
obtained by annexing an independent linear relation 



2A«ii-i+ 2^-4ii-i = (mod2>). 



(38) 



i"2 



i = 2 



21. Consider the commutator subgroup J^of (7pio defined by (37) and (38). 
We assume that these are not equivalent to a^-i = 0, the contrary case having 
been treated in §6. Then, by §7, K contains JS^^, S arbitrary in the GF[jf], 
For brevity we write {bfgfl^i) ^or b^a^ — (hsfinu etc. Then 

dsi = {htsfhi) + v{B^A^), D^ — (JiB^i) + (^sBOfi) + f^ (^a«Ai)» 
d^ = (643081) + v{B^A^), D^ = (648-43,) + (548088) + II {B^A^). 



Let first c, = A:^=c2|=4 = 0. Ife^ — d^ ^ 0, the group is 

ja„ = ra48 + sA^, -488 = ^48 + ^A^\, 



(89) 



r, 8, t, u, not all zero. If ^ 

1-448= ^^48» -488 = 

{ 048=0, -4ag = 



-{28^ = 0, we obtain one of the following 

«aaB + '048}, {^48 = ^048, a|B = ^48 f » 

Mm + ^^48} » { O48 = 0, flae = '-^4s} • 



(40) 
(41) 



For (39) we have 

''in = »• (iisOfl) + » i^iifln) + vt (6«^) + vu (£43^) , 

2>)n = < (*48aa) + « (-BisOa) + (r + ^)(i«4tt) + (» + |K«)(-S«^). 

We may give to dg^, Da, d^, D^, any values such that 

{u — r — ju<) <24g = (« — vt) 2?48. 



(39)' 



Indeed, if both of the determinants 

r vt 
t r + fit 



8 VU 

U 8 +IIU 
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vanish, then from the irreducibility of ^ — //p — v would r, t, «, w, all vanish. 
If the coefficients in the (39)' are zero, (39) becomes 

]aaB = Ta48}, r = w — /i£< + p<. (42) 

According as {Z%) U or is not of the form (42), its commutator svbgroup is of 
order p^ or p^. For each of the groups (40), (41), the discussion is similar but 
simpler, so that only the results need be given. The commukUar subgroup of 
each of the groups (40) , (4 1 ) if o/* order p^ , the d^ and Dy having any values subject 
to the respective conditions 

(« + r + urs) ^42 = (1 + vrs) D^, (1 + (ir) d^ = vrD^, (40)' 

(l + /M«)d42 = ftfZ?42, ^id^^vD^. (41)' 

Let next cji^ — d^^ 0. Then (37) and (38) may be written 
We obtain the following values of the (2^, D^ : 





(iaeaffl) 


(*88^) 


(6aB'<4«B) 


(Bssfla) 


(^8^) 


^81 = 
^42 = 


r 

t 

— 1 





— -1 


m —j — fil 




vt 
♦• + /*< 


— 1 


V 

— f* 



It suffices to discuss these equations with {J>9jfl4^, , as variables; for, taking 

(^ae^ae) =li ^^ ^^7 determine a^s and h^ from (^a^is) fti^cl (B^^^), A^ and £43 
from {b^A^) and (^aB-^^s)* Hence £* will be of order p^ unless every deter- 
minant of the fourth order in the above matrix is zero. That of the Ist, 2nd, 4th, 
6th columns equals 

— {vt — sy — fi {vt — s){r — w + iit) + v {r — w + fit)? 

In view of the irreducibility of (4) , this vanishes only if 

9 = 1;;, r = 11? — lit. (43) 

When (43) holds every determinant of order 4 vanishes, and 

d^{m —j — id) + Da {vl — k) + d^ [{w — tit){m —J — fil) — t{k — vl)] .^^. 

+ D42{vt{m—J — (il)'^w{k — vl)] = 0. ^ ^ 

If also m —j — ^Z = 0, Aj — 1/Z = 0, (46) 
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then all determinants of order 3 in the matrix vanish identically, and we obtain 

/Jsi + ^42 + tl?Z?42 = 0, C«31 + («^ — f^O ^42 + VtD^ = 0. (46) 

When conditiona (43) and (45) all hold^ the group becomes 

{a^ = {r + pt) a« + C/ + pOo®} , (47) 

and its commutaior subgroup Kis of order jp*. When (43) but not (45) Ao7d,* K is 
of order p^. When (43) do not hold, Kis of order p^. 

Let finally cj^ — djc^ = 0, but c^, 4'^> ^» ^o^ &11 zero. Then (37) and (38) 
may be written ca^i + AjJa+Zi = 0,^ = 0, where /i and f^ are linear functions of 
OsB, a48, il^, ^48) <^^ ^> ^ &^^ QO^ hoih zero. ijTtft^ coefficient of either A^or a^ 
in f^ is net zero^ I find that the commutator subgroup K is of order jp*, each 
^<^ (y <C * — 1) ^©J^g arbitrary. There remain the groups 

{-4aB = ?a8B, aa = ^}, Mae = '«»> ^si = <^ + ^fi ^ = ^-^ + ««i8 + *««» (48) 
{aa5 = 0, a8i = ^}, ]aaB = 0, -4a = coa + 'J'fi '^' = ^-^48 +«»4S + *-4«- (4») 

For each of these groups (48), (49), Kis of order p^, the <2^, D^ being subject to a 
single condition : 

(1 + tiT)d^ — vlD^ + (r — vU)D^ + (« + fi7«— Zr)d4g = 0, (48){ 

(1 +vlc) Dji — (c + Z + /i£fc) da + (r -i;7«) D^ + {s^- fils — lr)d^ = 0, (48)j5 

i/Da — f^<4i + vsD^ + (r — fi«) ^4, = , (49){ 

(1 + f£c) da — yc2)a + m/?« + (r — |m*) d^ = 0. (49)^; 

The largest m -ary linear group containing self-conjugaiely 
a given subgroup of order a power of p. 

22. 2%c^*(p* — 1)* operators transforming O^^ into Usdfare 

{hi h=OU>i)f h^O. (50) 

Let {h) ^^ ^ general matrix. Equating the coefficients of ^^ in the functions 
by which \_A^^{h) *^^ (^<^)[^] replace ^<, we get 

25iA4*^=2^«^<^(*»y~ 1, , m). /5|\ 

*«> + ! |a:l ^ '' 
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The A^ {j < t) may be taken arbitrary, while the a^ are then to be determined. 

For i =j= 1 , (51) gives ^i* = (A = 2, , m). To proceed by induction, 

suppose that i^. = (t = 1, , r ; k==% + 1, , m). Then (51) for 

% =j = r + 1 becomes 

m 

^ "r + Ik^kr + 1 = 0» 

* — r + 2 

whence 5r + 1* = (A = r + 2 ,...., m). Hence {S^) is of the form (50). For 
y > t, conditions (61) are now identities; for/ < t — 1, (51) becomes 

2^**^^ =2^<^<^ U< i — 1). (62) 

Since 5;^; =#= 0, (52) serves to express a^ in terms of oi^{l =y + 1 , , i — 1), 

il's and j's and hence ultimately in terms of the ^'s and ^'s. 

23. The p^*{p^ — 1)*"^(^ — 1) operators transforming ja„_i=0} into 
itself are 

{K).^if=OU>i) except S,^,,,S^^O{i=l, m^i^s^s-l), (53) 

For i=j=z 1,2,...., 8 — 2 in (51), we get i<; = (»'= 1, .... , « — 2; 
y=t + l, ,fn)a8in§22. Fort =/ = «— l,(61)becomes2)^«-i*^*t-i = 0, 

whence 5,^1* = 0, A;>«+ 1. Fort=y= «, (51) gives 3.*= 0, A;>« + 1. By 
induction we prove that 5^ = 0,y >i, »>«. Hence (S^) is of the form (63). 
Conditions (51) are now identities for / > i. Let nexty < t — 1 . Fory ^s, s — 1, 

(51) serves to express a^ in terms of the a«(/=y + 1, , i — 1), A^8 and 3*s, 

since the coefficient of o^ is Sj;^=^0, while that ofaii{l<^j) is zero. The two 
conditions (51) given hy j=^s^j ^:^8 — 1 , in which we may assume that » > « , 
serve to express ai^ _ i and a^^ in terms of the a«j (Z = « + 1 1 - • • • i i — 1), since 

24. If the non-vanishing c^arec^^, , o< , t; > 2, the pl^ (j>* — 1) *-« + 1 

operators transforming into itself \ ^ ^f^a - 1 = I ^^^ 

(5v)»^<^=0(y>i), K^^^ ^<A"-M-i(»=*i» ,i^) all equal. (54) 



M« - jfdv m power of p. 

trzssame A^_, may be takeo Athitnrj. 

■_ ■ ■ . mJe cbe remaioing oonditiona reduce 

r ^. - smm It' the A't and i'a. In particular, fiw 

_^.=ui, _.?,_„_, {•=2, ,in). 

, ... . ~ _;^_ ^ 1. zrring the final conditionfl (64). 
. .-<••• _~ :=: p :. ^§.j^s)t group (26) takes the form 

^~' ~, jS^lT""* ^ ** t ' ("°* ^^^y y*= 0). (56) 

'» :aiBiiex«i in ${36, 27. Snppoee here that for each integer a, 

•. * ^am. J^, + 0(i^»,y^«). Then for any given* we may take 

^^- .z^T' lad iecermine the remaining o^.i to eatisfy the conditions on (26). 

:-. ^y», m. -a 3i3, an operator (S^,) commutative with (26) has every 

'^(\ Aj in §34, the equations 

1=1 (=1 

*^z " + 0, so that ^_i(t =2, , m;i :f= r,t) may be given arbitrary 

x^ItJiw. Equating the values of Ar-i and At-i obtained by solving the two 
8»iK ofeqintioas, we get 

, m ; s ^ r, < . Hence must 

,_„_l-Ur-.r-,)=0'-O''Wi-li-l — M.-,t-l) = 0. 

, then Ci = *( = and the precediug are identities. 
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Theorem. For each integers^ 2 < « < m, 76<a< least one of the D^^O {i ^ a, J ^ a) . 

Let, inparticalar^ D^t^O. Denote by ii, , i„ theintegers i such thai 2<i< m, 

iz^r, i^tj and such that c<, h^ are not both zero. If there occurs among the 

ii, i^ an integer i for which />« =#=0, D,^T|bO, then the p'^'ip'' — i)"»-*-i 

operators transforming (25) into itself are the (S^^), 

In the contrary case, let ii, , *« ic the integers i for which D^ ^ 0, Z><^ = 0, 

and i„, + i, - - - > ^i^the remaining i for which therefore D^ = 0, D^^^ ; then the 
p^ (p^ — !)"*"• operators transforming (25) into itself are the (3^), 

«^ = P(y >f), j^^^ = r-^=^ (* = ^1 • ^-)' 

"«-U-l Or-lr-l 



£. 



^ = r-^ (» = »»+i. *.)• (67) 



26. Consider group (55) with at least two /< not zero. Any particular 
An - 1 (» =^ s) can be taken arbitrarily. As in §23, every 5^ = {j > i) except 
possibly ^«.i«, while those conditions (51) which do not now reduce to identities 
serve to express the a^(y<* — 1) in terms of the A* 8 and 3's. In particular, 
fory=i — 1, i^Sj i^s + 1, (51) gives 

0^8 - 1« - « = Og"l 8g_ 2 (5« - 1« - 1-4« - 1« _ s + Og _ ig-4„ _ 2) ; 

while for i = s + lyj = s — 1, and for i = 8 + !,/=«, (51) gives 

^« + i« + i-^ + x^ ^otg+igO^ + a« + i«- A.i^(j =» — 1,«), 

which determine a, + 1^, a, + ig « 1. The equation obtained upon substituting these 
values of the a« _ i in Xy^qLu -1 = must follow from XyiA^ . 1 = . The coeffi- 
cients of -4gj_, and A^^wi °*ust vanish, whence 

Further, for the non-vanishing y^, there must result equal values of 

rAA'Ju^i:yij y8+A+i#+A-i«-A"-S«-y«+i(t=^«»« + i)- 

40 
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Theorem. Let (he non-vanishing y ^ ^Yu^ • • • • »y< . i?> 2. If either y%^i =#= 
or yg _ 1 =/t , the p'^'^p^ — i )*»-» + 1 operators transforming (66) into itself are given 
by (64). TjT y, ^. 1 = y, _ 1 = , the p""" (2>* — l)"* ~ '(/>*** — 1 ) operators are given 
by (63), subject to the further condition that the huhiZ^n _ j (t = tj, . . . . , i^) shall be 
equal. 

27. Consider group (65) with ^^ = 0(1:^/), viz. {aM«i = 0, a„..i = Of. 
We may take r >«. As in §23, 

5^=0(i=l, , « — 2;y>t), 5,-1* = 0(A: = >« + 1), ^l 38*^*, = 0. 



Icst + l 



If r = «+l, the latter gives merely 5,*= (A:>« + 2). Then (61) for 
i =j = « + 1 gives 3g+ijfc = (^ > 5 + 2). By induction, 5^ = 0, (i = « + 1 , 

, m ; fc > i). Hence every 3^^ = (y > i) except 5,«i, and ^^,^1 = 5r-ir« 

Similarly, if r > « + 1, we get 5^ = (y > i) except 5,_i,, 3r-ir- 

Conditions (51) are now identities if y < t. Let next y< » — 1. 

Let first r>s+ I. Then hxi^O{i^s—\, s, r— 1, r), A,_i,=^0, 
Ar-irTf= 0. ¥oTj^s — I, s,r — 1 , r, (51) serves to express a^ in terms of 

the ttii (Z =y + 1 , , i — 1), -A's and i's. Proceeding as at the end of §23, 

we conclude that conditions (61) fory<{ — 1 merely serve to express the a^ in 
terms of the ^'s and ^'s . 

For r = « + 1, we have Sn^O{i^s — 1 , «, « + 1), and 

Sg^Wl ^9-U 

^98 — 1 Ogg ^M + l 

Of + l8-l Og + 1, 0, + i,4.i 



A = 



=^0. 



WoTj^s — 1,9 + 1 >(^l)s®f^G8to express a^^ in terms of the a«{(Z=y + l, . . . .,i — 1), 
jI's, and i's. For y = « — 1, «,« + !, with i^s+l, (61) determines a|,_i, 
^tef ^te+i> the determinant of their coefficients being A. There remain the cases 
i = «+l,y=«;t = tf+l,y = « — l;i = 5,y = 5 — l,for which (61) becomes, 
respectively, 

Hence ^,_i, =iM+i = 0, whence every Sn4^0. The second condition thus 
determines a,+i,_i. Hence the ai^(y<i — 1) are determined in terms of the 
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Theorem. The ^" (p* — 1)"* operators transforming { «« - 1 = o^a + 1# = f into 
iteelf are given by (60). Ifr^8+ 1 , the p*^"^ (p* — I)"*"* (jp** — 1)* operators 
transforming {a^^i = 0, a„^\ = Of into itself are the (i^), 

h—^U^i) except 8,- u and 8r-ir, A,_i,=^0, 

A,-ir=^0, Sii^O{i^s—l,s,r—l,r). (68) 

28. For the group (28), we proceed as in §23 except for the step i =ij:=zs — 1 , 
instead of which we employ (61) fori = « — !,/ = «, and get 8, _ui= 0{k^s+ 1). 
The values of the a^.i and a«+ii,.i are the same as Ia §26. Substituting them 
in a, + i,_i = a,_i,«2 + 2ic<a«.i, replacing -4+if-i by A-if-2 + 2ac<jl«.i, and 
equating the coefficients of each ^i-i and of ^^^.i, we get 

3f-if = 5ff-i = 0, XiS^ + u + i8uA;^}u = ^AA''--\i^i{i^s, 8 + 1). 

Theorem. If the non-vanishing Xi are Xf^, , ac^, the p^^^^^ ( jj" — 1)* " * 

operators transforming (28) into itself are the (i^), 

29. Consider group (21) with ^=l,A:,^.i = (§13, end). We can take 

every il arbitrary except jlg, _ 1 and-Aj + ig.i. By (51) for i=y= 1, ,« — 2, 

we get Sij= 0(i = 1, , s—2]J>i). For i = s—l,j=s, (61) gives 

Sft^iJc = 0(fc>« + 1). Then for i^zjzzzs — 1, (61) becomes K-i^A^^i = 0. 
But we may take -4„ « i =^ . Hence 5. - 1* = (A: > «) . Then (61) for 
i=j = Sy^ .. ,in gives ^oj = 0(i>«,A>i). Now (62), for/ = i — i,y=i_ 2, 
give 

^ii - Wi „ — ^i<~l-^<-li-8 + ^tW<-2 Ai-Ai^i-H-8 //5rt\ 

Substituting these in the two equations (21), eliminating A^^^^^ and then -4 + u 
by (21) written in the -4's, we get 

^u ^• + ig+i y z, J f ^ii ^i + to + A -^M-i^ n 

« TT^ » ^ '^i-^il-llj T J j-T — U, 

where ^ is given below. This must be an identity in the ii's. 



J 
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Theorem. Denote hy T the group (21) with k^ = l^h^^i = 0. Let the non- 

vaniahing h^ be ki^, , ki^. The jp*^'*~^^(^* — j^^-r-i operators commutative 

with r are the (5^^), 

«^ = o(y> t). .-^ = ^i^^^ 

^ = c,i«t- A + 1« + 1 + Cif + A + u^w = 0. (61) 

30. Theorem. Denote hy H the group (23) with X^ = 1 , A;^^^ = 0- ^ ^ 
nan-vanishing k^be k^^, . . . . , ^^ . 7^ operators commutative with H are 

W,3«=0(y>i),jp^ = ^^±^» = %!i-«(» = h O. (62) 

ti?i<A in caseCg^i^O, the further condition ^ = 5,+i«+A-i,-i. 

The proof proceeds as in §29. We substitute the values (60) in the two 
equations (23), eliminate -4, +1,-1 and then -4„«i by (23) written in the A'b. 

Prom 2c<aii_i = follows, as in §24, that the ^ii^i" M_i(i = ii, , ij are 

equal. From /. + 2fc<a<|_< = , we get 

( ^ ^ IF — — Jl Cf + 8-^« + «i 4^«+2^ + l8 + l-^« + l« J-^ ^^^— j 

Ndf-lf-l 0„ /\ ^^S + U + l / 

i^Jr^ « \0<_M_i 0,_i,-i/ OsaOs^u-l 



i*».» + l 



Chicago, November 2, 1904. 
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Concerning Certain ^-Spctce Quintic Configurations of 
Point Ranges and Congrtiences^ atid Their Sphere 

Analogues in Ordinary SpoA^.* 

By C. J. Keyser. 



I. Introductory Considerations. 

Meaning of terms. Consistently with the Pliicker nomenclature as extended 
by Lief and others, I shall employ the term sphere complex to denote the 
assemblage of spheres (of ordinary space) that are all of them orthogonal to a 
same sphere ; the term sphere congruence to signify the intersection of two sphere 
complexes, i.e. the totality of spheres common to them; and the term sphere 
range to mean the common intersection of three independent sphere complexes. 
Analogously the term point complex, or lineoid, will denote the assemblage of 
points of an ordinary (linear) 3-space of point 4-space, while the intersections of 
two, and of three independent, lineoids will be called, respectively, congruence and 
range of points, the latter term, point range, being thus employed in its usual 
sense. 

Fundamental correlations. Ordinary space is 4-dimensional in sphere com- 
plexes as well as in spheres. The sphere and the sphere complex are so related 
that, if either be chosen as element, the other is thereby determined as reciprocal 
element. It is accordingly evident that by employing the sphere complex as 
element, a theory of ordinary space may be constructed which will be geometri- 
cally precisely parallel to " sphere geometry" and algebraically identical with it. 
These dual theories may be conveniently denoted, the latter by ^T^g , and the former 
by 4?^ . Like statements, it is well known, are valid in case of point 4-space, the 
point and the lineoid (point complex) being taken as (dual) elements. The theories 

* Read under a slightly different title before the American Mathematical Society, April 80, 1904. 
tUeber Complexe, insbesondere Linien- and Engel-Compleze, mit Anwendung anf die Theoric partieller 
Differentialgleichnngen. Math. Ann., Vol. V. 

41 
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of this space which depend primarily upon these elements will be denoted, 
respectively, by the symbols ^Tp and ^Tp^ . Again, ordinary space is 6-dimensional 
in sphere ranges and in sphere congruences, as is 4-space in ranges and in con- 
gruences of points. The 3-space theories of the sphere range and the sphere 
congruence will be denoted by ^T,r and ^T^c, and the 4-space theories of the 
point range and the point congruence by ^Tp^ and ^T^^. Suppose established a 
unique and reciprocal correspondence: (l) in 3-space, between spheres and 
sphere complexes, and therewith between sphere ranges and sphere congruences ; 
(2) in 4-space, between points and lineoids, and therewith between point ranges 
and point congruences; (3) between the spheres of 3-space and the points of 4-8pace, 
and therewith, respectively, between the sphere complexes, sphere congruences, 
and sphere ranges, of 3-space, and the lineoids, the point congruences, and the 
point ranges, of 4-space. This done, it is obvious that a fact-to-fact correlation 
will subsist: (l) between the theories ^T^ and ^TJ,, and between their respective 
reciprocals ^T,^ and ^Tpc] (2) between the theories ^T^r ^^^ e^ > and between their 
reciprocals ^T^ and ^TJ,^ . 

Aim and method. While the mentioned 3-8pace doctrines are analytically 
and logically identical, each to each, with their 4-space correlates, the elements 
of the latter — either in themselves or owing, it may be, to a biological accident — 
are intuitionally far simpler and more tractable than the former, lending them- 
selves much more readily to both interrogation and answer. It so becomes, 
strangely enough, a not unimportant principle of economy to construct the 
4-space theories first, and then, using them as source and type, to derive their 
3-space correspondents by the simple process of translation, or substitution of 
notions. It is the object of this note to illustrate the advantage of this order of 
procedure by following it in the establishment of several propositions, themselves 
ol no little interest and importance in the theories concerned. 

II. Demonstration of Theorems. 

Preliminary propositions. Let ri, r,, r^ denote three independent point 
ranges of 4-space. Two of them, as r^ and rs, being equivalent to four indepen- 
dent points, determine * a lineoid L . L and rj have in common one and but one 
point P. P and rg (say) determine in Z a point congruence C, and this contains 



* Sacli simple propositions in ^T^ and ^T^ are assumed. 
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one and but one point Q of rg. The range r^ determined by P and Q, and no 
other range, has a point in common with each of the given ranges. We have, 
therefore, in ^T^, 

Theorem (a). — There is one and but one point range having a point in 
common with ea^ch of three given independent point ranges. 

Other aspects of the matter are worthy of indication. Thus the fourth range 
is the common intersection of the three lineoids determined by the three given 
ranges taken in pairs. Again, it is the common intersection of the three point 
congruences determined by the three mentioned lineoids taken in pairs. Once 
more, a point range, being common to oo^ point congruences, may be regarded as 
the envelope of a hyperpencil of point congruences ; whence it is seen that, given 
three independent hyperpencils of point congruences, there is one and but one 
other such hyperpencil having a congruence in common with each of the given 
hyperpencils. 

On replacing the notions, point range, point congruence, lineoid, and point, 
by their respective reciprocals, there results immediately, in ^T^, 

Theorem (a). — Hiere is one and hut one point congruence collineoidal with 
each of three given independent point congruences. 

The fourth congruence is common to, contains, is determined by, the three 
points determined by the given congruences taken in pairs, and contains the 
three ranges determined by the same points taken in pairs. Again, a point con- 
gruence, as it contains oo^ point ranges, may be regarded as their locus, i. e. as a 
hyperpencil of point ranges ; whence it appears that there is one and but one 
hyperpencil of point ranges having a range in common with each of three given 
independent hyperpencils of ranges. 

Appropriate substitution of ideas at once yields the following correlative 
(in themselves less easily apprehended) propositions concerning spheres in 
3-space, in ^T^ry 

Theorem (a). — There is one and hut one sphere range having a sphere in 
common with each of three given independent sphere ranges. 

The fourth sphere range is the assemblage of spheres common to the three 
sphere complexes determined by the given ranges taken in pairs ; it is also com- 
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moQ to the three sphere congruences determined by the same complexes taken 
in pairs. A sphere range, being common to <»* sphere congruences, may be 
regarded as their envelope, i.e. as a hyperpencil of sphere congruences; whence 
it follows, that there is always one and but one hyperpencil of sphere congruences 
having a congruence in common with each of three given independent hyper- 
pencils of congruences. Reciprocally, in ^T^, 

Theorem (a). — There is one and but one sphere congruence which with ea^h of 
three given independent sphere congrtcences determines a sphere complex. 

The fourth congruence is common to, determined by, contains, the three 
spheres determined by the three given congruences taken in pairs ; it contains 
the three sphere ranges determined by the same three spheres taken in pairs. 
A sphere congruence, as it contains oo* sphere ranges, may be thought as their 
locus, i. e. as a hyperpencil of sphere ranges ; whence follows the proposition 
that, given three independent hyperpencils of sphere ranges, there is always one 
and only one fourth hyperpencil having a range in common with each of the 
given hyperpencils. 

The foregoing preliminary propositions lead directly to the matter proper 
of this paper. 

Qtdntic configuration of point ranges. Denote by the symbols, aa, ab, ac, ad, 
four independent point ranges. 

By theorem (a), in ^Tj,r, the four triplets furnished by the given ranges 
determine four additional ranges, ae, be, ce, cfe, which may be associated with 
their respective determining triplets as in the following scheme : 



ab 




ac ' 




ad 


ac 


ae 


ad 


'be 


aa 


ad 

4 




aa 




ab 



yce 



aa 
ab 

ac 



-de 



(1) 



The intersections of the four e-ranges with their corresponding triplets furnish 
12 points which, taken in pairs as in the scheme below, determine 6 new ranges: 



points • ^^^ ' ^^^ ' ^^^ • ^^^ ' ^^^ ' ^^^ * (^* ' ^^ ' (^* ' ^^ ' ^^^ ' ^^ ' 
{ab , ae) , (ac , ae) , {ad , ae) , (ac , be) , {ad^ be) , (od, ce) ; 

cd , bd . be , ad . ac , ab . 



ranges : 



(2) 
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It is now to be shown that of these ranges any pair, as ah and cd , involving 
the four letters a, 6, c, cZ, have a common point. To this end. consider the 
lineoids L and X' determined, respectively, by the range pairs a«, he and cc, de. 
By inspection of the first two columns of scheme (1), it is seen that ac and ad 
have each a point in common with ae and with he and so have each two points in 
L. The ranges ac and ad, therefore, lie in L, Range ah having, as may be 
seen in the last column of (2), a point in ac and another in ac2, it follows that ah 
is entirely in L. Prom the first column of (2), it is evident that cd, too, is in L. 
By reference to the last two columns of (1) and the initial and final columns of 
(2), it may be readily shown that ah and cd are both of them also in L. Being 
in both X and X', the ranges ah and cd are in the congruence (X,Z'), and 
accordingly have a common point {ah, cd). It may be shown analogously, or 
from symmetry, immediately inferred, that the range pairs ac,hd and ad, hd also 
determine points {ac, hd) and {ad, he). 

On the other hand, of the six ranges (2) no pair involving but three distinct 
letters have a common point. For if such a pair, as ah, ac, be supposed to have 
a common point, it would follow that all the ranges (2) would each have a point 
in each of the other five ranges, accordingly that the 12 points (2) would all of 
them belong to a same point congruence and thence that the latter would con- 
tain the four ranges originally given — a result incompatible with the hypothesis 
that these are independent. The ranges of such a pair as ah, ac, therefore, 
determine a lineoid. 

Consider now the lineoids Zi, L^, L^ determined, respectively, by the range 
pairs: ah, ac\ ah, ad) ac, ad. From the last two columns of (2), it is seen that 
Li contains two points of ad and two oide, whence it appears from the third 
column of (2) that &c, as it has a point in ad and another in cJe, is itself contained 
in Xj. Accordingly the lineoid determined by two of any three ranges (of the 
six (2) ) involving but three letters, contains the third range. Hence L^ contains 
hd] and Xj, cd. It follows that the three points 

{ah, cd), {ac, hd), {ad, he) (3) 

all lie in each of the lineoids Li, L^, L^. These three X's are independent, for, if 
not, they contain a common congruence; this last must, then, contain such a 
range pair, e, g, as ah, ac, a relationship above found to be impossible. The three 
Vs, therefore, determine a point range, and this range — call it ae — contains the 
three points (3). 
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In the foregoing argument the four given ranges enter precisely alike. 
From this symmetry it follows that if ae were coUineoidal with two of the given 
ranges, it would be so with all of them, which has been shown to be impossible. 
Hence, a« with any three of the given ranges constitute a set of four independent 
ranges, and may be called the associate range of the given set. Suppose a range 
as ad of the given set replaced by ae. The new set of four determines a fifth 
associate range adl, say. We now show that ad! and ad coincide. In case of 
the original set, ae, by theorem (a), of e7J„., is uniquely determined by the inde- 
pendents adyhd and cd\ hence, in case of the new set, ad^ is uniquely determined 
by ae, he and ce; but these same three, as appears in scheme (1), also determine 
ad] ad and ad' are, therefore, identical. 

Accordingly we may state, in e ?J,r > 

Theorem (b). — In point 4'space any four given independent point ranges 
uniquely determine a fifth associate point range. The five ranges compose a quintic 
configuration such thai any four of the ranges determine the fifth as their associate. 

The operation Opr of determination {construction). The operation O^r of 
finding the associate of four given independent ranges may, of course, be viewed 
either as objective or as subjective. Viewing it as subjective, Opr may be 
analyzed with sufficient minuteness into the following ordered acts of attention. 
It consists, namely, of regarding : (i) in any order the four ranges determined 
according to theorem (a), of e^f^i by the given set ; {ii) in any order the 12 points 
furnished by the given ranges and the four ranges found by (i) ; (Hi) in any 
order the 6 ranges determined by the six point pairs afforded as in scheme (2) by 
the 12 points; (iv) in any order the 3 points given by the last 6 ranges properly 
paired ; (v) the range (associate) containing the last 3 points. 

Applied to a set, as that originally given, of four independent ranges, O^r 
presents 11 new ranges, which, together with the given set, constitute an interest- 
ing configuration, uC?^, of 15 ranges. 

Properties ofi^Gpr* Among the noteworthy properties of this configuration, 
the following may be stated at once as being immediately evident or readily 
demonstrable. 

A. — The 16 ranges determine by intersection 15 points such that eaxih point con- 
tains Z of the ranges, and each range 3 of the points. The point and the range not 
being reciprocal elements of 4-space, the 16 ranges are not the totality of ranges 



I 
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determined by the points, but the ranges of any one of the 16 triplets lie in and 
determine a lineoid, making 15 lineoids reciprocal to the 15 points. 

B. — The 16 ranges furnish 30 sets of 4 independent ranges ea^h, these sets 
being so related that the operation Opr, applied independently to any two ofthem^ 
presents one and the same configuration isCpr *w such a way thai no range is repla^ced 
by another but that the orders of their presentation are in general different. In other 
words, tJie configuration is constructible in 30 different ways by the same operation 
applied to different 4-«efe as base. 

G. — ^The 30 sets fall into six such classes of 5 sets each that each class 
involves but 6 different ranges, which are so related that each range of a given 
class is found by Opr to be the associate range of the remaining 4 ranges of the 
class. Into the composition of i^Gp^ there accordingly enter six quintic ccfn figura- 
tions of ranges, 

aa, a6, ac, adf ae\ 

aa, ab, aCf ad, ae\ 

&a, &a, be, bd, be 

ca, ca, cb, cd, ce 

da, da, db, dc, de 

.ea, ea, eb, ec, ed) ^Qp^^ 



16^j»r 



Q. 



sCpri 
bVprt 



such thai, any 4 ranges of a Q being given, the operation of finding their associate 
range effects simultaneously the construction of all the Q's. 

Linear transformation properties of 15(7^,. and of analogous configurations to 
be presently introduced will be considered at a later stage. 

Quintic configurations of point congruences. These configurations being 
reciprocal to the point range configurations just considered, their determination 
and that of their properties result immediately on replacing the notions of point, 
range, congruence, and lineoid, respectively, by those of lineoid, congruence, range, 
and point. This exchange of notions being effected, we have, in ^7),^, 

Theorem (b). — In point (lineoid) 4'space, any four given independent point 
congruences uniquely determine a fifth associate point congruence. The five congru- 
ences compose a quintic configuration of congruences such that any four of the latter 
determine the fifth as their associate. 

The mentioned exchange of element notions converts Opr i^to the operation 
Op^ for finding the associate congruence of four given ones, i^Gp^i^ converted into 
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a configuration 15 (7^^ of 15 congruences which determine 15 lineoids such that each 
lineoid contains 3 0/ the congruences and each congruence lies in 3 of the lineoids. 
The congruences common to a lineoid determine a point in it. Ope presents 
i5(7pc in 30 different ways. i^C^^ contains six quintic configurations ^Q^ 
(tzz: 1, . . . . , 6) of point congruences. The operation that determines the associate 
congruence of any four elements of one quintic constructs at the same time all 
the quintics. 

Quintic configurations of sphere ranges. By means of the one-to-one correla- 
tion initially assumed between 4-space and 3-space elements, the sphere correlates 
of the foregoing relationships admit of immediate statement. We have, namely, 

Theorem (b). — In S-space, any four given independent sphere ranges uniquely 
determine a fifth associate sphere range. The five ranges constitute a quintic con- 
figuration of ranges of which any one is determined hy the other four as their 
associate. 

The definition of the operation O^for finding the associate sphere range of a set 
of 4 such ranges results on replacing in the definition of O^r the notion of point by 
that of sphere. Operating on a 4-«e< of independent sphere ranges^ 0„ presents a con- 
figuration i^G„ of 15 sphere ranges which, by intersection, determine 15 spheres such 
that each of the spheres lies in 3 of the ranges and each of the ranges contains 3 of 
the spheres. The ranges of a triplet of ranges containing a same sphere lie in and 
determine a sphere complex, there being so determined 15 such complexes, 
reciprocal to the 15 spheres. 15 Cv contains six symmetrically disposed quintic 
configurations iQ„ (i = 1, .... , 6) of ranges such that under 0,^ any range of a 
Q is the associate of the remaining ranges of that Q, and that the operation of 
constructing the associate of any one of the 30 4-set8 of independent ranges con- 
structs at once all the Q's, and therewith i^Cgry simultaneously, in 30 ways. 

Quintic configurations of sphere congruences. The principle of duality at 
once yields, in ^T^^, 

Theorem (b). — In S-space, any four given independent sphere congruences 
uniquely determine a fifth associate sphere congruence, the five congruences constitut- 
ing a quintic configuration of congruences such that any four of them determine the 
remaining one as their associate. 
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The operation 0^ for finding the associate of a 4-set is in ahstractu identical 
with 0,r and differs from it only in that it operates on reciprocal sets of elements. 
In finding the associate of a 4-set of congruences, 0^« presents a configuration 
ihGtc of 15 congruences. Of these any pair that have not a range in common 
lie in and so determine a sphere complex. In this way 16 complexes are determined 
such that each complex contains 3 of the congruences and each of the congruences is 
contained in S of the complexes. The congruences of any one of the triplets of 
congruences lying in a complex have one and but one sphere in common. 15^^^ 
affords 30 4-8ets of independent congruences, distributed so as to form six quintic 

configurations ^Q^ (♦ = 1 , , 6) of congruences. The Q's enter symmetrically 

into 16 ^\c- -A.ny Q is constructible by 0,^ on each of 5 distinct 4-8et8 as basis, 
and the construction of any one of the Q's involves the construction of all of 
them. 

III. Reciprocal and Other Aspects of the Foregoing Configurations 

and Relationships. 

Four-space may as well be conceived primarily as a plenum of lineoids 
instead of points. In that case the elements that one naturally considers are: 
the lineoid complex, composed of the oo^ lineoids that generate or envelope a 
point; the lineoid congruence, or hyperpencil, composed of the q©^ lineoids com- 
mon to two complexes ; the lineoid pencil, composed of the 00 lineoids common 
to three independent complexes. Analogously, if 3-space be thought as pri- 
marily a plenum of sphere complexes instead of spheres, one would naturally 
deal with the elements : complex of sphere complexes, or the oo^ sphere com- 
plexes that contain, or envelope, a same sphere ; the congruence of sphere com- 
plexes, or the »* sphere complexes common to two complexes of complexes ; 
the pencil of sphere complexes, composed of the 00 sphere complexes common to 
three independent complexes of sphere complexes. 

Such elements being employed, one would be at once led to a body of pro- 
positions constituting in generality and detail a reciprocal conception of the 
doctrine presented in section II. One or two examples of such reciprocal state- 
ments must suffice. The reciprocal aspect of theorem (a), in gT],,., is : Given three 
independent lineoid congruences, there is always one and hut one other lineoid congru- 
ence which taken with any one of the given congruences constitutes a pair lying in and 
determining a lineoid complex. From this follows that the reciprocal aspect of 
theorem (b), in gTJ,,., is: In lineoid 4-space, anyfou/r given independent lineoid con- 
42 
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gruences uniquely determine a fifth associate congruence, the quintic configurcUion of 
congruences being such that any four determine the fifth as their associate. 

These two statements will afford a sufficient clew to the parallelization in 
question, which readily admits of extension to sphere theory in ordinary space. 

Hypersheaves of point and sphere congruences and ranges. The assemblage 
of 00^ sphere congruences having a common sphere, and the like assemblage of 
point congruences having a common point, may conveniently be named, respect- 
ively, hypersheaf of sphere congruences and hypersheaf of point congruences. 
Analogously, their respective reciprocals, namely, the oo* sphere ranges in a 
sphere complex and the corresponding assemblage of point ranges in a lineoid, 
may be, respectively, termed hypersheaf of sphere ranges and hypersheaf of point 
ranges. Two hypersheaves of point or sphere congruences determine as their 
intersection a hyperpencil (congruence) of point or sphere congruences. Recip- 
rocally, two hypersheaves of point or sphere ranges intersect in a hyperpencil 
(congruence) of point or sphere ranges. From the point of view here assumed, 
one readily discovers a tissue of interesting relationships of which the following 

will serve as illustrations : In point ^ -^ any four given independent hyper- 
pencils (congruences) of ^^ congruences uniquely determine a fifth associate 

hyperpencil {congruence) of ^r congruences. The quintic configuration of such 

hyperpendls is such that any four of them determine the remaining one as their associate. 
In point ^^ any four given independent hyperpendls {congruences) of 

svhere '^^^9^ uniquely determine a fifth associate hyperpencil {congruence) of ^j^ ^ 

ranges. The five hyperpencils are such that any fowr of them determine the remain- 
ing one as their associate. 

The operation'^ of finding the associate of \ given hyperpencils presents : in case 

of the former proposition^ a configuration of 16 hyperpencils of j^ congruences 
which determine 1 5 hypersheaves of ^J^ congruences such that each of the hyper- 

'^^ TZZimd in ^^^ ""^^^ ^y^ S^*' *« «*** ^-^'^ ^^ propo^um, 
a configuration of lb hyperpencils of ^ ^ ranges which determine 15 hypersheaves 

* Of which the definition is readily found from that of 0_ or its correlates. 
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point -L 4X X ^ -L jr ^i -L sheaves contains ., - ., 

of ^ x ranges such that each of the hyper ., . . • j • three of the 

'' sphere ^ j ^f pencus w contained vn •' 

T pencils - 

The line and plane, the circle and (?), of intuition. The intuitive elements, 
line, plane, and circle, serving, respectively, as carriers or bases of the point range, 
point congruence, and sphere range, obviously may be substituted throughout 
the foregoing discussions for these latter elements. This is not to say, however, 
that the two sets of elements are identical, for such is not the case,"*^ a fact rather 
strikingly evident — to name a single ground — in the failure of intuition to pre- 
sent any element f whatever related to the sphere congruence as, e. g. the plane 
of intuition is related to the congruence of points. It is accordingly of some 
logical interest, if not of geometric importance, that the mentioned substitution 
does not preserve the theories in question : it yields strictly new theories that 
are definitely correlated with and tend, notably in case of the line and plane as 
elements, through habitual association, to^ fuse with the old ones. 

Connection loith theorems by Darhoux and Stephanos. By replacing in 
theorem (a), oi ^T„, the notion of sphere range by that of the carrier circle, we 
obtain the following proposition enunciated by Darboux: J There is always one 
and Imt one fourth circle that intersects ea^h of three given independent circles of 
ordinary space in two points. The same theorem is derivable from theorem (b) 
by replacing the notion of sphere congruence by that of its associate orthogonal 
circle. It is noteworthy that in the Darbouz proposition the elements of inter- 
section may be imaginary , while in case of theorems (a) and (b) , the intersections 
are always real. 

The substitution in theorem (b), of «7i„ of the notion, carrier circle, for that 
of sphere range or in theorem (b), of^T^ , of the notion, orthogonal circle, for that 
of (its defining) sphere congruence, yields the beautiful propositions of Stephanos § 
respecting the (by him so called) penta^cycle : To every system of four circles of 
space there is attached a fifth of which the coordinates depend linearly upon those of 
the given circles. The construction of the fifth circle leads to a configv/ration of lb 
circles which determine 1 5 spheres such that each sphere contains three of the circles 
and each circle lies on three of the spheres. 

* Of. Poincar6 : Le eontinu mathtmatique. Revue de Meiaphytique et de Morale^ Vol. I. 

t The circle that la orthogonal to all the Bpherea of a given congruence and is thus uniquely determined by, 
and asBOclable with, the congruence, plainly does not satisfy the requirement. 
X 8ur une nouvelle difinition de la eurfaee dee ondee. Compiee rendue^ Vol. XCII. 
% Sur une configuration remargyuible de eereUe dane Veepaee, Comptes rendus, Vol. XCIJI. 
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IV. Some Govariant and Group Properties of the Gonfigurations G and Q. 

In this closing section the term •* element" e will serve to denote indiflferently 
point range or congruence, sphere range or congruence, line, plane, circle, or 
other analogous element. The five equations, 

6 

(0 a/j == 2 o^ aJi (y = 1 1 > 6) • 

will serve to define the general linear (homographic) point or lineoid transform- 
ation of 4-8pace or the general linear sphere or sphere complex transformation 
of 3-space according as the variables X| are regarded as homogeneous point or 
lineoid or sphere or sphere complex coordinates. As {t) contains 24 disposable 
constants while an ''element" depends on six parameters, by means of (t) four 
given independent *• elements" are convertible into any specified second set of like 

independents. Let e,, and e^j^ (A; = 1 , 4) be any two such sets, and denote 

by ^5 and e'5, respectively, the associate ''elements" of the given sets. From the 
character of the operation (cf. definition, e.g. of 0^) for constructing the asso- 
ciate of a given set, it is plain that any transformation converting ej^ into efj^ con- 
verts 65 into e/^ . Hence , 

Theorem (c). — The associate ''elemenV^ of four given independent elements is a 
covariant of the given set under homographic * transformation of the containing space. 

It is readily seen, too, that a transformation converting a 4-set Cj^ into a 4-set 
c'fc likewise converts the configuration 15 C^, connected (as above seen) with the 
former set, into the configuration 15 (7,/, connected with the latter. Accordingly, 
any one of the 30 ^eis involved in a G being given, the remaining 11 ^* elements " of 
the G are covariants of the given set. 

Any given configuration i^G^ (for concrete example, cf. i^C^r of III) is trans- 
formable into itself by a group G^^ linear transformations. Given any one of 
the quintics iQ entering the (7, there are six subgroups (tj^o which, respectively, 
convert that Q into itself and into each of the remaining Q's. The effect of other 
subgroups is easily made out by inspection of the foregoing table for isCpr- 

Reciprocal transformation, exchanging points and lineoids or spheres and 
sphere complexes, will, of course, interchange reciprocal C's in pairs, correspond- 
ing covariant and group properties remaining essentially unaltered. 

* In case of circles of ordinary space, Stephanos has pointed out that any circle of a given pentacycle is a 
covariant of the remaining four also under transformation by reciprocal radii yectores. 



Some Relations Between Number Theory and Group 

Theory. 

Bt G. a. Miller. 



The ^ f-j-^ numbers* which are less than m and have the same highest common 

factor {k) with m become an abelian group ((?) when they are combined by mul- 
tiplication modulo m, and G is the group of isomorphisms of the cyclic group of 



m 



order ^ . f Every possible finite multiplication group in which the operators 

are represented by numbers is either such a group or it is contained in such a 
group. J The group G may be made simply isomorphic with the group of 

isomorphisms of the cyclic group of order -y- by associating with each operator 

of the latter, h into the index of the power into which this operator transforms 
every operator of the cyclic group of order -^^ . 

The identity of G is, therefore, its number which is congruent to unity 
modulo -^ . In fact, the numbers of G constitute the same multiplication group 

with respect to modulus 7- as they constitute with respect to modulus m . 
The number of invariants || in G is therefore equal to the number of 
diflferent odd primes which divide j- increased by /3o, where /3o = 2, 1, 

or as -2; is of the form 8n, 8n + 4, or $ mod 4 respectively. Each of 
these invariants is even since ^ (2) is even whenever Z [>2. That ^ (7) is even 



* Only posltlTe integers are considered in this article. 

t Annals of Mathematics, Vol. 2 (1901), p. 77. 

tibid., Vol. 6 (1906), p. 44. 

11 That is, the smallest possible number of independent generators of O, 
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follows from the fact that it represents the number of operators of highest order 
(the number of generators) in the cyclic group of order I. Since we may 
associate an operator with its inverse and this property is reciprocal, it follows 
that the number of operators of order r, r >• 2 , in any group is even. In particular, 
the number of generators of any cyclic group whose order exceeds 2 is even. 

It may be observed that this proof of the elementary theorem that 4) (Z), Z>'2, 
is even associates it with the fundamental theorem that the number of operators 
of order I in any group is even, and hence the number of operators of order 2 in 
any group of even order is odd. The main object of the present paper is to 
exhibit relations between fundamental theorems of the two subjects mentioned 
in the heading. Only one more will be noted here. Let c2], c^^, . . . • > ^a be the 
orders of all the cyclic subgroups (including the identity) of any group of order gr. 
Since the total number of operators of highest order contained in all of these 
subgroups is equal to the order of the group, it follows that 

when the group is cyclic the numbers c2], c2|, . . • • i ^a ^^^ ^H distinct and represent 
all the divisors of ^. In this special case the formula reduces to the well known 
theorem that the totient of a number is the sum of the totients of its divisors. 

§ 1. Qaad/ratic Residues of Numbers. 

The necessary and sufficient condition that G is cyclic is that -=- has primi- 

tive roots.* That is, O is cyclic only when ^ has one of the following values : 

4, i>*i 2^*, jp being an odd prime. In each of these cases G involves only one 
operator of order 2 and hence just half of its operators have square roots imder 
G. Each of these operators has just two square roots. These facts follow 
directly from the elementary theorem that the n'^ powers of all the operators of 
any abelian group constitute a quotient group, which is the entire group when- 
ever n is prime to the order of the group, and that ea^h operator of this quotient 
group may be made to correspond to all its n** roots in an isomorphism between the 

* The number m^ has primitive roots whenever the group of iBomorphisms of the cyclic group of order mf 
is cyclic and vice versa. 
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group and the given quotient group. In particular, each operator that has n** roots 
has the same number of such roots. 

If j3 represents the smallest number of independent generators of (?, the 
operators of order 2 in (7 generate a group of order 2^. Hence it results from 

the given theorem that just -^ of the numbers of G have square roots and that 
each number that has one square root has just 2^ square roots, modulo m or 
modulo ^ . The manner in which the value of ^ may be obtained from the 

number -jr was noted above. In the language of number theory this result is 
generally stated as follows : The congruence 



m 



u? = Nmod. -j-^ or mod. m 



where N and -=- are relatively prime, has either no solution or it has 2^ solutions, 



m 



P being equal to the number of odd prime factors of -j- increased by /?o- 

The group of isomorphisms (/) of the cyclic group of order 2* is the direct 
product of a cyclic group of order 2* " *, which is composed of all the operators of 
/which are commutative with operators of order 4 in the cyclic group of order 
2", and the group of order 2 generated by the operator of / which transforms 
each operator of this cyclic group into its inverse.* The square of every operator 
of /is therefore also the square of an operator in the given cyclic subgroup of 
order 2""*. Since all the operators of the latter are commutative with the 
operators of order 4 in the cyclic group of order 2" their squares must be com- 
mutative with the operators of order 8 in this cyclic group. Hence these squares 
must transform each operator into a power which is congruent to unity modulo 
8. Since the operators of /transform the operators of the cyclic group of order 
2" into every odd power, it follows that the square of every odd number is con- 
gruent to unity modulo 8. 

Since the squares of the operators of the given cyclic subgroup of order 
2*""* give all the operators of / which are commutative with the operators of 
order 8 in the cyclic group of order 2", it follows that every odd number which 

* Bulletin of tbe American Mathematical Society, Vol. 7 (1901), p. 861. 
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is congruent to unity modulo 8 is the square of some other odd number modulo 
2*. That is, every such odd number is a quadratic residue modulo 2*. Since the 
identity of / is its own square it follows that every odd number is a quadratic 
residue of 2 and every odd number congruent to unity modulo 4 is a quadratic 
residue of 4. 

In general, the 2", 5 >► 0, power of every operator of /is the 2* power of an 
operator in the given cyclic subgroup of order 2""*' and these powers constitute 
all the operators of /which are commutative with each operator of the subgroup 
of order 2*+ • in the given cyclic group of order 2*. That is, every number which 
is congruent to unity modulo ^"^^ is the 2* pouter of some number modulo 2*, where 
n is arbitrary. Conversely, the 2* power of every odd number is congruent to 
unity modulo 2*"*"*. If a number has one 2* root it has just ^"^^ such roots 
modulo jP*, a >► 5 + 1 , since /is the direct product of a cyclic group of even order 
and an operator of order 2. 

The preceding results apply directly to the odd multiples of any odd 
number (A;). The first 2""^ of these multiples constitute a group which is simply 
isomorphic with I if the products are taken modulo T^k. Hence each of these 
numbers which is congruent to unity modulo 2*"*' * is the 2* power of some num- 
ber modulo 2''k where n is arbitrary. That is, any number which is congruent 
to unity modulo 2* + • is the 2* power of some number modulo 2*A;, where k is any 
factor of the first number and n is arbitrary. 

The group of isomorphisms / of the cyclic group ((7) of order p* (p being an 
odd prime) is the direct product of two cyclic groups of order jp*"^ and p — 1 
respectively. The former is composed of all the operators of / which transform 
the operators of G into powers whose indices are congruent to unity modulo 2>-* 
In other words, when /is represented as a number group modulo j?*" the numbers 
which correspond to this subgroup of order ^'""^ are composed of all the num- 
bers less than p^ which are congruent to unity modulo p. The p^ powers of 
these numbers are congruent to unity modulo ^'~^^ and are composed of all the 
numbers modulo j:)'' which have this property. Any number which is congruent 
to unity modulo p^'^^ is, therefore, the jp* power of some other number modulo 
p*, where a is arbitrary. 

If an operator of I corresponds to a number which is incongruent to unity 

• Bulletin of the American Mathemmtical Society, Vol. 7 (1901), p. 851. 
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modulo j9 it must transform every operator of (/besides the identity. In par- 
ticular, all the operators of the given cyclic \ ubgroup of order p — 1 transform 
every operator of G besides the identity. If any power of such an operator is 
commutative with an operator of order ^ in C it must be commutative with every 
operator of G\ i.e. it must be the identity. Jn other words, the numbers which 
correspond to the operators of this cyclic group of order p — 1 belong to the 
same exponent with respect to each of the moduli pi and j?*. If such a number 
is an r** root modulo p it must also be an r*^ root modulo j?*, and it must have 
just r such roots with respect to each modulus since I is cyclic. From this it 
follows directly that when r is prime to p every nvmber which is an r'* root modulo 
p is also an r** root modulo p% a being arbitrary. In particular, a quadratic residue 
of p is also a quadratic residue of p''^ and it is the square of just two numbers 
with respect to each modulus. 

This result may also be seen as follows: If a number is an r^ root modulo 

p it must correspond to an operator of /whose ^ power is a power of ^. If 

this condition is satisfied it is clearly also an r^ root of ^''. In other words, the 
operators of / which are r** powers have for their constituent whose order is 

prime to ^ an operator whose order divides ^ , and vice versa. As this con- 
dition is independent of the value of a it furnishes a direct proof of the theorem 
in question. 

We shall next consider the quadratic character of — 1 with respect to 
modulus m. This number corresponds to the operator of /which transforms 
every operator of the cyclic group of order m into its inverse. This- operator is 
clearly of order 2 and hence can only be the square of an operator of order 4. 
Moreover, when I is cyclic and involves an operator of order 4, its square must 
be the operator of order 2 contained in /. Hence, when m is either jp* or 2 />• 
the necessary and sufficient condition that — 1 is a quadratic residue is that 
^*-^ (^ — 1) is divisible by 4; i.e. ^j — 1 must be divisible by 4. 

It has been observed above that the operator of / which transforms each 
operator of the cyclic group of order 2" into its inverse may be used as an inde- 
pendent generator of /and hence cannot be a power of any operator of higher 
order contained in /. In particular, — 1 is a non-quadratic residue of 2*, 
n >^ 1 , when n = 1 , — 1 = 1 and hence may be regarded as a quadratic residue 
of every odd number. In general, / is the direct product of the Sylow subgroups 
43 
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of the cyclic group of order m. Hence — 1 is a quadratic residue of m only 
when it is a quadratic residue of the orders of these Sylow subgroups. That is, 
the necessary and sufficient condition that — lis a quadratic residue of mis that all 
the odd prime factors of w. are of the form 4? + 1 and that m is not divisible by 4 . 
When this condition is satisfied the operator of order 2 in / which transforms 
each operator of the cyclic group of order m into its inverse is the square of an 
operator of order 4 and vice versa. 

Since — 1 corresponds to an operator of order 2 in /it is very easy to 
determine its general root character modulo m. When /is cyclic this operator 
has r** root whenever the order of /is divisible by 2r ; i.e. whenever ^'"^ (/? — 1) 
is divisible by 2r. In general, the necessary and suflScient condition that — 1 

has r"* roots modulo tn = 2*^, pl», jp^* jpjx is that 2r divides each of the 

numbers^;* ^ ^ (l>«— l)(a = 1 , 2, ,%) and that ao = 1 or whenever r is even. 

Since — 1 is any odd root of itself this condition has little meaning unless r is 
even. 

§2. Proof of several other fundamental theorems from the standpoint of group 
theory. 

From the introductory remarks it follows that the numbers (elements) of a 
number group Q are either all odd or all even whenever the modulus m is even. 

When m is odd the ♦ (-r-) ©l^i^^i^ts of G include just as many even numbers as 

odd numbers. In the subgroups of G the number of the even elements need not 

be the same as that of the odd elements unless the subgroup involves — 1 

m, 
modulo ^ . These theorems follow directly from the fact that the product of — 1 

into an even element is odd and vice versa. As illustration of subgroups of G 
in which the number of even elements is not equal to the number of odd 
elements, we give the following four groups : 

1, 2, 4, 8 mod. 16; 1, 4, 7, 13 mod. 16; 7, 28, 49, 91 mod. 106; 1, 2, 4, 8, 11, 
16 mod. 21. 

From the fact that — 1 is of order 2 it follows that each number which has 
a square root with respect to an odd modulus must have an equal number of odd 
and even numbers as square roots. If the modulus is even all the square roots 
of odd numbers are odd and those of even numbers are even since the elements 
of such a group are either all even or all odd. 
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Some of the formulas relating to the totient of m can be readily obtained by 
means of group concepts. Whenever m is not a power of a prime it can be 
resolved into two factors tWi, m^ which are relatively prime. In this case the 
cyclic group of order m is the direct product of the two cyclic groups of orders 
mi, WI2 respectively. The operators of highest order in the cyclic group of order 
m are obtained by multiplying the operators of highest order in the cyclic group 
of order wij, into those of highest order in the cyclic group of order m^. This 
furnishes a direct proof of the formula 

whenever tHj, m^ are relatively prime and m = »ni iw,. Moreover, all the sub- 
groups of the cyclic group of order p^ are contained in its subgroup of order jp*"" ^ 

That is, ^ (j9*) =2)* — jp*""* =p* M — — j . Buler's ^j-function of m is a direct 

consequence of these two results. 

The total number of different sets of k numbers such that none of these 
numbers exceeds m and that the greatest common divisor of m and all the 
numbers of any set is unity has been denoted by ^jc (m) and is called the totient 
of order k with respect to m .* When A; = 1 it reduces to the ordinary totient 
and the subscript is generally omitted. The value of ^j^ (m) may be determined 
as follows : 

Suppose that an abelian group G has k independent generators («i, «2» t^ft) 

each being of order m. It is well known that every operator of G can be written 
in the form 

The order of ^ is m whenever the greatest common divisor of the numbers 
^1 «!» <x«f • • • »a* is unity and vice versa. Hence, ^ (m) is the number of opera- 
tors of order m in G. As methods are known to find the total number of 
operators of any order in an abelian groupf the determination of ^^ (m) becomes 
a very special case of these general methods. 

If m is not a power of a prime an independent generator of order m may 
always be replaced by two independent generators of orders mi , 9912 respectively, 

* Jordmn, Traiie des snbstltiitions, 1870, p. 96; cf. Cmhan, Th^orie des nombres, 1900, p. 80. 
tZsigmondy, Monatataefte fur Mathematik nnd Phyaik, Vol. 7 (1890), p. 237; cf. Annals of Mathematics, 
Vol. 6 (1904), p 8. 
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where itii 9?i2 = m and mx, m^ are relatively prime. Resolving each of the 
independent generators of G into two such factors, it is evident that G is the 
direct product of two subgroups having m independent generators of orders 
«ii, iwg respectively. Moreover, the number of operators of highest order in G is 
equal to the product of the numbers of operators of highest order in each of these 
subgroups. In other words, 

^k (w) = ^t (iwi) ^fc (mg) 

whenever m = m^ m^ and wi,, m^ are relatively prime. 

When m = p* the number of operators of order />* in G is equal to the total 
number of its operators (j9**) diminished by y*""^^*, the number of its operators 

whose orders divide ^*"'^. That is, ^j^ (/>*) = ^** — p^^^^^^ =: p^fi ^\ 

From this and the preceding formula the value of the function ^j^ (m) can be 
directly obtained. Hence, 

♦.W=«.>(i-^)(.--ij)....(.-^) 

Px^Pi 2>A being the distinct prime factors of in. 

One of the earliest developments in number theory relates to perfect 
numbers. The order {m) of a cyclic group (M^ is said to be perfect whenever M 
is such that the sum of the orders of all its subgroups is equal to m. It is easy 
to see that such a cyclic group cannot contain a subgroup whose order {d) is 

perfect. Since M would contain a subgroup of order ~^ into every divisor of d 

(excluding d itself) and since the sum of these orders would be md^ if could con- 
tain no other subgroup if m and d were both perfect. As this set of subgroups 
does not include the identity, it follows that the order of a cyclic group is redun- 
dant whenever the order of one of it& subgroups is perfect. 

It should be added that the developments of this article have close contact 
with those ofZsigmondy, **Beitrage aur Theorie Aberscher Gruppen und ihrer 
Anwendung auf die Zahlentheorie/' Monatshefte fur Mathematik und Physik, 
Vol. 7 (1896), pp. 186-289, and the note on ** Holomorphisms and primitive 
roots," Bulletin of the American Mathematical Society, Vol. 7 (1901), pp. 360-354. 
The object of the present article is to exhibit certain additional developments 
where the group concept seems especially useful in the study of number theory. 

Stanfobd Uniybbbitt, March 1906. 
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The Differential Invariants of Spa^^e. 



By J. E. Wright. 



The object of this paper is to solve the three following problems : 

(I) The determination of the differential invariants of all orders, of space of 
any number of dimensions. 

(II) The determination of invariants of any manifold in this space under 
any transformation which leaves its ''shape" unaltered. 

(III) The determination of the ''deformation '* invariants of any manifold in 
this space. 

In the statement of the problems, the word '* invariant " is used to include 
the whole class of Gaussian Invariants, Parameters and Covariants. The prob- 
lems are considered solved when a method is given for determining a complete 
functionally independent set of invariants by direct processes. 

In problem (I) for example, it will be shown that all the invariants may be 
expressed as the algebraic invariants of certain forms, and a method will be 
given for writing down these forms in succession. Atone stage of the work it is 
found simpler to discard certain of these forms and to introduce instead a com- 
plete set of invariants due to them. 

In (II) the sblutions are given as the invariants of algebraic forms, with the 
exception of those corresponding to the set introduced in (I). 

The parameters which arise in the solution of (III) are also expressed in 
terms of algebraic invariants, but for the determination of the Gaussian invari- 
ants, and the covariants, it is found simpler to make use of a method whereby 
they are expressed in a different manner. The method in question leads to the 
complete set of invariants in every case, but the expression of the solutions as 
algebraic invariants has many advantages from some points of view. The chief 
advantage is perhaps that the well known parameters are immediately 
recognized. 
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(Ill) is really equivalent to the determination of the invariants of a quad- 
ratic differential form. There is indeed an apparent limitation on the generality 
of the form, but it is readily seen that the generality of the results is not thereby 
affected, and that in fact the problem of the determination of a functionally 
independent complete set of invariants for a quadratic form is also solved. Lie* 
suggested this problem for the differential form in two variables. Using Lie's 
method Zorawski f investigated the invariants of the first and second orders for 
a general quadratic form. He also considered the question of the number of 
functionally independent invariants of any order. This question of number has 
engaged the attention of several investigators, but the complete results are given 
by C. N. Haskins.;]; His method does not, however, lead to the expressions for 
the invariants themselves. Forsyth || has obtained the invariants of the first 
second, and third orders, of space of three dimensions. His method is, however, 
unsuitable for the determination of invariants of higher orders. He has also § 
obtained the invariants of the first, second, and third orders which are of the 
type sought in (II) for a surface in space of three dimensions. 

Masclike,*''' by the use of symbolic methods has developed a process for 
determining invariants of any order from known invariants. But his work does 
not suggest any obvious method of determining a complete set. 

§1. The method pursued in this paper for the solution of problem (I) con- 
sists essentially in a factorisation of the problem into two others, each of which 

can be readily solved. Take any system of variables u^^u^ u,,, and let 

them denote a system of curvilinear coordinates in ordinary space of m dimen- 
sions. If the square of the linear element be 

M m 

where a^^ is a function of the u's, it must be possible to 6nd x^^ x^ x^^ func- 
tions of the u's, such that 

ds^ = dx\ -f- dxl -f- dxl, . 

•Ueber Diflferentialinyarianten. Math. Ann., Vol. XXIV (1884), pp. 574-575. 
t Ueber Biegnngslnyarlanten, Acta Mathematlca, Vol. XVI (1802-98), pp. 1-64. 

t Trans. Amer. Math. Soc, Vol. Ill (1902), pp. 71-91; also Trans. Amer. Math. Soc, Vol. V (1904), pp. 
167-192. 

I Philosophical Transactions, Series A, Vol. 202 (1908), pp. 277-888. 
$ Philosophical Transactions, series A, Vol. 201 (1908), pp. 829-402. 
*• Trans. Amer. Math. Soc, Vol. I (1900), pp. 197-204; and Vol. IV (1908), pp. 445-469. 
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It is easy to prove that if one set of functions Xi x^\s given, the most 

general possible set is given by performing a general orthogonal transformation 
and a translation on the set x . 

In fact if Xj, as^ x^ and a^i, a^ xj^ are two different sets, there must 

exist the relations 

a?; = ^^ + 2 ay x^, (i = 1, 2 m) 

i=i 

where the a^s and /S's are constants such that 

2 a«ba;* = (*=#=y) 

2 ajb = 1 . 

Now any invariant will be a function of the a's and their derivatives. It will, 
therefore, be a function of the x's and their derivatives. This function must be 
invariant under the most general orthogonal transformation and under the most 
general translation. 

It is now easy to see that the problem considered separates into two parts : 

(A) The determination of all invariants under a general transformation on 
the u's, and subject to the condition that the x's are invariant. 

(B) The selection from these of those functions which are invariantive when 
a translation and an orthogonal transformation are performed on the se's. 

The first of these is equivalent to the determination of all the invariants of 
any number of functions of the set of variables i^i, ti2 ti» . Let these func- 
tions be /^^^ (wj, ti| .... ti.^) , /^^^ (wi, U2 . . . • ti.*) .... f^^^ (wj, Ujj .... uj). 
We take as the variables occurring in the invariants 

(1) all possible derivatives of the /"s. 

(2) til, li, u^. 

(3) (2?/i, dui .... du^y d^Uiy d^u^ . . . . d^u^, etc. 

It is true, as pointed out by Forsyth,* that we may take account of the 
ratios of the set of variables (3), by introducing equations of the type 
^(tiitig .... t/.^) = 0. It is, however, simpler to preserve these variables. 

• Phllo8opblcAl Transactions, aeriea A, Vol. 201 (1908), p. 888. 
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There is one simpli6catioii which may be made ; there is no need to take account 
of more than m functions/, for any other function may be expressed in terms of 
the first m of them. Hence any derivative of this function may be expressed in 
terms of the functions /^^^ , /'^ .... /"** and their derivatives. It, therefore, 
follows that any invariant involving this function can be expressed in terms of 

/^^\/^^\ /"'^ and their derivatives. The invariant is, therefore, reducible. 

To solve the problem (A), we make use of Lie's* method, with slight modi- 
fications in the details of the work. The method is the following : Let J^be any 
invariant involving the variables specified. On this we perform the most general 
transformation of the group of point transformations of the variables u, and 
assume that it becomes F^. Then the condition for invariance is F^ = fl** F, 
where £1 is the Jacobian of the transformation, and jii is a number. 

Let -^ denote the effect on F of the most general infinitesimal operator of 

the group, then fl** becomes 1 + /^ ( 2 ^-^ ) ^<, where -J~ = ^,. (r= 1, 2, . • .m) , 

\_ ^ 1 ^ u^y at 



r-1 



If ^satisfies this equation for all possible operators, then it is an invariant of 
the type desired. Now since the group is the most general in the variables w, 
the ^'s are arbitrary functions of their arguments, and hence i^must be a function 
satisfying the system of equations obtained by equating to zero the coeflBcients 
in (1) of the various derivatives of the ^'s. As proved by Lie (I.e.) the system of 
equations thus obtained is complete, and therefore the number of functionally 
independent solutions is M — N, where M is the number of variables, and N the 
number of linearly independent equations. 

To determine the equation system we require the increments under the 
infinitesimal transformation of the variables in F. The detailed expressions for 
these increments are not needed for the present work, but Forsyth'sf method for 
their determination is preferable to Lie's, and is therefore used. 

Let Ui denote the original, and u\ the transformed variables, and let ti< + kt 
become Ui + k'i, {i= 1,2 .... m) . 

*Loc. cit., pp. 564-566. 

t Philosophical Transactions, series A, Vol. 301 (1908) pp. 886-840. 
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Then ^i = wj -|- A:i — uj, 

= u, + h + i^,{u + h) ht—\u, + ^,{u) hq 

where f ,■ (w) is written for ^< (wi Wa uj) . 

Hence AjJ = A;< + [f < (w + A;) — ^i (u)] 5< , and therefore if ^ denotes any 
function of the variables ti, and ^' its transformed, 



<^ (u + A;) = 4>' (ti' + y) = <p^ (ti' + * + ^ (w + jfe) — ^ (w) 3<) 
= ¥{n' + h) + %i^,{u + k)-k,{u)\^^^^ + .... or, if small 



i = l 



3 K + ^<) 



quantities of order higher than the 6rst are neglected 

- ^*^y^ = i K. <« + *)- f. (»)] ^^i^ • -kere ^ operate, only 

on t^, and not on h. This equation holds for all values of the variables h^ and 
therefore the coefficients of corresponding powers of h on both sides may be 
equated. In this way are obtained the increments of all the derivatives of the 
functions /. For our present purpose we only require those terms in the 
expression for any increment which involve the highest derivatives of the |'s. 

Let /.^^ ... ^ denote g^, ^^ -; ^^ , where aj + a, + .... + a« = n . 

Then 

— 3J /.I «.....«. = 2 (fO«t......^g~ + terms involving lower 



i=l 



derivatives of the f's. We write ii' w" .... u^^^ for the variables du, 

{?u, .... dy^^Uy The increments of these variables may be written down 

immediately. In fact 

— iij^J = J 2 ^< g- f 6 + terms involving lower 

derivatives of the i^'s. The expression ] 2 ^ ?r" 1 ^® supposed expanded by 

the multinomial theorem, and then applied as an operator to i^^ . 
44 
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It is conveDient to classify invariants according to ' order '. An invariant is 
of the 71* order when the increments of its variables involve n'* derivatives of 
the ^'s but no higher derivatives. We call two invariants of the n** order 
' independent ' when one cannot be expressed in terms of the other together with 
invariants of order less than n. Suppose that the invariants of orders up to 
n — 1 are known. Then the invariants of orders up to n consist of these and a 
certain number of independent invariants of the n'* order. Let F be an 
invariant of the nf^ order. It must satisfy the system of equations obtained by 
equating to zero the coefficients of the n'^ derivatives of the | 's in equation (1) , 

it[OUi a/if........ ai\ai\....aj. du^^ 

where i = 1 , 2 .... m , and ai o^ • - • • oc» take all positive integral and zero 
values subject to the condition ai + «« + . . . . a» = n . 

In addition, ^must satisfy the equations obtained from the lower derivatives 
of the ^'s. It is easy to see that m independent solutions of the equations (2) 

are drf^\ c^y<^^ dy<*>, where dTf denotes the n** total differential of/. 

Also the number of derivatives of jPin these equations is obviously greater by m 
than the number of equations. Hence we have all the functionally independent 
solutions in variables of the n'* order, provided the equations are linearly inde- 
pendent. One of the determinants of the matrix of the equations may be shown 

The functions / are assumed independent, and therefore their Jacobian does 

not vanish. Hence the determinant mentioned does not vanish, and therefore 

the equations are linearly independent. Hence all the solutions of the equations 

(2) are obtained. It may readily be verified that each of the solutions d^f 

satisfies the remaining equations, and is an absolute invariant; this is also 

obvious from the form of the solutions. We may now use these solutions to get 

rid of n** order variables from the remaining equations. When this is done the 

equations become precisely those for invariants of orders less than or equal to 

(n — 1). Continuing this process we finally arrive at the complete system of 

invariants , 

j\ /-(m) /^ = 2, 3 . . . . n \ 

^ ^ ' U = 1,2 .... my/' 



Wright: The Differential Invariants of Space. 329 

together with the solutiona of the system of equations for invariants of the first 
order. A slight modification is here necessary, owing to the fact that F occurs 
explicitly. It is easy to see that we have the m solutions d/^^^ df^^ .... d/'"^ , 
which are absolute invariants, and there yet remains one other integral, which is 
manifestly the Jacobian of the /'s. This is a relative invariant. In fact, if the 
transformed variables are Ui, Uz . - - » U^ 

V CTj U^J \ui u^J \ «^i, ti, u^ J 

and therefore the ii of equation (1) is — 1. 

Hence we have the theorem : A complete functionally independent system of 

invariants of m fu/nctions f in the variables t^i, fi|, • • • • ti^, involving variables up 

to the w** order, is given by 

df^\dp\ .... cf/^">, 



drf'\ d-f»\ .... rfy ~, 
which are absolute invariants^ together with 

\ til, wjj, — «*i» / ' 

which is a relaivoe invariant with /ti = — 1. 

The most general invariant is therefore a function of the /'s and the above 
absolute invariants, multiplied by some power of J. 

§2. We are now in a position to determine all the invariants of ordinary 
space of m dimensions. 

We call the functions /^^^/^•^ /^"*^ ^i, sca» ^m- The invariants 

must be functions of 

J. 
Xi , asj, • • • • x^y 

dxi , doc^i • . * . dx^, 

d^Xif d^(C2i • • • • d^Xf^, 

■ • 

• ■ 

a x^f (a tZSg, . . • • a Xf/^f 
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and of any number of functions /^*^ (^> ^> ^m)* ^^^ of their derivatives. 

They must be invariants under the most general translation, and under the most 
general orthogonal transformation. 

As in the previous case, there is no need to consider more than m functions 

/, since /^'\ (« > m) , can be expressed in terms of /^^^/^*^ /^"*'. We may 

at once take account of the translation ; it is equivalent to the condition that the 
x^8 do not occur explicitly. For the orthogonal transformation, the transforma- 
tion scheme for the x^s is 

*=i 

where a** = — a« for all values of i and k . 

We pursue the same method as before to determine the invariants. There 
is now, however, the important limitation that the second and higher derivatives 
of the increments of the x's vanish. 

Let the increment of »< be denoted by fi, then g^ is zero, and therefore the 
fundamental equation (1) becomes 

dF 



dt 



= 0. 



The number of operators in-jziB ^ m {m — 1) , since each operator corresponds 

to an independent constant a • Therefore, provided the operators are uncon- 
nected, the number of solutions is i tw (tw — 1) less than the number of variables. 
Now taking account of differentials and of differential coefficients as far as the 
n'* order, and assuming m functions/, the number of variables is 

1 of type /, 
mn of type d'x, , 



m " 



{fn+n)\ ^ ^ 
m\ n! 



of type -^ 



3a^* 3af • 3x2^ 



Altogether there are therefore 

/ "tx? t + (w — l)fn + 1 variables, 

(m — 1)1 ni ^ 
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and therefore the number of solutions is 

provided the equations for the invariants are independent. 

In order to obtain the equations, the increments of the variables are 
required. For the derivatives of the/'s use is made of the equation 

- 4/(«'+ *)= i K.(«'+*)- ^< («')] T£ + kl • 

In this case «• 

^i (x + k)—- ii (») = 2 */»«» 

and therefore 

d ay ^^ ay 

di axi'- , axj" . . . . a»*''- "■ 2^^ 2-^ ^ ^^ dx^\ ax," .... dxj 

^ n + »■« + r, = n / ■ 

Now consider the algebraic form of the n"* order in the variables 



= ll{*^l 



and let the orthc^onal transformation already used be performed on the 
variables X. The increments of the coefficients are precisely those given above. 
In addition we notice that the increments for the magnitudes d^x are exactly 
similar to those for the magnitudes x, and that e7is an absolute invariant. 
We therefore immediately obtain the general result : 

The functionally independent set of invariants of orders up to and including the 
n'* , of space of m dimensions, are J, and the orthogonal algebraic invariants of the 
system of m-ary forms 

A^^ A^^ AJ'^y 



.4»« J,<» .... A^-'. 

m 

2 ^^i ^o (r = 1 , 2 n). 



< = i 
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The most general invariant of the space under a general point transformation 
on the variables u^ is therefore a function of the functions/, and of the algebraic 
invariants given above, multiplied by some power of e^. 

It is worthy of note that the algebraic forms A, are the polar fornousi of the 
functions J. The linear forms 

may be excluded, provided there are m functions /, if certain additional invari- 
ants are taken account of. In fact, it is clear that the form 

i-i 

leads to the functionally independent set of invariants 

and it follows at once that there is no need to retain the linear forms specified, 
provided we add to the set of invariants the expressions 

d^fip) ^ /^ = 1,2 n\ 

\p = 1 , 2 mJ 

which are obviously functionally independent invariants. 

It is convenient to modify the result obtained by including the quadratic 

form 2 ^^ ' 

and then the most general invariant is seen to be a function of 

i/a),rf/(« <g/<«), 






and of the general algebraic invariants of the forms A , and 

m 

multiplied by some power of J. 
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We now transform from the variables JT to new variables Z7 given by the 

^*= 2-a;; ^' (»= i, 2 .... m). 

The Jacobian of this transformation is J^ and the discriminant of the quadratic 
form X ^'changes from 1 to J^. Hence the most general invariant is a function 
of the quantities d^f, and of the general algebraic invariants of the Jl's and 2 Xi^ 
expressed in the new variables. 
Let the form 

m mm 

2 ^«* become J 2^«^*^' 

then it will be shown that the coefficients of the algebraic forms may be 
expressed in terms of the a's, the/'s and their derivatives with respect to the 
variables u . We proceed to calculate these forms in the new variables. 



Ai becomes 2 ^a~. * 



In the general case 

^^ - 2^ 2^ 2^ '' li L L'- du, du^ du, •• dx^dxjdxj, .. ^^^i^^^ •• ' 

<=1 J-l jk=l x=l ,1=1 i^l A ,1 r » J « 

where there are n letters i^j^h , and also n letters %, /i, i/> We use 

to denote the coefficient of ZZ^, CT^, ?7^ . . . . in the above expression for A^. 

It is convenient to introduce at this stage the well known three index sym- 
bols of Ghristoffel 

L V J ( du^ au^ du, ) 
and we have the rolations 



duj 3ut dn^ L X J 
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Now 



a«p' 






+ 2 



3y 



^Te.... 



9x< 3a5,- dxj, .... 



2 



d' a;^ dxj dxu 



du^ dux 3tt„ du^ 



where the second S denotes that there is a term corresponding to each of the 
letters Xy fi, v, .... and that these are added. 



Also 



W9 

jy — V 



9y dxi dxj dxj, 



i,i,*. 



dXi dxj dxj, .... dttp 3% du^ 



We solve the m equations obtained by giving p the values 1,2, m, for the 

quantities 

y ay a^^ a^ 



• « . • 



i,k 3a;< 3ir,- 3xk .... du^ du, 

and substitute the result in the above equation. Hence 



"^A,M,»', .... "^ 5+ l"^P,^il*|i'i .... 



8u/ 



+S^ E So^i-- ^1 









where M^ is the cofactor of >c^ in /. This equation may be written 

a T. 



g^ fl-"^, li.i'..... 



^3 







a^aji a*cca 



g-*-'2,|i,y, .... 



at^j' du^ ' 



g-^m , f& 



a^m 

' a»ii»' 



a*a. 



p acci a^g ax« 

'^^"^ ^' 3^ , •••• a^i 



.... 



^ 



a^^ 
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We multiply the determinant on the right by cT", and observe that e7' = A, where 
A is the discriminant of the quadratic form 

i, a,, Ur U, . 

We thus obtain the result 



r,». 



1 P« ^t M« •'«••• • 



5ii « *•"• 



q-^t.lL.w ^ ^ 



■ ■ M 



^1» 






^ml ^mS 



• ■ • • 



a 



A 



Where the summation contains a term for each letter ^, fi, v, 

Multiply both sides of this equation hj Uf, Uj, U^ U^ and sum for all 

values of p, %, /ti, r, Also let the operator 



2^ U^ g— f be denoted by Xl 



P"! 



Then-S; + a — H/S; 



1^ 
A 



0, Fi f Ff J F^ 

dS, 



• • • 



a, 



• ■ • • 



(3) 



^^1 n n 



Where S^ denotes the form previously called A^ , and F^ is the quadratic form 



1 1 M'^.^^' 

p^l AbI ^ ^ ^ 



It thus appears that the coefficients ofSg^i involve the a's, their derivatives, 
the coefficients of the forms S^ and their derivatives. But Si is obviously A/, 
and therefore the coefficients of S^ involve the a's, their derivatives of orders up 
46 
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to q — 1 , and the derivatives of the/'s of orders up to g'. These forms may be 
readily calculated in succession by means of the given equation. 

The final result may now be stated. Let tii, tfj ... w« be any coordinates 
in space of m dimensions, and let the element of length ds be given by the 
equation 

m m 

d€^= 2] 2 ^" ^^'' ^^' • 

r = l 8 = 1 

A complete functionally independent system of differential invariants of 
orders up to and including n is given by the expressions 

dy^'^ (X=l,2, n;p= 1, 2, m) 

together with the algebraic invariants of certain wi-ary forms. These forms 
consist of: 



m 



(I) The quadratic ^ 2 ^'^» ^"^ ^» * 



r-l f-=l 



(II) n forms of orders 1, 2, .... n, corresponding to each function 

/(Ml, t£2, uj. 

The coefficients of th^ forms (II) involve the derivatives of the /'s, the a's 
and their derivatives. Equation (3) enables these forms to be written down in 
succession.* 

§3. We next consider any manifold of dimensions r in the m dimensional 
space. In this case there are two types of invariants. There is, in the first 
place, a class of invariants corresponding to transformations which preserve the 
' shape ' of the manifold, that is to say do not alter distances apart of points on 
the manifold, the distances being measured through the m dimensional space. 
These contain a subclass of deformation invariants, namely functions which 
remain unchanged when the manifold is subjected to a transformation which 
merely preserves lengths measured in the manifold itself. Let the manifold 
in question be given by Ur^x = (X = 1 m — r) . 

*For8jth, in bi8 memoir already quoted, *« Ths Differential IrwarianU of Space ^^ (p. 820), gives three of the 
Xorms 8, namely, those for a function ^ when m = 8 and n = 8. 
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Then the first class of invariants is included in the general space set. We 
may now, however, take as m — r of the functions /the variables t/r+x- In 

addition du^ + a = d^Ur ^. ^ = . 

' It is quite easy to see that the result of the last paragraph may be modified 
by omitting the invariants d/^^^ .... d/^^^ , and taking duj, du2, . - • • du^^ as the 
variables in the algebraic forms. Then the set of forms includes the m — r linear 
ones dMr + A (>l = 1» 2, .... m — r) and therefore the invariants of the manifold 
are the invariants and covariants of the forms in r variables obtained by putting 
dUf + x = in the m-ary set,* and in addition there are the invariants 

d^/^^ (^ = 2, n; p = 1, 2 m). 

In all the coeflBcients of the forms the w^ ^. ;^ 's (^ = 1 .... m — r) are finally 
put equal to zero. 

There are two types of forms to be calculated, namely those belonging to a 
function ti^^. a > &nd those belonging to a function ^ (t«i, u^, .... Ur). We make 
the assumption that the variables t^,, ^. a may be so selected that in the expression 

rf«* = 2 ^^ ^^« ^^fi 



the coefficient ^a^ = if X > r , /[£ < r . With this selection of variables 

/S'i' + ^> becomes ^^, 



where Mi is the cofactor of bi in 

*0 -^r+l, 



> • Jfm 



^1 ^r + l,r + l • • • • <*r+l,« 



bm-r ^r + 1. 



. . • 



• ^ii*,m 



The coefficients of these forms obviously cannot be expressed in terms of the 

magnitudes a^ (a, ^ = 1 , 2 r) . Let the coefficients in question be L[J'^^ 

{ij = 1 r) . 



• See Grace and Tonng. Algebra of Invariantt (1908), p. 266. 



338 



Wwoht: The Differential Invariants of Space. 



Then .«{,%+/' • 


-^s\, 


r + A) 






1 


F^ Ft 


. . • • iTy 




Ai 


-^ an a» 

• 

• 


• • • • Cl|f. 

• 
• 






• 

• 

a*s'(' + *> ^ 


• 
• 

• • • • CLff 



where A^ is the discriminant of 



2;a^Cr.Z7„ £1,= "^^ 



*fl 



dvy ' 



and the variables U^ of the forms are du^{j^^l, r) . Now the coefficients 

of the forms Fi,F^, F^ are the three index symbols I V I (i, y, A; = 1, 2 r) 

and they are therefore expressible in terms of the derivatives of the a^'s where 
a, i3 > r. 

It therefore follows that the coefficients of the forms /S'^'' + ^^ (X = 1, 2 . . ni — r) 
may all be expressed in terms of the coefficients of d^ for the manifold, their 
derivatives, and the derivatives of the coefficients of the forms S^'^^^. 

The coefficients of the forms S^q ^ ^^ are seen to be the generalization of the 
"Fundamental Magnitudes'"^ of order ^ of a surface in space of three dimen- 
sions. 

The forms corresponding to a function ^(1^1%, ti^) are exactly similar 

to the general forms for space, for /^ = Ai ^ . 



Sq^l='£i\Sg+ — 



^1 ... 



dU^ 



«ii 



Fr 



«1, 



Wr '"^ ... a, 



« See Forsyih, Messenger of Mathematics, Vol. 83, 1908, pp. 08 et seq. 
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We may now get rid of covariants of the forms in question by taking account 

of the invariants d^ d^r t And the final solution of problem II is obtained. 

The general statement is the following : Let there be any manifold in space of 
m dimensions, and let its linear element be given by the equation 

r 

^ = 2 ^-^ ^"* ^^f^ • 

In addition let there be r functions ^ {tk tir) • Then a complete system of 

algebraically independent differential invariants of the manifold is given by 

d* ^<') (;i = 1 , 2 n ; or = 1, 2 r) 

together with the algebraically independent invariants of a system of r-ary forms. 
These forms are : 

(1) A quadratic Xa^u^du^ . 

(2) m — r quadratics whose coefficients are the fundamental magnitudes of 
the second order for the manifold. 

(3) m — r forms of order 9 (? = 3, n) of which the coefficients are the 

fundamental magnitudes of order q, and which may be expressed in terms of the 
a*s, their derivatives, and the fundamental magnitudes of the second order and 
their derivatives. 

(4) A set of n forms of orders 1,2 n corresponding to each function ^. 

The coefficients are functions of the a's, the ^'s, and their derivatives. Forsjrth'^ 
gives a particular case of this solution, namely that forn=3, tn=3,r=3. 
He, however, assumes at the beginning that there exist certain invariant 
differential forms corresponding to the sets (2) and (3) whereas in our case these 
forms have arisen naturally in the course of the development of the method. 

§4. Problem (III) still remains for consideration. In the first place, it is 

clear that d^ ^^"^ (X = 1 , 2 n; or = 1 , 2 r) and the algebraic invariants 

of the sets (1) and (4) of algebraic forms given in the preceding section are 
deformation invariants of the quadratic differential form de^.-f 

*Philotophical Transactions, Ser. A, Vol. 201 (1908), p. 867. 

t There Is one eonditlon to which the differential form considered is subject. It is assumed possible to 
express it as the sum of the squares of m perfect differentials. This condition iuTolTes no limitation on the 
form, for it may be proved that any form can be so expressed, provided m"^ ^r (r + 1) . See Goursat, Le^ns 
snr rint^gration des ^nations aux D^riT^es Psrtielles dn premier ordre (1891), p. 11. 
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In addition to these there are others due to the sets (2) and (3), for it is easy 
to see that there are relations among the fundamental magnitudes of the second 
order, the a's and their derivatives,* and hence some of the invariants due to 
these sets must be expressible in terms of the derivatives of the a's alone. The 
solution of problem (I) shows that these are all zero in that particular case. It 
is interesting in this connection, to note the six quantities 0i, 0,, .... O^ 
obtained by Forsyth f and originally due to Cayley. J The method hitherto pur- 
sued leads us no further in the determination of '* Gaussian Invariants," and we 
must have recourse to another. The problem to be solved is the determination 
of the invariants of a quadratic form, when there are no associated functions ^. 
Use is made of Lie's general method by the introduction into the group hitherto 
used of a certain number of new variables which are invariant to the group. || 
Let the quadratic form be 

r r 

t 

and introduce invariant variables ai, a^, a,. • The a's are functions of the 

t^'s, and the u'b are taken to be functions of the a's, which are a set of indepen- 
dent variables. We now seek for invariants, under the most general transforma- 
tion on the U8j which involve as variables 

(1) the Ti's and their derivatives with respect to the a's, 

(2) the a's and their derivatives with respect to the u% 
subject to the condition that the quadratic form is invariant. 

It is easy to see 



r r 



(a) that 2 2^** 5~^ 5^ (^» f* = ^ » 2» r) is an absolute invariant, 



A-l t=i 



da^^ da 



?)1T 
(b) that if H is any absolute invariant so also is -^ 



* In the ease of a surface in space of three dimensions the Ganssian curvature leads to such a relation. 

t Philosophical Transactions, Series A, Vol. 203 (1908), p. 806. 

t Collected Mathematical Papers, Vol. XII, pp. 12, IS. 

g Lie, Math. Ann., Vol. XXIV (1884), p. 564, lines 22 et seq. 
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These two statements (a) and (b) are suflScient to give the clue to the com- 
plete set of invariants sought. 

Let 7^^ denote the expression (a), and form all possible derivatives up to 
and including the order n — 1, of the jT's with respect to the a*s. These are a 
complete functionally independent set of invariants. It is easy to prove the 

independence of this set, for if a^ is taken to be W;^, (X= 1, 2 r) the T'b 

and their derivatives become the a's and their derivatives, and the a's are arbi- 
trary functions of their arguments. Hence the number of functionally indepen- 
dent invariants obtained is 

(r+l)(n + r-l)! 
2 (r— 1)! n! 

Now the set of equations for these invariants obtained by the Lie process is 
precisely that considered by C. N. Haskins,* with certain additional terms due 
to the presence of derivatives of the u's with respect to the a's. He shows that 
if n >* 3 the equations are independent, and therefore it is certain that if n ]> 3 
our equations are independent. Now they possess altogether as variables 

r ^-^^-^t — I V "* ^^7 - — r.as and their derivatives, 
2 (r — 1)! n\ 



\ ^^l;^/^', ,,, — 1 1 derivatives of the u'b. 

l(r— 1)! (n+ 1)! J 



Also the equations are in number 



(r-1)! (n+1)! 'j' 



and therefore they possess exactly 

r (r + 1) (n + r— 1)! 
2 ' (r— 1)! n\ 

functionally independent common solutions. But this number has been obtained, 
and therefore the system of equations has been completely solved. Any invariant 
is therefore a function of the 7"s and their derivatives, and the Gaussian Invari- 

* Trans. Amer. Math. Soc., Vol. 8 (1902), pp. 74-76. 
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aDts are the particular functions which do not involve the derivatives of the ti's 
with respect to the a's. These may be obtained by processes of elimination, and 
hence the problem of the determination of the Gaussian In variants of a quadratic 
form is completely solved. 

It is clear that the introduction of any functions ^ (ui, u^, • • • • %) leads to 

additional invariants -^ etc., and therefore the parameters may be obtained in f 

this way. The extension to any number of forms of any degree is immediate, 
but this question is reserved for future discussion. 

Bbtv Mawb CoLLxev, Pihha., Aprils 1906. 
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III. Regions, Orientation op Curves, Normals, 

AND Related Topics. 

10. Change of Parameter. The following theorem is stated without proof: 
Theorem. Let a given simple cwve he defined by two sets of equations 

iy = ^(0, ^o<^<^i, and |y = ^(,), t,<tf<t,. 

where ^, '4^, ^ and ^1/ are single valued, continuous functions. 

(a) In the case of the open curve, if no two values of t [f'] yield the same point, 
and if the values oft and H which yield the same point of the curve are assigned to 
each other, then t is a single valued, continuous function f{^)j monotonic and never 
constant throughout the interval of definition ; and the same two points are given as the 
end points in each case ; 

(b) In the case of the closed curve, if no tux) values o/'<[<'] yield the same point 
unless they differ by a period of the pair of functions, the values of t and 1l which 
yield the same point of the curve can be assigned to each other in such a way 
that t^=^f{t), where f{t) is single valued and continuotbs for all values oft, monotonic 
and never constant. 

The totality of transformations t! =f{t) thus defined form a group G. Such 
a transformation is said to be even if an increase in t yields an increase in t'. The 
even transformations of O form a subgroup G^ of O. Any transformation of G 
is an even transformation or is equivalent to an even transformation followed by 
the transformation if = — t. The order n of a point with respect to the curve 
is invariant of any even transformation. If t is replaced by — t! the sign of the 
order of a point is reversed. Then n* is invariant of any transformation of G. 

1 1. Interior and JSkcterior. 

Theorem. All sufficiently distant points are of order zero with respect to a 
given closed curve. 

Proof. Let Pi (aji,yi) be a distant point, and let P (x, y) be a variable 
point on the curve. Let 6 be the angle Pj P makes with the positive x-axis. 
Then by Art. 6, 

cos e = (« — Xi)/PiP, sin e = (y — yi)/PiP. 

48 
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Then if VicJ + yj is taken sufficiently large either cos or sin never 
changes its sign as P varies. In either case the maximum variation of d is less 
than n. Hence the order of Pj is zero. 

If the points of a continuum ate all of order n the continuum is defined to be 
oi order n. The eocterior of a simple closed curve is defined to be that one of the 
two continua into which the curve divides the plane which contains all 
sufficiently distant points. The other continuum is defined to be the interior. It 
follows that the exterior is of order zero, and the interior of order ±1. If the 
interior is of order — 1 , the parameter can be so chosen that the order of the 
interior will be + 1 . The neighborhood of a curve is a continuum containing all 
points of the curve, and such that if P is a point of the continuum, and Pi a 
suitably chosen point of the curve, then PPi <[ h, where A is a positive constant 
previously chosen as small as either party to a discussion wishes. 

We have proved incidentally the following theorem, which for greater 
clearness we state somewhat freely in geometric language. 

Theorem. Let P be a variable point on a simple closed regular curve, and A 
any fixed point not on the curve. Then when P traces the curve and returns to its 
iriitial position, the angle which AP makes with the positive x-axis, varying continu- 
ously retv/ms to its initial valvje if A is an exterior point of the curve, and is changed 
by 2 n if A is an interior point. 

1 2. Orientation of Curves. The conception of an oriented curve is a gener- 
alization of that of a vector. It is often desirable to distinguish the positive from 
the negative sense along a curve. The process or the result of making this dis- 
tinction we will call orientation. More explicitly, we define an oriented curve 
and then define the positive sense along such a curve. An oiiented simple curve is 
defined to be an object determined by the two following phenomena: 

(a) A simple curve ; 

(b) One of the two possible permutations AB or BA of the end points of any 
one open arc of the curve. 

If the orientation of a given simple curve is defined by the permutation 
P1P2 of the end points P\{t^ and P^{t^ of a definite open arc, and P[t) is any point 
of that arc, then we will agree to choose the parameter so that <i < f ^ ^, and con- 
versely. If a change of parameter is necessary to eflFect this it can always be 
accomplished by the transformation < = — 1\ Thus a permutation of the end 
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points of any open arc is uniquely determined. Hence a simple curve can be 
oriented in two and only two distinct ways, and one of these is fully determined 
by a permutation of the end points of an arbitrary arc. With this agreement as 
to the choice of parameter, a point is said to trace a simple curve in the positive 
sense if its parameter increases continuously. A line integral is said to be 
extended along the arc ti t^ in the positive sense if ti is the lower limit and ^ the 
upper limit of integration. The sign of the order of a point with respect to a 
curve is reversed by reversing the orientation of the curve. 

In general the orientation of an open curve is entirely arbitrary. If a 
simple curve is considered as part or all of the boundary of a definite region, we 
will agree that the curve shall be so oriented that the region shall be of order 
one greater than the region from which the curve separates it (see Fig. 5). If a 




paorder 

Fig. 5 



closed curve is not explicitly considered as a boundary of a region exterior to it, 
it shall be oriented so that its interior is of order one greater than its exterior, 
in other words, so that if is an interior point and P traces the curve in the 
positive sense returning to its initial position, the angle which OP makes with a 
fixed line varying continuously shall be increased by 2 7t (see Art. 11). 

If a one-to-one relation is established between the points of two simple 
curves and the parameters have been chosen as above, then they are said 
to have the same orientation, or to be similarly oriented if the parameter of one is 
an increasing function of that of the other. They are said to have opposite orien- 
taiionsy or to be oppositely oriented if the parameter of one is a decreasing func- 
tion of that of the other. A special case of this is that in which two curves 
coincide along a given arc. In this case coincident points in the two curves are 
assigned to each other, unless otherwise specified. 
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Theorem. Let two plane regions Ri and R^ each form the interior of a simple 
closed cvnrve G^ and G^ resj>^tively, satisfying Gondition A . Let a segment <Ti of Gy 
coincide with a segment a^ of G^ , then 

(a) If Ri and R^ are exterior to each other ^ the orientation of c^is opposite to 
that of <T, ; 

(b) If Riis wholly interior to R^, the orientation of c^ is the same as that ofa^. 

Proof (a). Choose a part or all of (Tj (or a,) which can be represented in the 

form 

(1) y =/(«), or else in the form (2) x =zf{y), 

where /is a single valued, continuous function. Let Pq be any point of this 
segment not an end point. The orientation of Ci can not be the same as that 
of (Tg, for suppose it were. Then by Art. 9, First Lemma, near Pq there are two 
points B and jB' such that the order of B with respect to either curve is greater 
than that of J5' by unity. Hence by Art. 11 jS is interior to each curve, which is 
contrary to hypothesis. The second case is proved similarly. 

The property of the plane stated in this theorem is later taken as the defini- 
tion of a bilateral surface. It is not true on a unilateral surface. Thus it will 
follow that the plane is bilateral. Goursat tacitly assumes this theorem or an 
equivalent one in his proof of Cauchy's Integral Theorem.* It is assumed 
whenever an integral taken around any region R is assumed to be equal to the 
sum of the integrals taken around the mutually exclusive regions of which R 
consists, and in analogous cases involving variation, or analytic continuation 
along closed paths in the study of multiple valued functions. 

13. Tangents and Normals. If a simple closed regular curve is represented 
by the equations 

and if its orientation has been defined, and the parameter has been chosen 
according to the specifications of Art. 12, then the positive tangent at a point 
Pq (^o) *t which the curve is smooth is the vector Pq (sq) Pi {si) defined by the 
equations 

y = *^(<.) + 4(<o), 

•Acta Mathematica, t, IV, p. 197. Or see Harkneas and Morley, Theory of Functions (1898), p. IA4 
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A normal to the curve at a point Pq (^q) ^^ which the curve is smooth is a 
vector defined by the equations 

a = — 68^\to) + ^(<o) f («o = ^ « ^ «i)f 

y= ^(<o) + ^W, (€=±1). 

If this enters the interior of the curve in the neighborhood of the curve it is 
called the inner normal. It follows from the proof of the first lemma, Art 9, 
that in the case of the inner normal € = + 1) and the inner normal makes an angle 
of + 7c/2 with the positive tangent. Even when the region is exterior to one of 
its boundaries, these conclusions are equally true of that normal which enters the 
interior of the region provided the orientation of the boundary is chosen accord- 
ing to the specifications of Art. 12 (see Fig. 6). 

14. Regions and Boundaries. As an illustration of a class of theorems which 
are often assumed without even mention, but which are by no means trivial, the 
following theorems are stated, mostly without proof. A hop-cut is defined to be 
a simple closed curve lying wholly in a continuum under consideration. 

Theorem I. The totality R~ of the points of a plane continuum R not on a 
given loop-cut L satisfying Condition A form two continua, one of which is wholly 
interior and one wholly exterior to the loop^ut, and every point of the loop cut is a 
boundary point of each. 

The proof is similar to that of the main theorem of Art. 9, which is a special 
case of this. 

Theorem II. If a loop-cut L is drawn in the interior of a closed simple curve 
(7, each satisfying Condition A : 

(a) The interior ofL lies wholly interior to (7, and is wholly hounded hy Z; 

(b) The exterior and perimeter of C lies wholly exterior to Z, and the exterior of 
Cis hounded wholly hy C ; 

(c) There exist points exterior to L and interior to C^ and they form a continuum 
of which C and L form the total boundary . 

Proof The main points of the proof may be exhibited in outline as follows : 



364 Ames: An Arithmetic Treatment of Some Problems in Analysis Situs. 
Each point of the plane belongs to one of nine mutually exclusive classes: 





a 


c 


. c. 


X* 




No point. 
(3) 


No point. 
(2) 


L 




No point. 

(1) 


No point. 

(1) 


L. 









where Q and C^ denote the interior and exterior respectively of C, etc. 

(1) By hypothesis, no point of Z belongs to C'or to C^. 

(2) No point is in C^ and X<. Suppose P were in C^ and Li. Choose a 
distant point A. This lies in G^ and in Z«. Hence A and P can be joined by a 
curve wholly in C^. This curve must cut L. Hence a point of Z is in C^. This 
contradicts (1). 

(3) Suppose a point P of 6? were inZ,, then all points near P are in Z<. 
But there are points of C^ near P. This contradicts (2). 

By Theorem I the points of Q consist of the curve L, and two continua 
belonging to Li and Z« respectively. From the diagram it is seen that Cis wholly 
in Z,. Hence by Theorem I the points of Z, consist of the curve Cand two con- 
tinua belonging to (7« and C^ respectively. Hence there are points of each class 
left blank in the diagram. The first clause of (a), {b)j and (c) can now be read 
off from the diagram. The remainder of the proof is left to the reader. 



Theorem III. If two simple closed curves C and L each satisfying Condition 
A are wholly exterior to each other: 

(a) The interior of G is wholly exterior to Z, and is wholly bounded by (7, and 
similarly interchanging letters; 

(6) There exist points exterior to each, and these form a continuum bounded 
wholly by G and Z. 

The proof is similar to that of Theorem II. 
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Theorem IV . If n simple closed curves satisfying Condition A have no point 
in common : 

(a) A necessary and sufficient condition that they form the total boundary of an 
infinite region is that they lie wholly exterior to each other; the region so bounded is 
exterior to each; 

(6) A necessary and sufficient condition that they form the total boundary of a 
Unite region is that n — \ of the curves are wholly interior to the remaining one and 
wholly exterior to each other; the region so bounded is exterior to each of then — 1 
curves and interior to the remaining one. 

This can be proved by mathematical induction. 



Part II. 



IN THREE DIMENSIONAL SPACE. 



I. — Fundamental Conceptions. 

15. Some of the fundamental conceptions made use of in the following 
chapters have been discussed in the introduction for space of two dimensions. 
Those definitions and principles will now be extended to space of three dimen- 
sions by the addition of a third variable, without further comment, whenever no 
di£Sculty presents itself in so doing. We shall prove the theorem that a simple 
closed surface divides space into two continua, first for a very restricted class of 
surfaces, and later indicate how the proof can be extended to more general cases. 
The proof follows a method similar to that used in two dimensions. A prelimi- 
nary discussion of certain fundamental conceptions is necessary. 

16. Surfaces. A smooth simple closed surface is an assemblage of points 
P{^f y> 2) defined as follows: 

(a) If Po{xqj y^y 20) ^^ & point of the assemblage, it is possible to choose 
three equations 

X =^(ti,t?), y='>Kwiv), 2^=;c(^'^)' (^) 

where 
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where ^y*^, x *^^ single valued near (wq, vo)» where all points given by these 
equations near {n^^ v^ are points of the assemblage, and where no point {x^y^z) 
is given by two distinct points (w, v) near (t^, Vq). 

(6) The assemblage is simple, that is, if Pq (^» yo> ^b) is * point of the 
assemblage, all points in the three dimensional neighborhood of Pq ^^^ ^^ given 
by one set of parametric equations {A) as just defined. 

(c) The assemblage is complete, that is, if P(a, y, z) is a limiting point of 
the assemblage, then it shall belong to the assemblage. 

(rf) The assemblage is connected^ that is, if Po(^o» yo» ^o) and Pi(xi, yi, Zi) 
are any two points of the assemblage, then it is possible to draw a simple curve 



a = ^(0» y = i^(0. ^ = v{t), 



{h<t<h), 



having Pq ^^^ P\ ^^ ®^^ points and such that all points of the curve are 
points of the assemblage. 

{e) The assemblage lies in a finite region, that is, it is possible to choose a 
constant Q so that if P(x, y, z) is a point of the assemblage, then 

I « I + I y I + I n < G'. 

(/) The assemblage is smooth at every point, or simply smooth, that is, if 
Pq (iCo, yo, Zg) is a point of the assemblage, it is possible to choose the equations 
[A) so that the first partial derivatives 



4»» (= af)'*»' '^•' '^•' Z«» >K< 



are single valued and continuous near (ug, Vq,), and so that the Jacobians 



J.= 






I «/« — 






, /,= 






do not all vanish at Pq. 

By virtue of (a), (c) and (e) the assemblage is said to be closed. 
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17. Dissection of Surfaces. 

Theorem I. A smooth simple closed surface can be dvoided into a finite number 
of parts y each of which has the following properties : 

(a) It can be represented by an equation of one of the following forms : 
^—Ayy 2)> or y = /(«, x), or z = f{x, y) , 

where f and its first partial derivatives are single-valued and continuous; 
{b) It is bounded by one simple regular curve; 
(c) It can be included in a sphere of arbitrarily preassigned radius. 

To prove this we divide space into cubes of edge S. If ^ is chosen 
suflSciently small, either the part of the surface in any cube consists of a finite 
number of prices each of which satisfies the requirements of the theorem, or, in 
case the surface is tangent to a face, the part of the surface in the two cubes 
having this face in common satisfies the requirements of the theorem. The 
details of the arithmetization are omitted. 

Most of the discussions which follow apply to any simple surface which can 
be dissected as specified in Theorem I. We shall describe such a surface by say- 
ing that it satisfies the following condition : 

Condition B: A surface is said to satisfy Condition B if it consists of a finite 
number of parts each of which answers to the description in Theorem I, and if, 
moreover, the surface satisfies conditions (&, c, d, e) of Art. 15. If it also satisfies 
(a) it is said to be closed. 

18. Parametric Bepresentation of Surfaces. The following theorems relate to 
the possibility of representing a given surface by two different systems of para- 
metric equations, and to the relations of the two parametric planes. The trans- 
formations involved are analogous to the transformation t =/(^) by which the 
parameter < of a simple curve is replaced by a diifferent parameter <', where /(<') 
is monotonic and never constant (Art. 10). The theorems are given without 
proof. 

Theorem II. If two planes R and R are mapped in a one to one and continu- 
ous manner on each other ^ and a simple closed curve C in B is mapped on a simple 
closed curve C in B\ each of which is oriented^ then 
49 
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(a) Any interior (exterior) point ofGis mapped on an interior (exterior) point 
ofO; 

(6) Ml such transformaiions form a group G; of these there are transforma- 
ticnsy called even transformoMons^ for which the curves of every such pair have the 
same orientation^ and these transformations form a subgroup O^ of G; there are 
transformations called odd transformations for which the curves of every such pair 
have opposite orientations, in particular the transformation x^ ^=^ x, y'= — y; the 
totality of even and odd transformations exhaust O; moreover, the group of 
odd transformations can be generated by the particular odd transformation 
a/ = a;, y' = — y in succession with each of the even transformations ; 

(c) // the Jacobian of such a transformation is defined and continuous at every 
point of the regions involved, and does not vanish in them, then the necessary and 
sufficient condition that the transformation is even is that the Jacobian is positive at 
every point. 

Theorem III. If a finite simple surface region R including its boundary, 
which is a simple closed curve G, is mapped in a one to one and continuous manner 
on a portion R'ofa plane, then B' forms the interior and boundary of the closed 
curve G' on which G is mapped. 

19. Unilateral and Bilateral Surfaces. Orientation. Given any simple 
surface. Let Ri be any complete open region of the surface, and let Gi be a 
simple closed curve forming part or all of its boundary. If, having oriented one 
such boundary, it is then possible in one and only one way to orient every such 
boundary so that if 0< and G^ are any two of these having a common segment , 

(a) Gi and G^ shall be oppositely oriented along a when B^ and R^ are 
exterior to each other, and 

(6) Gi and Gj shall be similarly oriented when either Ri or R^ is interior 
to the other, 

then the surface is said to be bilateral. If this is not possible the surface is said to be 
unilateral. We will agree that if one such curve on a bilateral surface is oriented, 
then the orientation of every such curve on the surface shall be consistent with 
the above specifications. 
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Let UB now extend to surfaces the idea of orientation. We define an 
oriented simple surface to be an object determined by the three following 
phenomena : 

(a) A simple bilateral surface; 
{h) A definite complete open region of the surface; 

(c) An oriented simple curve forming part or all of the boundary of that 
region. 

It follows that a simple bilateral surface can be oriented in two and only 
two distinct ways. If a simple bilateral surface is oriented and is represented by 
three equations of the form 

and if a complete open region Ri of the surface, bounded by (7o corresponds to 
the region Rl bounded by C7/ of the uv-plane, then if Oi and C7/ are not simi- 
larly oriented they will be after the substitution ti = — t*', t? = t/. We shall 
assume that the parameter has been so chosen. Then by the theorem of Art. 12 
and Theorem III of Art. 18 the same is true for every such curve. Thus the 
difierent parts of the surface may be given by dififerent analytic representations 
and the validity and definiteness of our definitions be not affected. 



II. Solid Angles and Obdeb of a Point. 

20. Solid Angles. Let us start from the ordinary conception of a solid 
angle. Define a system of spherical coordinates by the relations 

x = p sin 4^ cos d, 
y = p sin ^ sin d, 
s; = p cos ^. 

We shall speak of the line ^ = and ^ = 7t as the polar axis. Let a piece R of 
a surface be defined by the equation 

p=/(e,<^), 
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where /(6, ^) is a single valued function of Q and ^ throughout a region R of the 
surface of the unit sphere. Then, according to the ordinary conception, the solid 
angle subtended by R at the origin is the area of B\ which is given by the 

'°*®^'"*^ f £ Bin ^ddd^. 

We wish to extend this definition in such a way that the solid angle shall be 
susceptible of an algebraic fiign. To illustrate our purpose, consider the convex 
surface of a circular cylinder so situated that the origin is exterior to it, and so 
that it is not pierced by the polar axis, and so that some of the radii vectores 
cut it in two points. It can be divided into two parts so that each can be repre- 
sented by one equation of the form p = /'(d, ^). We wish to define the solid 
angle subtended by the cylindrical surface so that the contribution of one of 
these parts shall be positive, and the other negative, and so that the total solid 
angle shall be the algebraic sum of the solid angles subtended by these two parts. 
If this surface is represented parametrically by the equations 

under suitable restrictions as to continuity, it will be observed that the Jacobian 

D (w, v) 

will be positive throughout one of these parts of the cylinderi and negative 
throughout the other. If now in the double integral above we replace Q.^hy 
the new variables ti, t? we obtain the integral 



f S'^^W^'"^'- 



extended over the total cylindrical surface. In this form the Jacobian takes 
care of the sign, and thus yields in one integral the result desired. Guided by 
this illustration we shall proceed to formulate a general definition of a solid angle. 
Given any oriented bilateral surface R referred to a system of rectangular 
coordinates, and represented by one or more sets of equations of the form 

X = X{u, v) , y = Y{Uy v) 2 = Z{u, v), 
where the parameters are so chosen as to satisfy the requirements of Art. 19. 



*See, for example, Goarsat, Cour» d^ Analyu^ Vol. I, {128. 
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Let 0(«bf ^01 %) ^ ^^7 fixed point not on the surface. Change to a new 
system of rectangular axes with as origin by a transformation having a 
positive determinant. Then change to a system of spherical coordinates having 
as origin and defined by the equations given above. B can now be 
represented by one or more sets of equations of the form 

We shall at first require that the surface shall not be pierced by the polar axis. 
Later we shall remove this restriction. We define the solid angle subtended 
by 12 at to be the integral 

f fsin^^^J^^dudv. (A) 

where R is the totality of the regions in the tit?- planes corresponding to R, and 
where dudv is essentially positive. It follows that the solid angle is invariant 
of any change of parameter made by a transformation having a positive Jacobian 
at every point In particular it is immaterial whether the surface is represented 
by one or many sets of parametric equations. 

If the surface has a point Pi(a;i, yi, Zi, pi) on the polar axis, the integrand 
is not defined at that point as the Jacobian may become infinite. Let a point P 
approach P^ . Then it can be shown that 



limointt^ ^^^'^? - ^ ^(^i>yi) 
^'"^ '"" * F(i^ - pj D (u, v) ' 



which is finite and defined. The integrand at such a point shall now be defined 
to be that limit. Then the integral is a fully defined proper integral. We now 
define the solid angle in all cases to be the integral {A) . 

Any rotation of the system of spherical axes about is accomplished by 
introducing V and ^' in place of and ^ by a transformation having a positive 
Jacobian. By simply making this substitution it can be shown that the integrand, 
and hence the solid angle, is invariant of this transformation. It follows that 
the solid angle is independent of the particular choice of polar axis, and is 
invariant of any change in the original system of rectangular axes made by a 
transformation with positive Jacobian. 

21. Solid Angle in Terms of a Line Integral. We shall now express the solid 
angle by means of the line integral y cos ^ dd taken around the boundary of the 
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surface. The possibility of doing this is suggested by analogy with Green's 
theorem in the plane. In fact, in the simpler cases this can be accomplished by 
a direct application of Green's theorem. From Art. 19 it follows that, if the 
surface is divided into parts, this integral extended along the entire boundary of 
the surface is equal to the sum of the integrals of the same function extended 
along the boundaries of the parts, taken in the positive sense of the curve in each 
case. This follows since along the common boundary of any two of the parts the 
integral is extended once in one sense and once in the opposite, and these two 
integrals cancel each other. We need the following theorem: 

Theorem. Given any smooth surface, and any point not on the surface ; then 
it is possible to draw through a straight line not tangent to the swrfaccy making an 
arbitrarily small angle vd(h a given line. 

Proof The condition that a line through is tangent to the surface, repre- 
sented by spherical coordinates, is that D{6, ^)/D{u, t;) = at the point of contact, 
excluding from consideration points of the surface in the neighborhood of the polar 
axis. This will be no limitation on the generality of the proof, as the polar axis 
maybe changed if desired. Now divide the surface into a finite number of parts 
each of which can be represented by an equation of at least one of the following 

forms: (i) p = ;t(e, ^), or {2) 6 = (i{q>, p), or (3) ^ = i.(p, «), 

where X, (i, v, and their first derivatives are single valued and continuous. That 
this is possible follows directly from Art. 17. The condition that a part 
can be represented in the first form is that Z>(0, ^)/D{u,v) q/b o in the part. Hence 
no line through Ocan be tangent at a point of a part of the first class. Discard all 
parts which can be represented in the first form. Then if the parts are taken 
suflSciently small, D{d,^)/D{uyv) <C.€ throughout the remainder of the surface, 
which we will denote by aS~, where e is an arbitrarily preassigned positive number. 
Then if a is the solid angle subtended by /S'" at 0, 



= J Jb-\ ^ D(u, v) 

- J Ja- D{u, v) 

'$:,bJ J ^dudo ^^J J dud/o^=^BK, 
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where K is independent of the method of division. Hence by taking the parts 
sufficiently small the solid angle subtended by S" can be made less than that 
subtended by a preassigned region of the surface of a sphere with as center. 
Then it is possible to draw a straight line through piercing this region and not 
touching S". This proves the theorem. 

Such a line meets the surface in at most a finite number of points. Let the 
polar axis be so chosen. Now divide the surface into a finite number of arbitra- 
rily small parts by Art. 17. At most a definite number independent of the size 
of the parts, contain points on the polar axis. If the parts are taken sufficiently 
small the contribution of these parts to the solid angle can be made arbitrarily 
small. Each of the remaining parts can be represented in at least one of the 
three following forms : 

(l)p=/(«.^). (2)4.=/(p.e). (3) e=/(^,p). 
We shall show first that 

in each part which can be represented in the first form. The line integral is to 
be extended around the boundary of each part in the positive sense. The con- 
dition that a part can be so represented is that D{6, ^)/D{u, v) ^ 0^ and hence 
has a constant sign in the part. Hence 

where ddd^ has a constant sign, the same as 2>(0, ^)/D{u, v). We may think 
of the transformation 6 = 6(?i, t;), ^ = ^(u, t?), as a transformation from the uv 
plane to the 6^ plane. Suppose Z)(0, q>)/D{u^ t?) < 0, and hence dd d^ <^ 0. 
Apply Green's theorem. We obtain 



r Tsin ^ddd^= Tcos ^ 



de 



extended along the boundary of the region in the 6^ plane in the positive 
sense, or 



JCOH^dd 
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extended in the negative sense. Since D{d, ^)/D{Uy v) < 0, by Art. 18, Th. II c, 
this corresponds to the positive sense of the curve in the uv plane, and by Art. 19, 
this corresponds to the positive sense of the boundary of the region on the 
surface. If Z>(0, ^)ID{u^ t?) >- similar reasoning leads to the same result. 
Hence the solid angle is given by the integral 



taken in the positive sense, for every region of the first class. 

Consider those parts which can be represented in the form ^ = /(p , 6) • 
Then 

By reasoning similar to that just used the same result is obtained. 

We shall adopt a different method for the third case. Let R be any one of 
the regions already discussed, and G its boundary. Let it be referred to any two 
systems of spherical coordinates (p» d, ^) and (p, 0', ^') having the same origin 
and such that no point of 12 or C7 is a point of either polar axis. If B is suffi- 
ciently small it is possible to construct a conical surface having G as directrix 
and a point V as vertex so chosen that no element intersects either polar axis. 
Consider that part of this surface which lies between Fand G. Let this be 
divided into arbitrarily small regions. Then each of these regions can be repre- 
sented by an equation of at least one of the following forms : 

p=/(e,4>). or ^=/(p, e), 

and also by an equation of at least one of the following forms : 

p =/,(©', 4>0, or 4>'=/,(p,e0. 

Hence by each system of coordinates the solid angle is equal to the line integral 
along G. But the solid angle is invariant of the system of axes. Hence 

/ cos ^ dO = / cos ^' dff. 
Hence in computing the value of | cos ^ dO around the boundaries of all the 
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regions of the given surface we may choose the axes arbitrarily for each region. 
But the axes can always be chosen so a given small region can be represented 
in one of the forms 

p=/(e,^) or ^ =/(p,e). 

Hence for any sufficiently small region not containing a point of the polar axis 

the solid angle equals — / cos ^ dd extended along its boundary in the positive 
sense. 

22. Order of a Point. Now suppose that the surface is closed. We shall 
show that the solid angle is a multiple, positive, negative or zero, of47t. Let 
the curves qt be the boundaries of those parts, finite in number, and each 
arbitrarily small, which have a point in common with the polar axis. These 
parts may be so chosen that the point in common with the polar axis is an 
interior point of the part. Let G^ be the total boundaries of the remaining 
parts. Then since the integral is extended along every boundary once in one 
sense and once in the opposite, 



/ _COS ^ d© + 2 jQi ^^® ^ ^^ = 0. 

But by taking the parts sufficiently small 

— J ^COQ^ dd 

and hence its equal 

can be made arbitrarily near to the solid angle. But at the same time the latter 
sum can be made arbitrarily near to 

where *;< ^ ± 1. Hence the solid angle equals 
50 
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On the other hand 

since the integral is extended along every segment once in one sense and once 
in the opposite. But 

^ d6 = 0. 

This may be shown by taking the parts sufficiently small, and showing that the 
total variation of d in any one part is less than 2n, and hence equal to zero. 
Hence 

But 

'^^ d$= 2ni7t, 

where fit is an integer, positive, negative or zero, and the solid angle 2^y!i I q. ^^ 

_^ /* ^^ 

differs from V J^ dd by twice the contribution of those integrals for which >7i is 

negative. Hence tTie solid angle equals 4nn, where nis an integer y positive, nega- 
five or zero. Then define the order of the point with respect to the surface to 
be the number n. The order of a point on the surface is not defined. 

The solid angle is invariant of the particular choice of the polar axes, and of 
any change of the parameters u, v in any part of the surface, provided the trans- 
formation has a positive Jacobian. If the parameters are changed at all points 
of the surface by transformations having negative Jacobians, the sign of the 
solid angle is changed but its absolute value is invariant. Hence the same 
statements are true of the order of a point. For a like reason the order of a 
point is invariant of any change in the rectangular axes to which the surface is 
referred, effected by a transformation with positive Jacobian. 

Theorem I. I/the order of a point not on the surface is n, then all points 
in the ndghhorhood of are of order n . 

Proof. The integral defining the solid angle is the integral over a finite 
region of a uniformly continuous function of all the variables involved, including 
the coordinates of 0. Hence the solid angle, and therefore the order of Ois 
continuous when is not on the surface. But the order can vary only by a 
multiple of unity. Hence it is constant, 



1 
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GoroUary. The points. of the order of a given point form one or more continua. 

Theorem 11. If two points are of different orders with respect to a given 
surface^ then any simple curve joining them has a point in common with the surface. 

The proof is the same as in two dimensions (Art. 8). 



III. The Division op Space by a Closed Surface. 

23. The theorem that a closed bilateral surface which satisfies Condition B 
(Art. 17) divides space into two continua is proved by the aid of two lemmas 
entirely analogous to those used in two dimensions. 

First Lemma. If P^is a point of a closed bilateral surface which satisfies 
Condition B^ then near Pq there are two points whose orders with respect to the given 
surface differ by wnity. 

Proof Let the surface be arbitrarily oriented. If the surface is not smooth 
at Pof there is a point of the surface near P^ at which it is smooth, and which 
may be used instead of Pq- Hence we may assume that the surface is smooth at 
Pq* Transform to a new set of rectangular coordinates with origin at P^, and so 
chosen that the surface near P^ can be represented by one equation z =/(», y), 
where / is single valued and continuous. The axes can at the same time be so 
chosen that the s-axis has only a finite number of points in common with the 
surface (Art. 21, Theorem). It is possible to choose two points 0'^{o^ o, S) and 
0~{o, o, — £) where 8 is so chosen that no point of the surface except Pq lies on 
the segment 0" 0"^ of the z-axis. Now refer to two systems of spherical coordi- 
nates having the origin at 0~^and 0"" respectively, and the positive z-axis as. 
positive polar axis. Cut out from the surface small regions, each containing one 
of the points common to the surface and the polar axis. In each case the sum 

of the integrals / cos ^ dd , extended around these regions in the positive sense, is 

arbitrarily near to the solid angle subtended by the surface at the origin 
(Art. 21). The contribution of the part containing Pq to the angle at 0'^ differs 
from the contribution of the same part to the angle at 0' by a number arbitrarily 
near to 4 n. That of the remaining parts in the two cases differ by an arbitrarily 
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small number. But the orders of 0^ and 0"" can differ only by integers, hence 
they differ by miity. 

Second Lemma. GHven any three dimensional continuum B, and a surface S: 

z—f{x,y), or y=/{z,x), or x=/{y,z), 

where / is single valued and continuous : 

(a) If R contains all points of S except possibly its boundary points which 
may lie in the boundary of Ry then the totality R" of points of R not on S form at 
most two continua ; 

(b) If also S has a simple regular boundary one point of which is inR^ then R" 
forms one continuum. 

Proof (a) Suppose S can be represented by the equation z=:f{x, y). 
The other cases are similar. (See Fig. 6, in which the surface S is represented 




but not the boundary of R) . Draw a straight line CD parallel to the z-axis, 
lying wholly in JS, and bisected at a point of the surface S, and such that (7 is 
above the surface S. Let P be any point of R'^ which cannot be joined to D by 
a simple curve wholly in i2~. If there is no such point the theorem is granted. 
Otherwise join P to Z> by a simple curve PD wholly in R. This curve will have 
a point in common with the surface S. Let PE be an arc of PD having one end 
E on the surface a9, but containing no other point of S. Choose a region S' of S 
whose interior and boundary lies wholly in R, and containing E and the point 
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common to CD and the surface S. Define two assemblages N"^ and N" analog- 
ous to that of Art. 6, Example 3, as follows : 

2 = /(»» y) + ^f («^» y) '^^ ^'» 

0<r<ft foriV^+, 

— A<r<0 forN". 

These can be proved to be continua in a manner analogous to that just referred 
to. Choose a point F on the arc PE, and so near to E that it lies either in N'^ 
or N". Suppose it lay in N". Choose a point G on CD in N". Then F and G 
can be joined by a simple curve wholly in i^"". Hence the simple curve PFGD 
lies wholly in JS~ which is contrary to hypothesis. Hence F must lie in N'^y 
and by similar reasoning P can be joined to (7 by a simple curve wholly in R". 
Hence the points of R~ form at most two continua. 

{b) Suppose the surface is represented as in the first case, but let it be 
bounded by a simple regular curve having a point P^ interior to 22. If this 
point is a vertex there is a point of the boundary of S near it which is not a 
vertex, and which lies in R. Hence we may assume that it is not a vertex. 
Let the surface now be extended slightly past Pq* ^y reasoning similar to that 
of the first case it can be proved that the points of i2 not on this enlarged surface 
form at most two continua. If they form one continuum the theorem is granted. 
If they form two continua, they can be annexed to each other by the adjunction 
of the points added to the given surface, thus forming one continuum. 

Main Theorem. The points of space not on a given simple dosed likUeral 
surface which satisfies Condition B form two continua^ of each of which the entire 
surfojce is the total boundary. 

Proof. In the neighborhood of any point of the surface there are two points 
of difierent orders with respect to the surface (First Lemma). Hence the points 
of space not on the surface form at least two continua (Art. 22, Th. II). Divide 
the surface into parts each of which can be represented in at least one of the 
following forms : 

a;=/(y,a), or y=f{z,x), or z—f{x,y). 

Discard these, one at a time in such an order that each part alter the first when 
discarded shall have a portion at least of its boundary in common with a part 
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already discarded. Then replace them in reverse order. By the second part of 
the Second Lemma each of these except the last replaced does not divide the 
region consisting of all space less the points already cut out. By the first part of 
the same lemma the last part replaced divides the resulting region into at most 
two continua« Hence the points of space not on the surface form just two 
continua. 

Any point of the surface is a boundary point of each continuum (First Lemma, 
and Art. 6). Any point not on the surface belongs to one of the continua and 
hence is not a boundary point. This proves the theorem. 

A discussion of interior, exterior and normals might be made analogous to 
that in two dimensions. More general surfaces, having edges or vertices may be 
defined in a manner analogous to the definition of a smooth surface given in 
Art. 16. If such a surface satisfies Condition B (Art. 17), then the foregoing 
discussion applies to it. 



On the Definition of Reducible Hypercomplex Number 

Systems. 

II. 

By Heman Burb Leonard. 



§1. — Preliminary. — ^The present paper is intended as a completion of the 
problem studied in a former paper bearing the same title.* 

A hypercomplex number system is said to be reducible when, by a proper 
choice of units, it can be brought to the form 

jD = -£^ jBjfc = ^1 • • • • ^nfim + 1 • • • • ^» > 

where the following conditions are fulfilled : 

-4), associativity of ^; 

Oj) , E^ forms a system by itself; 

G^ , Ej, forms a system by itself; 

(7^), Cfc€|^= 0, A;= 7W + 1, . . . . ,n. 

In the former paper were listed seventy-eight diflTerent definitions from which 
the above requirements can be deduced, and these definitions were based on the 
following twenty conditions : 



A) 

^) 
^) 
A) 
A) 

A) 
G>) 



(Ji Jt) t^ = «/i {Ji Ji) 

(JTi Ji) J, = Ki (Ji Jg) 
(j; JTj) K, = J, (JT, JT.) 
(J, K,) J, = Ji (JT, J,) 
(KiJi) Sz = Ki ( Ji IQ 

Ej is closed under multiplication, that is, Ji J^ z=: J^-^ 
Etc is closed under multiplication, that is, Ki K^ = JT,; 



* Epsteen-Leonard, On the Definition of Reducible Hypercomplex Namber Systems, American Journal of 
MathemaUcs, VoL XXVII (1906), p. 217. 
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G%). J,K^ = J^ (if,= 0) 

G%), K,J, = J^ {K, = 0) 

(7^), right-hand division possible and unique, that is, not every X is a 
right-hand divisor of zero; hence, an X exists such that 

XiX= 0, only if Xi = 0; 

G^y left-hand division possible and unique, that is, not every X is a 
left-hand divisor of zero; hence, an X exists such that 

XXi = 0, only if Xj = 0; 

(7{), right-hand division possible and unique in the subset ^, that is, not 
every /is a right-hand divisor of zero; hence, a c/ exists such that 

Ji / = 0, only if J^ = 0; 

C^), left-hand division possible and unique in the subset Ej, that is, not 
every c/is a left-hand divisor of zero; hence, a /exists such that 

J/j = 0, only if Ji = 0; 

Gr)f right-hand division possible and unique in the subset Ei^^ that is, not 
every Xis a right-hand divisor of zero; hence, a X exists such that 

K^K= O.only ifXi = 0; 

(7f), left-hand division possible and unique in the subset J?^, that is, not 
every Xis a left-hand divisor of zero; hence, a X exists such that 

XXi = 0, only if Xj = 0. 

Conditions J.^, Jg, A^, J.^, A^j ^, J.?, and A^, together are equivalent to the 
associativity condition 

-4), (Xi Xg) Xg = Xi (Xjj Xa), 

where X, (p = 1 , 2« 3) are any numbers of the system E and where 



-^ = /p + Xp = V 05,^^ 6^ + 2rf »F*, «*»• 

^^ le,=ii»+l 



It was shown also that the conditions composing each definition are inde- 
pendent. 

By systematic checking I have found that the ninety-six definitions given in 
the following tables, together with the seventy-eight of the former paper, give 
all possible methods of defining reducibility that depend upon the above twenty 
assumptions. 
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In this paper I use throughout the notation and the tables of the former 
paper ; the definitions being based of course upon Table I. Table II. being com- 
plete, no additions are made; Tables III^. and /T^. of this paper supplement Tables 
III. and IV. of the former paper. In the notation Ry^^ the subscript indicates 
that this is the first definition which is to be inserted after R^^ of the former 
paper to form the sequence as now completed. Definition Ri^ immediately 
follows R^^^. 

Independence Proofs. — With the exception of those indicated by a (*) in the 
tables, the conditions composing the various definitions are independent. The 
independence proofs are easily verified by Table F., which is reprinted from the 
former paper. 



§2. — Definitions of RedvcibUUy by Independent Assumptions^ 
We reproduce Table I. from the former paper. 

TABLE I. 



Notation. 


AsBumptionB. 


GonBequence. 

a 


A 


•^7> ^jkf Cfjki (^f 05^, 


Cr 






Ci 


A 


A91 Cj^i (^ki G\jl O^f 




Ci 




A 


A 


A^y Cyci Ojk, 




Cr 




A 


A 


Asi Oi^9 G]^f 




G\ 




ci 


A 


-^81 ^hi ^jki ^f ^jy» 


Or 






A 


A 


Ail (^ki (^Jki (^kjf (^kji 




a 




A 


A 


A^y €^9 Cicj 




c? 




c. 


A 


Ail ^jkt ^f 




G{ 




G^ 


A 


-^6> ^iji Cjy, 




Cr 


% 




Ao 


A$ , 05^-, Ciejt 




Oi 


GJic 




Ai 


A$t Gjj^y Gj]tf 




cn 


ot, 




2>« 


Af^i C^k, C^jfc, 




G{ 


ou 





I. — From a consideration of this table, it is evident that i?e. Ai A> A *re 
the only dependencies in which the division assumptions are on the system 
61 
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^ as a whole. There are eight possible combinations of these that give a defini- 
tion of reducibility and they all appear in Table II. 

IL— In Z)i2, Ai» Ao» A. A. A> A. a^id A the division assumptions are on 
the subsets E^ and E^. The thirty-eight definitions of TahU III. with the addi- 
tional twenty-four of Tahle III^. give their sixty-two possible combinations. 

TABLE m,. 



(1) 

Nota 
tion. 



R 



Ui 



(«) 

From 

Table 

I. 



A 



R 



ISt 



R 



Ui 



(8) 
AfMUmptions. 



^8 






C7, 



Ai 



• • • • 



A 



i) 



It 



R 



Ml 



A 
A 



n 



12 



A 
A 



A. 






a 



2 



Vj* ^jA 



Cj* Cjk 



(^Jk (^Jk 



R 



Ht 



D 



12 



A 
A 



At 



C/ifc C/^ib 



A 
A 



y>A: ^i* 



^jy 






C^ 



c 

e 



k 

k 
Id 



C^ 



c^ 



k 



0{ 



c; 



Ci 



c{ 



c? 



Ci 



Ci 



c{ 



c} 



Q 



ct 



Ci 



Ci 



a 



c; 



ProTed by (8) 



(4) 



Ci, 



c 



V 



II <t 



G{ 



hi 



G^ 



ki 



C( « 



G{ 



hi 



it 



Ci, 



<4 



<c 



Ci, 



II 



(5) 



(•) 

Proved 

by 
(S) and (4). 



C7. 



C, 



C7i 



^1 



^i 



^. 



Ci 



A 



!■•— ^••■^^"■•WW 
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TABLE IIIs.--Goiitinaiid. 



(1) 


(8) 
From 




(8) 




PiOTed by (8) 


(•) 


Nota- 






PrOTcd 


tion. 


Table 
1. 

D12 




Assumptions. 




(4) 


(5) 


by 

(8) and (4). 




A, 


v/* y!^* 


^ 


G^H 






J^lTa 


• • • • 




^fe 












A 


A 


c% 


Ci 


tl 




a 




■ • • • 


Ct 














A« 


A 


Cjk f^jk 


C{ 


a 






-R1T4 


• ■ • • 

• • • • 




pk 












A 


^. 


G% 


Ci 


II 




A 




• • • • 




*^ 










^1»1 


Ai 


A 


^jb ylf* 


c\ 


OS 






A 


A 


yj* vi* 


C{ 




A 






A 


^. 


<7i(, 


c\ 


If 


• 


^ 




• • • • 




*^ 










-'^1 


Ai 


^ 


Cy* c/^* 


A* 


CI, 






A 


A 


Ci, 


Cr 


II 




A 




A 


A, 


a 


c\ 


41 




A 




• • • • 




* ^ 










-Bn, 


Ai 


A 


^jk f^jk 


Oi 


^ 






•**21t 


A 


A, 


C{, 


C{ 


11 




A 




A 


A 


ci.c^. 


Ci 




A 






• • • • 




a 










J^, 


Ai 


^ 


C^C'^ 


c? 


c% 






A 


A 


ci, 


C} 


li 




A 




• • • • 


A 














• • • • 




^Ci, 










«^ 


A, 


A 


^ ^i* 


c^ 


0]^ 






-»«« 


• • • • 




w ^ 

c. 












lA 


A 


C74 


a: 


(i 




A 
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TABLE III,.— Ck>iitinued. 



(1) 


(2) 






{») 




Proved by (8) 


(•) 


Nota- 
tion. 


From 

Table 

I. 

Ac 






Aasumptions. 




(4) 


(6) 


Proved 

by 

(8) and (4). 




^. 




^ij ^kj 


a 


(^jk 






-^261 


A 
A 

• ■ ■ a 






toy ^jy 


Cr 


II II 




A 




A» 


A 




Cij C,ci 


c\ 


c% 






-R», 


A 

• * • ■ 

A 


A 
A 


c. 


cuctt 


C} 


II II 




A 




Ao 


^. 


y"»i 


ciiCi, 


ct 


(^jk 




* 


-K«H 


• • • • 

A 


A 






Gl 


it 




A 




A 


^. 




(^kf Cj^ 


Cf 




A 






Ao 


A 




Gii (^kj 


Ci^ 


^ 






-'^SO, 


• ■ a ■ 

A 


A, 






a 


II 




A 




A 


A 


^ 




c? 


11 




A 




Ao 


A 




C\i ^ki 


a 


<^* 






^to, 


• • • • 

A 

• • ■ a 


A 






C{ 


II 




A 


« 


Ao 


A, 




(\jl ^ki 


Of 


^* 






■^81, 


• • • a 

A 


A, 


^* 


CkJ Ciki 


ci 




A 






A 


A, 


^. 




c* 


IC 


0^ 
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TABLB UJ,.--Goiitinaed. 



(1) 


FYom 

Table 

I. 


(8) 
AMomptions. 


Proved by (8) 


(«) 


Nota 
tion. 


(4) 


(6) 


ProYed 
by 

(8) and (4). 

* 




A* 




^V ^w 


c? 


Ojk 






-^w, 


• • • • 

■ ■ • • 




«^ 














A 


A, 


C?. 




0* 


C( 




Gi 




• • • • 
















^84, 


A 
A 


A 
A 






on 






G, 




A 


A, 




C\^ Cif^ 


ot 




Gx 


• 




• • • • 




• 


^ik 










•^ 


A 


A 




C{^ C]^ 


a 


c% 






-^84, 


A 


A 


• 


c% 


C{ 


II 




. G, 




A 


A 




c% 


a* 


14 




Gx 




• • • • 




« 


(^Jk 






• 




-Bw, 


A 
A 

• • • a 






0%} ^ki 
(^k 




CI 




G, 


Jin. 


• • • • 

A 
A 


A, 






Or 

Gi 


OJk 


C7, 






A 


A 




c% 


0* 


II 




G, 


-BsTi 


• • • • 

A 

• • • • 

A 


A 

A 


c, 




Cr 

a* 


II 




Gx 
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III. — The thirty- two definitions of Tabk IV. and the additional seventy-two 
of Tahle IV^. each contain at least one division assumption upon the system E as 
a whole and at least one division assumption on one of its subsets. 

TABLE IV,. 



(1) 


(2) 

From 

TtMa 

L 




(8) 
AMumptionB. 


• 


Proved by (8) 


(«) 


Nota- 
tion. 


(4) 


(6) 


Proved 

by 

(8) and (4). 




A 


f^ik ('jk 




C{ 


^ 






^Ui 


Al 


A 


^ik ^ik 




0^ 


Gi, 






^"1 


A 


^« 


(^k ('ik 


0^ 




(1 « 




c; 




• • • • 


A 
















i>» 


A 


(^k ^Jk 




0{ 


a 






-^581 


2>u 


A 


VJk Gjk 




0^ 


^il^ 






^ k 


A 


^ 


^ ^i* 


Gr 




<l <C 




Q 




• • • • 


A 
















D„ 


A, 


c?*c5i 




Gi 


a 






-R«8, 


• • • • 


A 






Gf 


<?!. 








A 


^8 


^jk (^jk 


Ox 


• 


K « 




c. 




Dn 


^ 


(^jk Cjk 




G{ 


a 






-^68. 


Al 


A 


^ik f^jk 




cn 


Gt, 






• • • • 




c« 














A 


A 


cuci% 


Cr 




(1 « 




Cr 




Dn 


A 


(HkC^k 




Gi 


ci;. 






»^ 


• • • • 






ci, 










■»«, 


A 


^ 


yj* f^ik 




G{ 




c. 






A 


A 


Clk^ik 


c% Oi 




<( 




a 
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TABLE IY,.--Gontinaed. 



(1) 


(2) 

From 

Table 

I. 


(8) 
ABSumptions. 


Proved by (8) 


(•) 


Nota- 
tion. 


(4) 


(8) 


Proved 
by 

(8) and (4). 




A 


(^Jk C!jk 


a 


% 


• 




■^88, 


a • • • 


A 


c?*cji 


nk 




(k 






A 


A 


^* ^j» 


Cff^ Cr 


<< 




c. 




Du 


A 


(PjkC^k 


(H 


a 






^58. 


• ■ • • 

A 


A 






f( 




^ 




A 


A 


(^Jk f^Jk 


^jy (\ 


(t 




Cx 




A, 


A 


%c% 


G{ 


a 






^68, 


• • • • 

A 


A 






<< 




Ct 




A 


A 


(^jk ^jk 


6^ Cf 


tc 




Cr 




i>« 


A 


^ik f^jk 


C{ 


% 






^58. 


• a • • 

A 


A 


f^jk (^jk 


0%. 


C( 




Gt 




A 


A 


■ 


C'» ♦0? 


(( 




Cx 




^» 


A, 


Gjk (^jk 


C{ 


a 






^58, 


• a • • 

A 


A 


f^k Yfk 


pk 

^ki 

Ok a 


<l 




(\ 




A 


A 


Cjk f^jk 


c\ 




Ci 
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TABLE IVt.—Continued. 



(1) 


(«) 

From 

Table 

I. 

A« 


(8) 
▲MumptioiM. 


Prored by (8) 


(«) 


Nota- 
tion. 


(4) 


(6) 


Proved 

by 

(8) and (4). 




A, 


(^jk ^ik 




(A 


a 






^t»u, 


• ■ a • 


A, 


^ik ^ik 


pk 




<( 




c. 




A 


A 


(^ik Gjk 


^kj ^l 




11 




a 




Dn 


A, 


(^jk ^i* 




ci 


a 


* 




^Wii 


• • • • 


A, 


Cjjt Cjft 






•( 




a 




A 


A, 


(^jk (^jk 


C^ Cr 




(( 




Ci 




A, 


A, 


^jk (^)k 




C{ 


Ci, 






^68,, 


• ■ • • 

A 


A, 


Qk (^Jk 






<• 




c. 




A, 


A, 


f^k (^jk 




Ci 


Ci, 






^Utt 


• • • • 

A 


A, 


Ojk Cjic 






it 




Ct 




A 


A, 




pk 

^kj 


ct 


it 




Cx 




A2 


A, 


d^k ^jk 




Ci 


Ci 






^Uu 


• • • • 

A 


A> 


^ik Cjk 


pk 

^ki W 




11 




Ct 




A 


A, 


f^k (^Jk 




*Cr' 




c, 
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TABLE IV,.— Ck>n tinned. 



(1) 


(8) 
From 






(8) 




Proved by (8) 


(6) 


Nota- 






Proved 


tion. 


Table 
I. 




ABsnmptiont. 




(4) 


(6) 


by 

(8) and (4). 




A 


(^k Gjjt 




a 


a 






^f»u 


• • • • 

A 


A 


C^jk (^jk 






tt 




c. 




A 


A 


Cjk (^Jk 


Gki Q 




it 




Cr 




A. 


A 


f^jk f^jk 




ci 


a 




• 


-^681. 


• • • • 

A 


As 


Cjh f^jk 






n 




c, 




A 


A 


(^jk (^jk 


C^Cr 




<f 




c, 


v^ 


• • • • 


A 


f^jk f^jk 


9 

Pk 


G\ 


oi 






^ih, 


A 

• • • • 


A 


f^jk ^ik 


Gj^Gr 




»( 




c, 




i>« 


A 


^ik ^7* 




C{ 


Ci, 






■Rwa 


• • • . 

• • ■ • 




c, 


G^ 

• 












A 


A 


f-^ik f^jk 


Cly Gi 




(( 




Cx 




i>« 


A 


^Jk Gjk 




Ci 


a 






-^Mi. 


• • • ■ 

• • • • 




c. 


pk 












A 


A 


Cjk Gjk 


Cly Gr 




<c 




a 
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TABLE IVt.— Continued. 



(1) 


(2) 

From 

Table 

I. 

. a • ■ 




(») 

Aasamptions. 


Proved by (8) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 

by 

(8) and (4). 






cu 








^M» 


Ai 


A 


Cjh Cjk w 


C'iy 






A 


^. 


^* C?, *(7i 




c. 




• 


A 


A 


C^* ^j* ^ ^1 


a 




a 




. ■ . • 




a 








-^^68.1 


Ai 


A, 


C^* C^* C'^ 








A 


A, 


cu Of, 0{ 




Q 






A 


^T 


^4 ^jfc (^if Or 


<c 




c. 




■ • . . 




c% 








-^588 


Ai 


^a 


Ojk Ojic Cf 


Ok^ 






A 


A 


Ok a 


a 




c, 




A 


A 


Oflc Cjjt 05y Ci 


i( 




C7i 




• • • . 




% 








■wy 


A, 


A 


Ojk Ojic Or 


pk 






^58„ 


A 


A 


Of, *C} • 


tc 




G> 




A 


A 


Ojk Cj/c Cjy Cr 


a 




A 




• • • • 




Ci 








^58,. 


A, 


A . 


Gjk C^jc Gr 


(^^ 






A 


A 


CU Gfk G>^ C, 


tt 




A 




A 


A 


Gi, *G^ 


u 




A 
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TABLE IV,.— Continued. 



(1) 


(2) 

From 

Table 

I. 

• • • ■ 


(8) 
AsBumpttona. 


Proved by (8) 


(•) 


Nota- 
tion. 


(4) 


(5) 


Proved 

by 

(8) and (4). 






^j(, 












^6«» 


Ai 


^. 


^)k (^jk 




G^ 


Gts 






A 


^* 


(^k (^Jk f^h 


0, 




<l 




c. 




A 


^T 


(^ik Qk 




Cr' 




C^ 






• • • • 




ci, 












j^ 


A» 


A 


(^jk Cjk 




Cr' 


G% 






^»» 


A 


A 


^ik Q* (^U 


G, 




U 




c. 




A 


^ 


(^fk C^ik (^kf 


Gr 




ii 




A 




• • • • 




oi, 






m 






■^M» 


A 




Cjk Cjk 

cu c% Gi, 


Gi 


Gi 






A 




A 


A, 


(^jk (^jk (^i) 


Gr 




(1 




Gi 




• • • • 




a 












«^ 


A 


A, 


(^)k ^jk 




Gr' 


G^ 






-^68. 


A 

• • • • 

• • • • 


A 


^}k ^ik viy 


• 




l( 




G» 


v^ 


Ai 


A 


(^k (^jk 




Gr' 


Gi 






^^ 


A 


A 


C!ik (^jk f^if 


Gr 




<< 




c. 




A 


^, 


Gk 




Cf 


II 




Gx 
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TABLE lY,.— Continued. 



(1) 


w 

From 

Table 

I. 

• . « . 


« 


(8) 
Assumptions. 




Proved by (8) 


(•) 


Nota- 
tion. 


(4) 


(6) 


Proved 

by 

(8) and (4). 






a 












R 


Ai 


A 


f^jk Gjk 




Gr' 


CJ^ 






-"m.0 


A 


^. 


C^Jk djk ^h 


Cr 




II 




c» 




A 


A 


(^jk djk 




c? 




Ci 






. . • • 




% 












^5«« 


Ai 


A, 


^ik Cjk 




c* 


C'v 






A 


A 


f^jk (^jk (^isf 


Cr 




it 




c. 




A 


As 


(^jk ^jk ^h 


c, 




n 




Ci 




. • . . 




' % 












^68n 


Ai 


A, 


f^jk (^jk 




Cr' 


^*^ 






A 


A 


("jk f^jk viy 


Cr 




l( 




c. 




A 


A 


Q* C^k ^fe 


Or 




11 




Cx 




. . . • 




% 












-^58„ 


A, 
A 

• . . . 

.... 




^jk (^)k 

Cjk C^ic (^h 


Cr 


Cr' 


II 




Ct 


^68« 


Ai 

.... 


A 


^ik f^jk 




Cr' 










A 


A 


f^jk ^ik ^ki 


Cx 




II 




c, 
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TABLE lY,.— Continued. 



(1) 


(8) 




(8) 




Proved by (8) 


•(«) 


Nota- 
tion. 


From 

Table 

I. 

• • • • 




AsBnmptions. 




(4) 


(6) 


Proved 
(8) and (4). 






a 










Rz8u 


• a • • 


A, 


c. 


c* 


Gl^ 








A 


A 


(^Jk (^Jk ^kj ^r 




a 




c. 




Ao 


A, 


ci,c% 


Cf 


^Jk 






^ee, 


A 

A 

• a • ■ 


Cr 


^ki f^kj ^r 




c/. 

II II 




^ 




^M 


A, 


' Q^ ^^ 


^f 


Q* 






-^70, 


A 

A 

• • • • 


Gr 


cu cj^ a 

Ol^CJ^Cr 

t 




II IC 




a 




Ao 


A 


Qy vly 


Cf 


Cft 




■ 


^70, 


A 

• • • • 


A, 






CA 






■ 


A 


A, 


C'iy Cjy Q 




II i< 




Ci 




Ao 


A, 


ac!t> 


^ 


pk 

^jk 






-^70*1 


A 

• • • • 


A, 


^^ C'» C} 
Ct 




cu 




• 




A 


A, 


C^f Cjf^ Cy 




(1 II 




<^1 
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(1) 


(2) 

FVom 

Table 

I. 

Ac 


• 




(») 

▲Bsnmptions. 




Proved by (8) 


{«) 


Nota- 
tion. 


{*) 


(8) 


Proved 

by 

(8) and (4). 




^. 




C^ C'ly 


G\ 


0% 






-^704 


• • • • 


A 




*C^ 




<l 




^. 




A 


^. 


^* 


C5^ C!|y Gi 




« 




^l 




Ao 


^. 




%(^» 


Ci 


^ik 






^TOk 


• • « • 

A 


^4 




a 




11 




G^ 




A 


^, 


^* 


^V ^*^ ^r 




<( 




Gr 




Ao 


^ 




a^i^ 


CI 


^A 






-Bra. 


» • • • 

A 


^. 


^ 


a ^]& ^, 






^. 






A 


^ 


c?* 


C'k^ Gj^ Ci 




(< 




Cx 




^10 


A, 




€%€% 


Cf 


/7* 






-^TOr 


• • ■ • 

A 


As 


c?* 


% Ci ♦OJ 






o; 






A 


A 


^* 


%c%c. 




II 




Gx 




i>10 


^. 




My ^i^^ 


Cf 


G% 






^l(k 


• • • • 

A 


A 




^*^ ^jy w 




u 




G, 




A 


A 




C^ C'jy 


Ci 




C7x 
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TABLE lYvGontinued. 



(1) 


(2) 

From 

Table 

I. 

Ac 


(8) 
Assumptions. 


Proved by (8) 


(0) 


Nota- 
tion. 


(4) 


(5) 


Prayed 
by 

(8) and (4). 




^. 




C%- C'jy 


c\ 


Gjk 






fy 


• • • • 




Cj, 












-^70, 


A 


^4 


<^* 


C5jf C'jy 6j 




ti 




A 




A 


A 


Cj, 




c^ 


It 




A 




Ao 


^. 




C'jy c^ 


Cf 


Gjk 






^m^ 


• • • • 




cu 








• 




-''tOio 


A 


A 


CU 


c% (^% (^l 




(C 




A 




A 


A 


Cj, 


% C% G, 




u 




^1 




Ao 


^. 




C'jy C/ jy 


Cf 


Gjk 






■^ 


• • • • 




% 












^TC, 


A 


^ 


cin 


<^i, C% G, 




u 




A 




A 


A 


cu 


^jy ^;y ^r 




t( 




Ci 




A. 


A, 




^iy C'lj^ 


ci 


Gjk 


r 




■^ 


• • • • 




^» 












^Vht 


A 

• • • • 




cu 


Cjy C';fe^ (7^ 




It 




A 




Ao 


A, 




%c% 


ci 


Gjk 






Y% 


• • ■ • 




cu 












^TOu 


A 


A, 


^ik 


^ ^iy ^r 




It 




A 




A 


A^ 




a^i^ 


ci 




(7i 
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(1) 

Nota- 
tion. 



(2) 

From 

Table 

I. 



B 



tOi* 



Ac 

• • • • 

A 



D 



10 



A 

A, 

A, 

A 



R 



Klu 



^. 



A 
A 

A. 

• • • • 

A 
A 



D 



10 



B 



70,, 



i). 



2? 



10 



A, 



A 



8 



Ci 



A 



R 



TOu 



• • • • 



• • # 



n 



2 



TABLE lY,— Continued. 



(8) 
AsBumptions. 






a 



Jk 



c% 



a 



8 



^iy (^kj 



^i^ ^jy <>^r 



^i (^hj 





<^* 




A» 


Cj, 


(^ii O/g Gt 


As 


^* 


^i; Cj^ Gi 


A 


c?* 


^ C^]^ 


A, 


Cj, 


C^ C^iy C^r 


A, 


Oj. 


C5^^^. 



^ 



3 



^i C^t' 



^A: C5t^ C% Gr 



C5y Cly 



^ifc ^ C^iy ^/ 



C? 



♦6?? 



ci 



cf 



Of 



c? 



Proved by (8) 



(4) 



^k 



«< 



(< 



^ 



<c 



(< 



•1* 



(< 



(( 



c?;\ 



« 



C41 



J/c 



l( 



(5) 



(6) 

Proved 
by 

(8) and (4). 



^1 



Gi 



'^1 



C^i 



a 



'2 



a 



2 



a 



I 
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TABLE IV,.— Continued. 



(1) 


(3) 

From 

Table 

I. 

A. 


• 


(8) 
Aaaumptions. 


Proved by (3) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 

by 

(8) and (4). 




^. 


C^O^ C7f 


^* 






-^0,, 


. • • • 

• a • • 














A 


^7 


C?* a^^r 


(( 




c, 




• • • * 




<^i 








Aoto 


A 


A 


oi,c% d 


Oin 






A 


A, 


0% *c? 


|( 


1 


c, 




A 


A 


CJI 05^ C?jy (7| 


(( 




Ci 




• • A^* 




CJfc 








-RtOb 


A 


A 


<^« Gii Ci 


q* 






A 


^4 


Olu a 


(• 




c. 




A 


^ 


^ifc C^' ^ily ^r 


U 




Cx 




• • • • 




C^Jfc 








^19n 


A 


A 


Cl^- ^ki 0*r 


C?* 






A 


A, 


%C% Or 




^, 


, 




A 


A 


(^k^Hsf (^% Gi 


<< 




Ci 




• • • ■ 




^ffc 








-B-Wb 


A 


A 


C%Gti Or 


c?* 


( 


. 


A 


^. 


Q^Ct, Or 




C^ 






A 


A 


vi* 0{j Cif^ Cr 


n 




Ci 
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TABLE IY,.--Coatiiined. 



(1) 


(3) 

From 

Table 

I. 

• • • • 


(8) 
AaromptionB. 


Proyed by (8) 


(6) 


Nota- 
tion. 


(4) 


• 

(5) 


Proved 

by 

(8) and (4). 


Rn^ 


A 


C!Jk 

Qk Qm V« Ci 


Gi, 

CI 


^1 


A 


-R70, 


• • • • 

A 
A 


A 
A 
A 


0,1 

Qfc ^i(^ CJy Ci 


GA 

11 
l( 


• 




^7Q» 


• • a • 


A 
A 

An 


Cfl ol cl^ c 

Gfic Cff Cj^ Ci 


It 






^TOa 


• • • • 

A 
A 
A 


A 
A 

A 


Cji GL q (\ 

(^jk (^h ^ki ^r 


GA 




^ m 


^TObs 


• • • « 

A 
A 

• • « • 


A 
A 


(^jk 

f^jk (^if ^jy Q 


C7* 

<c 




c, 


^T0» 


• • ■ • 

A 
A 
A 


A 
A, 

At 


pk 

Cjk (^h ^« ^r 

Qy CJy Q* 


GA 

tl 


Ci 


• • • 



I 
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TABLE IV,.--Coiitiiiu«d. 



(I) 


(2) 

From 

Table 

I. 

• ■ • • 


(8) 
Assumplions. 


ProTed by (8) 


(«> 


Noto- 
tion. 


(4) 


(6) 


ProT«d 
(8) Mid (4). 


-^TO,. 




Q* (^k ^1^ w 


Ci 




^ 
Ci 


^w., 


• • ■ • 

A 
A 
A 


A 
A 
A 


Q* Qw Q^ ^r 
Qjfc Cftj Cjfc; Q 


•« 






^tott 


• • • • 

A 
A 
A 


A 


Qa Cji <7w Cy 

Qa v!^ ^jy ^r 








^rot. 


• • • • 

A 
A 

• • • • 


^6 


^ifc Gkf Q^ ^r 


II 




c. 


^Ou 


• • • • 

A 

• • • • 

A 




Qk Qy Qj^ W 


II 




(\ 


-^TO,. 


• • • • 

A 

« ■ • • 

A 


A 


Q* vii v!y W 


11 




A 
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§3. — Independence Proofs. 

The sets of conditions in Tahlee III^. and IV^. yield reducibility. It can 
readily be seen that there are not enough assumptions in any one of these sets to 
prove the associativity A of the system E. In each case this can be accomp- 
lished by adding the assumptions A^ and A^. By the use of Table F. the mutual 
independence of the conditions composing each of the definitions of Table III^. 
and those of all but twelve of the definitions of Table /Fg. can be established. 
The independencies of Tbife V. are based upon the following multiplication tables, 
for which the borders have been omitted. 

I. II. III. 

C:j Cj + ^f Ci ^1 

Ci <?, Cg 

63 €3 

^j = ^11 ^2; ^k = ^8- ^j = ^1; ^k = ^1- ^ = ^l> 4; ^k = ^3- 

IV. V. VI. 



«! 








«1 


«! 








«! 


«1 


«8 





«1 


«2 


«! 


e» 











«8 












«» 



^^e^; i?t = ^,^. E =ei', Eic^Bf. Mj^ei,eg', E,e^eg. 



VII. VIII. IX. 



«1 





es 


«i 




















«8 





et 








«! 


et 








«« 











«« 








e» 



Ej-^e^', Ei, = e2, e,. JS?^ = ei, e,; JElk= Cg. ^ = ^1, e^; Ei,=-e^ 
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§4. — Dependence Proofs. 

The twelve sets of conditions of TahU /F,. that require individual considera- 
tioD are fijj,, ^(8,1 ^w,,. ^i»^< -^ss,. -^ee.. ^t Rw,> ^o„. I^itt^^ -Ktoht and R^. 

1. That C} ie a consequence of the other conditions of £5^, can be shown in 
the following manner. The conditions from which C^ is derived in D^t are inde- 
pendent. By Di and D^ it is seen that C^ and Cj are consequences of ^,, A^, 
G^, Cj%, G^, G^, G, and all these conditions are mutually independent Accord- 
ing to the condition C,, there exist a /and a£'such that (Jj + K^){J -^ K)=^0, 
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only if Jj = = ^1. Multiplying out, we have in view of C^jt, (7,*, C7j^, G^ that 

JiJ + KiK= 0, only if J^ = = JT, 
or ^8 + -^8 =0, hy (7,, Cj. 

By the linear independence of the units, it follows that 






The former condition is C7^. * 

2. That Ci is a consequence of the other conditions of R^^ can be shown 
by the successive use of Z>i2, D^, D^, and Gi. 

3. That Gl^ is a consequence of the other conditions of R^^ can be shown 
by the successive use of Dm D5, Dj, and (7,.. 

4. That (7{ is a consequence of the other conditions of R^s^ can be shown 
by the successive use of Dn, D^, D^, and (7,. 

6. That (7^ is a consequence of the other conditions of R^^a ^^^ ^ shown 
by the successive use of Z)n> A> A» ^^^ ^r* 

6. That Gi is a consequence of the other conditions of R^^^ can be shown 
by the successive use of /Ju, D^, A, and Gi. 

7. That (7{ is a consequence of the other conditions of JR^q^ can be shown 
by the successive use o{ D^q^ D^^ Z),, and Gi. 

8. That G} is a consequence of the other conditions of Rfi^ can be shown 
by the successive use of Dio, D5, A» ^^^ ^r- 

9. That Gr is a consequence of the other conditions of £7014 ^^^ ^^ shown 
by the successive use of Ao* A* A> ^^^ Gr* 

*In S5 of the preyions paper the corresponding dependence theorems are correctly given. Some of the 
proofs, however, contain a weakness. Thns, in the above proof, it is not correct to continue the argument 
Multiplying on the left by J*y since 

J^J + K^K = 0, only if /j = = JTj , and since J^J— J^ and R^K = JT,, then 

J' {J^J + jr,Jr ) = , only If /j = = JTi and therefore 

J^ {J^J + K^K) - , only If // = = K^K, 

which gives the required condition. 

The reason that this argument is not valid is that the product /, ( = J^J") , although different from lero, 
may be a right-hand divisor of zero. 

By the method used in the body of this paper all the dependence proofs in the previous paper can easily 
be modified so as to be correct. 
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10. That G{ is a consequence of the other conditions of R^^ can be shown 
by the successive use of D,, D^^D^^ and 0^. 

11. That G\ is a consequence of the other conditions of R^^ can be shown 
by the successive use of D9, D^^ D^^ and Gi. 

12. That G). is a consequence of the other conditions of R^i^ can be shown 
by the successive use of 2>9, Z>5, D^, and Gr. 

Unitsbbitt or Colobado, Bepiefnhtr^ 1905. 
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